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ELECTRICAL ENGINEERING 

Assessment of magnetic field exposure above 
 indoor transformer substation 

Miodrag Milutinov, Anamarija Juhas, Neda Pekaric-Nad  

 

This paper presents results of magnetic field calculations and measurements in the room above 
an indoor power distribution substation. The magnetic field calculation is based upon assumption that 
the majority of the field is generated by the current carrying conductors on the low voltage side of the 
transformer. The conductors are modeled as current filaments and the magnetic field calculation is 
based on the Biot-Savart law. The measurements are performed using EFA-300 measurement system. 
The substation considered in this work consists of two 630 kVA transformers, although during the 
measurements one of the transformers was not loaded. The results of the magnetic field calculations 
are in a good agreement with the results of measurements. This agreement suggests that for any new 
set of values of the phase currents on the low voltage side of the transformer, general public exposure 
can be determined via magnetic field calculation, which is less time-consuming than measurements. 

 

Introduction 

Increasing number of electrical devices and 
equipment are the cause of increasing level of 
magnetic field in our environment. A number of 
studies [1]-[6] presented results of the measurements 
of magnetic field generated by the parts of the power 
system, such as power lines, power distribution 
substations, power switches etc. According to [7] and 
[8] the reference levels for the magnetic flux density 
at 50 Hz are 100 µT for the general public and 500 µT 
for the occupational exposure. Serbian national 
rulebook [9]  established the reference level of 40 μT 
at 50 Hz, which is 2.5 times lower than in European 
recommendation [8]. 

Numerous researchers studied transmission lines in 
vicinity of residential areas. Some of them considered 
the magnetic field inside residences generated by the 
outdoor power substations, but there is not so many 
data available about measurements and calculations of 
the magnetic field near indoor power distribution 
substations [10]. 

Nominal powers of the transformers in the power 
distribution substations of the Serbian national grid 
are 400 kVA, 630 kVA and 1000 kVA. Very often, in 
substations the transformers come in groups of two or 
three. The power distribution substation located inside 
the residential and office buildings raise public 
concern about possible health hazards. Hence, it is 
very important for the local authorities and decision 
makers to have information about the magnetic field 

levels in the apartments and offices.  
This paper examines magnetic field above an 

indoor power distribution substation located in the 
basement of one of the University buildings in Novi 
Sad, Serbia. The nominal power of the substation is 
2x630 kVA and it contains two 20/0.4 kV 
transformers.  

 

 
Fig. 1. The measurement sight: a) top view of the room with 
the grid of the measurement points and b) cross section of 

the basement with the location of the transformers. 
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Magnetic field measurements were performed in 
the room directly above the substation, as illustrated in 
Fig. 1. The floor plan of the room, along with the grid 
of the measurement points (marked with dots) is 
presented in Fig. 1.a. The cross section of the 
basement and the location of two power transformers, 
denoted by TR1 and TR2, are indicated in Fig. 1.b. 

Geometry of conductors on the low voltage side of 
both transformers is illustrated in Fig. 2. The results of 
the magnetic field calculation are presented in Fig. 3. 
Corresponding results of the magnetic flux density 
measurements are presented in Fig. 4. 

Calculation results 

In order to avoid time-consuming measurements, 
general public exposure to magnetic field of power 
distribution substation can be determined via 
calculation. Procedure for determining magnetic field 
above transformer substation proposed in this paper 
consists of the following steps:  

i) modeling of the conductors on the low voltage 
side of the transformers,  

ii) calculating magnetic field on the low voltage 
side of the transformers, 

iii) validating calculation with the measurements,  
iv) for any new set of values of currents measured 

on the low voltage side of transformers, magnetic field 
can be determined via calculation.  

The proposed procedure is much faster than 
performing a new set of the magnetic field 
measurements at the same location. 

Mathematical model used for the calculation of the 
magnetic field is based on the assumption that the 
majority of the field is generated by the current 
carrying conductors on the low voltage side of the 
transformers. The conductors are modeled as current 
filaments and magnetic field calculation is based on 
the Biot-Savart law. The program developed for the 
magnetic field calculation can be performed in the 
arbitrary plane that does not intersect conductors. 

 
Fig. 2. Positions of the conductors on the low voltage side 

of both transformers, TR2 was not loaded. 

The positions and the lengths of the conductors are 
obtained from technical data sheet of the substation. 
The positions of conductors are illustrated in Fig. 2. In 
the calculation, the magnetic field of conductors 
plotted by the dashed lines in Fig. 2 is not taken into 
account.  

 

 
Fig. 3. Results of magnetic flux density calculation in the 
plane 2 m above the conductors on the low voltage side of 

transformers. 

During the measurements of the magnetic field, the 
currents in the conductors on the low voltage side of 
both transformers were recorded. On the low voltage 
side of the first transformer TR1 (the right one in Fig. 
2), the phase currents were 280A, 280A and 300A. 
The second one (TR2) was not loaded.  

Our initial intention was to perform magnetic field 
calculation with the recorded values of the currents in 
order to be able to compare results of the calculation 
with the results of the measurements. Thus, in 
calculation we consider only currents on the low 
voltage side of transformer TR1. 

The results of the magnetic field calculation in the 
same plane where the measurements were performed 
are presented in Fig. 3. This plane is located 2 m 
above the conductors on the low voltage side of the 
transformers. The results of magnetic field calculation 
were verified by comparison with the results of the 
measurement, presented in the next Section. 

Measurement results 

The measurements are performed with EFA-300 
measurement system [11]. The EFA-300 consists of 
the main unit and the four field probes: three magnetic 
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and one electric field probe. All field probes can 
perform both single axes and isotropic measurements. 
For the magnetic field measurements the high 
sensitivity magnetic field probe with cross-section 
area of 100 cm2 is used. For EFA-300 system, the 
range for magnetic field measurement is 40 nT to 
32 mT, while the frequency range is 5 Hz - 32 kHz, 
[11]. This measurement system has the ability to 
measure either the root mean square (RMS) value or 
the peak value within the selected frequency range. In 
what follows, all presented results of magnetic flux 
density measurements are obtained with isotropic 
measurements of its RMS values.  

The dimension of the classroom, where the 
magnetic field was measured, is 5.5 x13.5 m. The 
preliminary measurement, used to determine the 
distribution of the field, is performed at the grid of 
5x11 measurement points located 1 m above the floor 
(see Fig. 1.a). The results of these measurements are 
presented in Fig. 4. The instrument was set to measure 
magnetic flux density in the frequency range from 
5 Hz to 2 kHz. Such broadband measurement is 
suitable for power distribution substations, due to the 
fact that harmonic components cannot be omitted. As 
already mentioned in previous Section, during the 
measurements, the three phase currents on the low 
voltage side of both transformers were recorded. 

The highest level of the magnetic flux density of 
4.7 µT was found behind the last row of the desks 
(Fig. 4), directly above the conductors on the low 
voltage side of transformer TR1 (see Fig. 1). The 
point with the highest level of the magnetic field is 
denoted by P1.  

 
Fig. 4.Results of the magnetic flux density measurements in 

the plane 1 m above the floor.  

The magnetic field above the substation is usually 
highly non-uniform. According to [12], in the rooms 
above power distribution substations it is required to 
perform the so-called three point measurements. This 
measurement procedure consists of magnetic field 
measurements at the same position, but at three 

different heights. To obtain the result of three point 
measurements, the results of measurement at 0.5 m, 
1.0 m and 1.5 m above the floor should be averaged 
through the arithmetic mean as 

(1) ( )avg 0,5m 1,0m 1,5m

1
.

3
B B B B= + +  

The measurement protocol adopted in this study 
also includes six additional measurements of magnetic 
flux density at the point P1: 

1. broadband measurements in the frequency 
range 5 Hz-2 kHz, 

2. narrowband measurements at 50 Hz, 
3. broadband measurements in the frequency 

range 5 Hz-32 kHz relative to the ICNIRP 
reference levels [7], 

4. measurement of spectra in the frequency range 
5 Hz-2 kHz, 

5. measurement of harmonic components, 
6. six minutes broadband measurement in the 

range 5 Hz-2 kHz. 
 
Table 1 presents the results of the first three 

additional measurements, averaged according to 
expression (1). The averaged values presented in 
Table 1 in the first two rows are slightly higher than 
the values recorded in preliminary measurements. The 
magnetic flux density at 0.5 m above floor is found to 
be 9 μT. At 1.5 m above the floor it dropped to 
2.4 μT, which, as expected, shows that magnetic field 
in the room is highly non-uniform. 

Table 1 
Results of three point measurements of the magnetic flux 

density at the point P1. 

Measured value Arithmetic mean  
Brms, 5Hz - 2kH  5,35μT 
Brms, 50 Hz  5,34μT 
Brms/Bref,ICNIRP98 9,02% 

 
The last row of the Table 1 present the weighted 

sum (as proposed in [7]) of the magnetic flux density 
components in the frequency range from 5 Hz to 
32 kHz. The weighted coefficient for each magnetic 
field frequency component is equal to the reciprocal 
value of reference level at the same frequency. 

Serbian national rulebook [9] established the 
reference levels for the magnetic flux density which is 
2.5 times lower than the corresponding reference 
levels adopted by the ICNIRP [7]. Comparison of 
these reference levels is presented in Fig. 5. Therefore, 
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in order to obtain the weighted sum of the magnetic 
flux density components relative to Serbian reference 
levels [9], the result in the third row of the Table I 
should be multiplied by 2.5. Consequently, the 
weighted sum of the magnetic flux density 
components relative to Serbian reference levels in the 
frequency range from 5 Hz to 32 kHz is equal to 
Brms/Bref,RS = 22.55%. Notice that this value 
corresponds to the currents being approximately one 
third of their nominal values. In order to estimate the 
highest exposure, this value should be extrapolated to 
account the maximal value of the magnetic flux 
density. Under the assumption that the relationship 
between currents and magnetic flux density is linear, 
maximal magnetic flux density corresponds to 
maximal value of currents. Thus, by proportion, we 
can estimate that the maximal exposure is 
approximately 22.55%×3 = 70.2%.  

 
Fig. 5. Reference levels of the magnetic flux density. 

The results of another two additional 
measurements, namely measurement of the magnetic 
flux density spectra and harmonic components, are 
shown in Fig. 6 and Fig. 7, respectively. As expected, 
frequency of dominant component is 50 Hz (power 
frequency). The third harmonic is about five times 
lower than fundamental one. Higher order odd 
harmonics are significantly lower, while all even 
harmonics are negligible. 

 
Fig. 6. Spatially averaged magnetic flux density spectra  

at the point P1. 

 
Fig. 7. Spatially averaged values of magnetic flux density 

harmonic components at the point P1. 

Finally, an additional six minutes broadband 
measurement in the frequency range 5 Hz - 2 kHz was 
also performed at the point P1 (Fig. 8). The aim of this 
part of the measurement protocol was to explore the 
short term fluctuations of the magnetic field. The 
result (Fig. 8) shows negligible fluctuations of the 
RMS value of the magnetic flux density. The average 
RMS value was Bavg = 4.22 µT, with the standard 
deviation of σ = 0.11 µT. 

 
Fig. 8.Temporal variations of the RMS value of the 

magnetic flux density at the point P1. 

The results of the magnetic field calculations are in 
good agreement with the results of the measurements 
(see Figs. 3 and 4). Slight disagreement can be 
explained by factors such that in calculation the 
magnetic field of the transformer core is neglected, the 
influences of the metal objects are also neglected, the 
imprecise dimensions of the conductors, etc. 

Conclusion 

The paper presents the results of the magnetic flux 
density calculation and measurements in the room 
above an indoor power distribution substation. The 
calculation is performed under assumption that the 
magnetic field is mostly generated by the current 
carrying conductors on the low voltage side of the 
transformers. The results of magnetic field 
calculations are in good agreement with the results of 
the measurements.  

The goal of this paper is to eliminate the need for 
the future time-consuming magnetic field 
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measurements at the same location. For every new set 
of values of the phase currents, general public 
exposure can be determined via magnetic field 
calculation. The proposed procedure is significantly 
faster than new set of the magnetic field 
measurements at the same location. 
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Finite element improved transmission line model  
of a grounding grid 

Rino Lucić, Ivica Jurić-Grgić, Alen Bernadić  

 
This paper presents the improved transmission line (ITL) model for a grounding grid analysis 

based on the finite element method (FEM). The ITL model is developed using FEM applied to the 
system of multi-conductor transmission line (MTL) equations. In order to check accuracy of the 
proposed method, the results obtained using ITL approach has been compared to the results obtained 
by the electromagnetic field approach and very good correlation has been obtained.   

 

Introduction 

Several numerical methods could be used for the 
grounding grid transient analysis. Those numerical 
methods could be divided on those based on the 
frequency and on the time domain approach. Methods 
of the first category, based on the electromagnetic 
field approach, solve a system of equations for every 
single frequency with subsequent transformation of 
the solution obtained in the frequency domain to the 
time domain using inverse fast Fourier transformation 
(IFFT) [1]-[2].  

The frequency domain numerical techniques are 
usually seen as the best suited for the methods based 
on a full electromagnetic theory approach [3]. 
However, this procedure significantly increases 
computational time required. Methods of the second 
category usually use a transmission line model of a 
grounding grid solving the system of Telegrapher 
equations using the finite difference time domain 
(FDTD) method [4]-[5], or using a number of series 
connected circuits [6]-[9].  A new general solution 
method for multi-conductor transmission line (MTL) 
problem, based on FEM in the time domain, has been 
presented in the paper [10].  

The proposed ITL model is developed by the FEM 
applied to the system of multi-conductor Telegrapher 
equations using per-unit parameters of MTL obtained 
using average potential method based on the image 
principle [11]. Since the ITL model of grounding grid, 
which includes an electromagnetic coupling between 
segments of a grid, has been already established via 
FDTD, this paper offers a progress to the ITL model 
of grounding grid based on FEM. In this way the ITL 
model allows us to take into account electromagnetic 
couplings of all grounding grid segments and at the 

same time allows us to exploit all advantages coming 
with FEM.  

By the proposed approach, a soil ionization effect 
that has an important role in the grounding grid 
transient behavior could be straightforwardly taken 
into account that is not a case with the electromagnetic 
field approach so far described in literature. Although 
the electromagnetic field approach, by its definition, is 
to be more accurate, the proposed approach is good 
enough and even competitive due to its simplicity 
compared to the electromagnetic field approach as it is 
reported in [12]. Frequency dependent per-unit length 
parameters will be taken into consideration in a future 
research since they are not of a crucial importance in a 
grounding grid analysis, except probably in some 
special cases including very fast transients. 
Nevertheless, the proposed approach from the 
electrical engineers point of view is a simple enough 
for quick applications, and at the same time, it predicts 
all the important features of grounding grid transient 
behavior. 

The transmission line finite element method 

Propagation of traveling waves on MTL in the 
time-domain is governed by the MTL equations in 
terms of voltage and current waves in the time 
domain.  

(1) 

{ } [ ] { } [ ] { }

{ } [ ] { } [ ] { }

u i
R i L

x t
i u

G u C
x t

∂ ∂
− = ⋅ + ⋅

∂ ∂
∂ ∂

− = ⋅ + ⋅
∂ ∂

 

where [R], [L], [C] and [G] are a resistance, 
inductance, capacitance and conductance per-unit 
length frequency independent matrices, respectively.  
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ApplING the weighted residual method [10], with 
the weighting functions set to unity, to the telegraph  
equations (1) leads to the following relations:  

(2) 

[ ] { } [ ] { } { } { }

[ ] { } [ ] { } { } { }

2

1

2

1

0

0

x

x

x

x

i u
L R i dx

t x

u i
C G u dx

t x

∂ ∂ 
⋅ + ⋅ + = ∂ ∂ 

∂ ∂ 
⋅ + ⋅ + = ∂ ∂ 




 

where x1 and x2 are the coordinates of the element 
nodes.  

MTL finite element is shown in Fig. 1.  

 
 Fig.1. MTL  finite element. 

Formulation of a finite element local system of 
MTL equations consists of expressing a functional 
dependence of MTL element, which is given in terms 
of branch variables, as the corresponding functional 
dependence in terms of nodal variables. 

    The voltage and current waves, over the MTL 
finite element are approximated by a linear 
combination of linear interpolation (shape) functions:   

 (3) 
{ } { } { }
{ } { } { }

1 1 2 2

1 1 2 2

e

e

u N u N u

i N i N i

= ⋅ + ⋅

= ⋅ + ⋅
 

where N1, N2 represent linear interpolation functions 
associated with a corresponding set of local nodes, 
which are:  

(4) 1 2 2 1

2 1 2 1

( ) ( ) / ( )

( ) ( ) / ( )

N x x x x x

N x x x x x

= − −
= − −

 

The variables vectors { }eu  and { }ei  denote 

approximated values of the voltage and the current 
wave vectors over the MTL finite element, while { }1u    

and { }1i  denote the voltage  and  the current wave 

vectors associated (joint) to the set ‘1’ of local nodes 
(nodes at the beginning of the MTL finite element) 
and { }2u  and { }2i denote the  voltage and the current 

wave vectors associated (joint) to the set ‘2’ of local 
nodes (nodes at the end of the MTL finite element). 

Substituting of the relations (4) and (3) into (2), the 

following relations are obtained:  

(5) 

[ ] { } [ ] { }

{ } { }

[ ] { } [ ] { }

{ } { }

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

( ) ( )

( )
0

( ) ( )

( )
0

x
k

k k k
k x

x

k
k

k x

x
k

k k k
k x

x

k
k

k x

i
L N x R N x i dx

t

N x
u dx

x

u
C N x G N x u dx

t

N x
i dx

x

=

=

=

=

∂ 
⋅ ⋅ + ⋅ ⋅ + ∂ 

∂ + ⋅ = ∂ 

∂ 
⋅ ⋅ + ⋅ ⋅ + ∂ 

∂ + ⋅ = ∂ 

 

 

 

 

 

Using the time integration of  the relations (5) 
performed by the generalized trapezoidal rule, also 
known as the  ϑ - method,  the following system of 
algebraic equations (6) is obtained:  

(6)

[ ] { } { }( ) [ ] { } { }( )
{ } { }( )
{ } { }( ) { }

[ ] { } { }( ) [ ] { } { }( )
{ } { }( )
{ } { }( ) { }

2

1

2 2

1 1

2

1

2 2

1 1

(1 )
2

(1 )

(1 ) 0

(1 )
2

(1 )

(1 ) 0

k k k k
k

k k k k
k

L i i R t i t i

t u t u

t u t u

C u u G t u t u

t i t i

t i t i

ϑ ϑ

ϑ ϑ

ϑ ϑ

ϑ ϑ

ϑ ϑ

ϑ ϑ

+ +

=

+

+

+ +

=

+

+

 ⋅ − + ⋅ − Δ + Δ
 

+ − Δ + Δ −

− − Δ + Δ =

 ⋅ − + ⋅ − Δ + Δ
 

+ − Δ + Δ −

− − Δ + Δ =









 

where tΔ  is time interval and ϑ   is the integration 
parameter, ( 0.5 1≤ ϑ ≤ ). Separating  the variables’ 
vectors at the end of a time interval to the left hand 
side and the variables’ vectors at a beginning of time 
interval to the right hand side, the MTL finite element 
local system in the time-marching scheme form is 
obtained: 

(7)   [ ] { }
{ }

[ ] { }
{ }

[ ] { }
{ } [ ] { }

{ }
1 1 1 1

2 22 2

i u i u
A B E F

i ui u

+ +

+ +

              ⋅ + ⋅ = ⋅ + ⋅       
            

 

where:  

[ ] [ ] [ ] [ ] [ ]
[ ] [ ]

( L R t) ( L R t)
A 2 2

I t I t

 + ⋅ϑ⋅ Δ + ⋅ϑ⋅ Δ =
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E 2 2

I (1 ) t I (1 ) t
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[ ]
[ ] [ ]

[ ] [ ] [ ] [ ]
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( C G (1 ) t) ( C G (1 ) t)

2 2

 − ⋅ − ϑ ⋅ Δ ⋅ − ϑ ⋅ Δ
 =
 + ⋅ − ϑ ⋅ Δ + ⋅ − ϑ ⋅ Δ
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The variables’ vectors in (7) marked by “+” denote 
vectors at the end of the time interval, while variables’ 
vectors without mark denote vectors at the beginning 
of the time interval. The global system of equations is 
obtained by the standard assembling procedure. The 
boundary conditions are the potentials or the currents 
at the boundary nodes. 

The computational procedure begins by imposing 
the initial and the boundary conditions. The global 
system has to be solved for each time step, evaluating 
unknown nodal potentials. The value of the current 
wave on each finite element is then computed using 
relation (7) for the each time step.  

A grounding grid parameters  

The per-unit length parameters for ITL model of a 
grounding grid can be obtained using different 
approaches [13]. In this paper a grounding grid 
transmission line parameters for have been obtained 
using average potential method based on the image 
principle [11]. The per-unit length resistance of the 
MTL segments has been neglected since they are not 
of a significant importance. Conductance, capacitance 
and inductance matrix of a particular grounding grid 
segment have been calculated as follows: 

 (8)   1
1 1

    
4 4

j i j i

ji
soil soil

i j i j
j ji j ji

G
d d k d d

r rκ
ρ ρ
π π ′

′′

=
+ ⋅ 

   

   
 

 

(9)    1 1 1 1
    

4 4
j i j i

ji i j i j
soil j ji soil j ji

C d d k d d
r rεπε πε ′

′′

= + ⋅ 
   

   
 

 

(10)   0 1
  

4
j i

ji i j
j ji

L d d
r

μ
π

= 
 

 


 

where kκ  and kε  are reflection coefficients defined as 

follows:  

1soil air

soil air

kκ
κ κ
κ κ

−= ≈
+

 

    soil air

soil air

kε
ε ε
ε ε

−=
+

 

Test example 

In order to validate the proposed approach to 
transient analysis of a grounding grid 2x2 with 
dimensions 10 by 10 m shown on Fig. 2. Grounding 
grid is buried at depth of 0,5 m in soil with resistivity  

1000 mρ = Ω . The relative soil permittivity and 
permeability are r 9ε = , r 1μ = . The wave shape of the 

current impulse, is ( ) 27 000 t  5 600 000 ti(t) 1 e e  /A/− ⋅ − ⋅= ⋅ − .  

 
 Fig.2. Grounding grid dimensions. 

The lengths of grid segment are chosen in a way 
that the mutual coupling between the segments is 
effectively taken into account. This means one cannot 
choose large segment lengths for the simulations as 
this situation will correspond to the uniform 
transmission line approach with electrode length 
dependent per-unit length parameters. In order to 
overcome this, in the present model, the segment 
length should be small enough (<< 1/10 of the wave 
length in the soil corresponding to the highest 
frequency component of the current source used) so 
that each segment during the wave propagation 
dynamically contributes to the coupling phenomena. 
Consequently, the number of segments should be 
great enough, but at the same time, the length of each 
segment should satisfy the thin wire approximation. 

According to FEM procedure, it is possible to 
divide grounding grid into necessary number of 
segments that define the only one MTL finite element. 
That means the whole grounding grid is represented as 
the only one finite element with number of MTL 
conductors equal to the number of segments of 
considered grounding grid. 

 

 
 Fig.3. The grounding grid 2x2 divided into segments. 
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As it is shown in Fig. 3, in order to illustrate FEM 
procedure the grounding grids 2x2 have been divided 
only into 12 segments of 10 m length each. 

According to Fig. 3, in a case of 2x2 grounding 
grid, there are 12 segments (conductors) and 9 global 
nodes (according to FEM terminology). However, it is 
possible to divide grounding grid segments into finer 
mesh and consequently obtain more accurate results, 
of course, up to the degree of applicability of the ITL 
method for grounding grid transient analysis. The per-
unit length parameters, such as earth conductance, self 
and mutual inductance and capacitance, have been 
derived using equations (8-10). 

Fig. 4 shows transient voltage at the injection point 
A (Fig. 2) of grounding grid obtained by the ITL 
method and compared to the results obtained by 
electromagnetic field approach [14]. 

 

 
 Fig.4. FEM result compared to the results taken from [14]. 

The obtained results show very good correlation 
and confirmed applicability of the ITL method for 
grounding grid transient analysis. It is important to 
notice that FEM approach allow us to calculate 
transient voltages at each global node of grounding 
grid (Fig. 3), as well as currents on each grounding 
grid segment (MTL conductor).    

Conclusion 

The FEM based ITL approach allows us to take 
into account electromagnetic couplings of all 
grounding grid segments and to calculate grounding 
grid transient characteristics with good accuracy. In 
order to verify accuracy of the proposed method, the 
results obtained using ITL approach has been 
compared to the results obtained by electromagnetic 
field approach and very good correlation has been 
obtained.  

It could be seen that the proposed algorithm is 
competitive to other algorithms used for ITL approach 
due its simplicity and effectiveness thanks to the FEM 
approach to the MTL problem. The proposed method 
also exhibits other advantages due to the possibility of 
taking into account per unit length matrices of 
transmission line directly in the line model.  
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Least squares estimation of double exponential function 
parameters 

Dino Lovrić, Slavko Vujević, Tonći Modrić  

 
In this paper an effective numerical algorithm for computation of double-exponential function 

parameters based on the available input data is presented. The parameter estimation is achieved using 
the Marquardt least squares method.   

 

Introduction 

In the field of electromagnetic analysis of lightning 
phenomena a number of mathematical functions are 
available for modelling the channel-base lightning 
current [1]. The simplest of these functions is the 
double-exponential function [2], which, despite its 
numerous drawbacks, continues to be in use mainly 
due to its simplicity.  

In this paper, an algorithm for estimation of 
double-exponential function parameters is presented, 
which is based on a similar algorithm applied on the 
Heidler function [3]. The algorithm enables 
simultaneous solving of a system of two, three or four 
nonlinear equations depending on the available input 
data: current peak value, front duration, time to half 
value, charge transfer at the striking point and specific 
energy.  

Lightning return stroke current 

The lightning current approximation of the first 
return stroke is depicted in Fig. 1, where I0 is the 
current peak value, t0 is the virtual starting time, t1 is 
the time to 10 % of peak value, t2 is the time to 90 % 
of peak value, th is the total time to half value of the 
peak value, tmax is the time to the peak value, T1 is the 
front duration and T2 is the time to half value [4].  

Double-exponential function can be used to 
approximate the lightning return stroke current and is 
described by the following expression:  

(1) ( ) ( )tt ee
I

ti ⋅β−⋅α− −⋅
η

= 0  

where η is the correction coefficient of the current 
peak value, α and β are the parameters of the double-
exponential function.  

 

 
 Fig.1. Lightning current approximation of the first return 

stroke. 

According to Fig. 1, two basic requirements for the 
estimation of double-exponential function parameters 
η, α and β can be written as:   

(2) 209.0 ttforIi =⋅=  

(3) httforIi =⋅= 05.0  

Two additional requirements can be deduced from 
the charge transfer at the striking point Q0 and the 
specific energy W0:  

(4) 0
0

Qdti =⋅
∞

 

(5) 0
0

2 Wdti =⋅
∞

 

From equations (2-5), the following four 
normalized nonlinear equations can be obtained:  

(6) ( ) 1
9.0

1
22

1 −−⋅
η⋅

= ⋅β−⋅α− tt eeR  
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(7) ( ) 1
5.0

1
2 −−⋅

η⋅
= ⋅β−⋅α− hh tt eeR  

(8) 1
11

0

0
3 −








β

−
α

⋅
η⋅

=
Q

I
R  

(9) 1
2

12

2

1

0
2

2
0

4 −







β⋅

+
β+α

−
α⋅

⋅
⋅η

=
W

I
R  

Least squares estimation of double-exponential 
function parameters  

Double-exponential function parameters can be 
estimated in four cases by solving a set of m nonlinear 
equations using the Marquardt method [3], [5], 
depending on the available input requirements 
(Fig. 2):  

• Case 1: m = 2, E1 = R1 and E2 = R2; 
• Case 2: m = 3, E1 = R1, E2 = R2 and E3 = R3;  
• Case 3: m = 3, E1 = R1, E2 = R2 and E3 = R4;  
• Case 4: m = 4, E1 = R1, E2 = R2, E3 = R3 and 

E4 = R4. 

In Fig. 2, a flowchart is presented that describes 
the estimation of the double-exponential function 
parameters η, α and β introduced in (1). In each r-th 
iteration, parameters tmax, η and t1 have to be 
computed, where the auxiliary parameters tmax and t1 
are computed by solving the corresponding nonlinear 
equation. The abbreviation MSE in Fig. 2 stands for 
Marquardt method for a Single nonlinear Equation. It 
is used for estimation of values of t1 or tmax. 

The parameter η is computed from the linear 
equation given in Fig. 2. Then the parameters α and β 
are computed by the Marquardt method from the 
corresponding set of nonlinear equations in the r-th 
iteration.   

The nonlinear equation for computing the 
parameter tmax can be obtained from the following 
requirement: 

(10) 0
max

=
= ttdt

di
 

. 

 
Fig.2. Least squares estimation of double-exponential function parameters. 
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The following normalized nonlinear equation for 
computation of tmax can be obtained from (10):  

(11) max
1

max
1

max
trtrk krkr

eeF
−− ⋅β−⋅α− ⋅β+⋅α−=  

 When estimating tmax, the initial value is taken to 
be tmax = 0.9·T1.  

The nonlinear equation of computing the parameter 
t1 can be obtained from the following requirement: 

(12) 101.0 ttforIi =⋅=  

Using (2), the following normalized nonlinear 
equation for computation of t1 can be obtained:  

(13) ( ) 1
1.0

1
1

1
1

1

1 −−⋅
η⋅

=
−− ⋅β−⋅α− ttk krkr

eeF  

When estimating t1, the initial value is taken to be 
t1 = 0.1·T1.  

In Fig. 2, the matrix [D] is a diagonal matrix whose 
diagonal elements are identical to the diagonal 
elements of matrix [A] defined by the following 
equation: 

(14) [ ] [ ] [ ]JJA T ⋅=  

where the Jacobian matrix [J] can be computed by: 

(15) [ ]
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Vector {B} can be computed using following 
expression:  

(16) { }
( )

( )















βα

βα
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−−
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11

11
1

,

,

rr
m

rr

E

E

B   

Partial derivatives of nonlinear equations (6-9) 
which are required for computation of matrix [J] in 
(15) can be computed analytically using the following 
expressions:  

(17) 
η⋅

⋅=
β∂

∂
η⋅

⋅−=
α∂

∂ ⋅β−⋅α−

9.0
;

9.0

22
2121

tt etRetR
 

(18) 
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β∂
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⋅−=
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22
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Numerical examples 

The first numerical example features Case 4, i.e. 
the simultaneous solving of four nonlinear equations. 
The input data taken from IEC 62305-1 Ed. 2 [4] 
represent the maximum values of lightning current 
quantities of the first positive impulse for Lightning 
Protection Level III-IV: I0 = 100 kA, T1/T2 = 
10/350μs, Q0 = 50 C and W0 = 2.5 MJ/Ω. Double-
exponential function parameters are estimated using a 
computer program that implements the method 
described in the previous section. The following 
parameters have been obtained: η = 0.9511, α = 
2121.76 s-1 and β = 245303.6 s-1. Double-exponential 
function with these parameters is depicted in Fig. 3.  

 
 Fig.3. Double-exponential function approximation of the 

first positive impulse. 

Other often used lightning current waveshapes 
sometimes used for designing low-voltage power lines 
within structures are the T1/T2 = 0.2/5 μs waveshape, 
the T1/T2 = 4/16 μs waveshape and T1/T2 = 1.2/50 μs 
waveshape [1], [6]. Since these waveshapes are only 
defined by T1 and T2 values, only two nonlinear 
equations are simultaneously solved. Results of the 
estimation for these three waveshapes are presented in 
Table 1. Corresponding double-exponential functions 
approximating these waveshapes are depicted in Fig. 
4. All functions have a current peak value of I0 = 1 A 
for plotting clarity purposes. Peak values can be 
changed accordingly since the parameters in Table 1 
are independent of the peak current value. 
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Table 1 
Double-exponential function parameters for fast-decaying 

lightning current waveshapes 

Double-exponential function 
parameters Waveshapes 

T1/T2 η α (s-1) β (s-1) 
0.2/5 µs 0.93269 152921.46 11887358.7
4/16 µs 0.27475 117598.38 252722.5 

1.2/50 µs 0.95847 14732.18 2080312.7 

 
 Fig.4. Double-exponential function approximation of fast-

decaying lightning current waveshapes. 

However, in the case of communication lines 
which have a different exposure to lightning than 
power lines, different waveshapes are used for 
designing lightning protection system. These 
waveshapes are characterized by a relatively sharp rise 
followed by a very slow current decay: the 
T1/T2 = 10/700 μs waveshape and the  
T1/T2 = 10/1000μs waveshape [6]. Again, these 
waveshapes are only defined by T1 and T2 values, so 
only two nonlinear equations are simultaneously 
solved.  

Results of the estimation for these two waveshapes 
are presented in Table 2. Double-exponential 
functions approximating these waveshapes are 
depicted in Fig. 5. 

 

 
 Fig.5. Double-exponential function approximation of slow-

decaying lightning current waveshapes. 

Table 2 
Double-exponential function parameters for slow-decaying 

lightning current waveshapes 

Double-exponential function 
parameters Waveshapes 

T1/T2 η α (s-1) β (s-1) 
10/700 µs 0.97423 1028.39 257923.7 

10/1000 µs 0.98135 712.41 262026.6 
 
In addition to standardized lightning current, the 

presented least squares method can easily be used to 
approximate the waveshapes of various recorded 
impulse stroke currents. The recorded waveshape 
taken from [7] is depicted on Fig. 6, along with the 
double-exponential function approximation. The input 
data of the recorded waveshape current taken from [7] 
is: I0 = 5 A, T1 = 9.3 μs and T2 = 90 μs. The resulting 
double-exponential function parameters are: 
η = 0.80917, α = 10054.37 s-1 and β = 197765.3 s-1.  

 
 Fig.6. Recorded impulse current and its double-

exponential function approximation. 

In the following example a typical negative first 
stroke current waveshape is considered. The recorded 
waveshape taken from [8] is depicted on Fig. 7, along 
with the double-exponential function approximation. 
One can observe from this figure the inadequacy of 
the double-exponential function approximation. The 
recorded lightning current is characterized by a slow 
rise at the very beginning followed by a much steeper 
rise. On the other hand, the double-exponential 
function has the steepest rise in the time t = 0 and can 
not approximate the recorded waveshape accurately. 
Much better results can be obtained using the Heidler 
function [3], [9] or Javor function [10]. The input data 
of the recorded waveshape current taken from [8] is: 
I0 = -1 A, T1 = 8 μs and T2 = 100 μs. The resulting 
double-exponential function parameters are: 
η = 0.86481, α = 8421.53 s-1 and β = 265585.9 s-1.  
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 Fig.7. Recorded lightning current and its double-

exponential function approximation. 

Conclusion 

In this paper, a robust and effective algorithm for 
the least squares estimation of double-exponential 
function parameters is presented. Using this algorithm 
various standardized and recorded lightning current 
waveshapes can be approximated by the double-
exponential function. This algorithm can be easily 
modified to estimate the parameters of an arbitrary 
lightning current function.  
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Nondestructive characterization of materials using  
Lorentz force eddy current testing 

Hartmut Brauer, Robert P. Uhlig, Mladen Zec, Matthias Carlstedt,  
Konstantin Porzig, Marek Ziolkowski, Hannes Toepfer  

 
A novel electromagnetic nondestructive evaluation technique, so-called Lorentz force eddy 

current testing (LET), is presented. The technique enables the detection of defects lying deep inside a 
moving nonmagnetic conducting material and the determination of the electrical conductivity of the 
specimen as well, both in contactless manner. In the paper, both the detection of subsurface defects 
and estimation of the electrical conductivity of nonmagnetic conductors are discussed. The numerical 
simulation as well as the experimental verification of the LET method are applied to test problems 
using several aluminium specimen.  

 

Introduction 

Computations of eddy current problems involving 
parts in motion have undergone an extensive research 
over the past decades. A keen interest in this area has 
been demonstrated by numerous publications in many 
fields of research concerning coupled multiphysics 
problems. They mainly include different types of 
electromechanical devices in applications such as 
electrical machine design [1], inductive heating [2], 
magnetohydrodynamics [3], and nondestructive 
testing [4].  

Beside of the defect detection the techniques can 
be applied to determine the material characteristics as 
well. The four-point-method proposed by van der 
Pauw is usually applied if the electrical conductivity 
of the specimen has to be determined [5]. We present 
a novel contactless, nondestructive technique for the 
detection of single defects deep inside a non-magnetic 
conductor. Furthermore, by means of the 
measurements of the Lorentz force exerting on the 
permanent magnet, the electrical conductivity of the 
specimen can be determined. 

Problem Description 

Basic Principles 
The Lorentz force eddy current testing technique 

(LET) represents a modification of the common eddy 
current testing (ECT) [6]. The eddy currents are 
induced in the conductor under test due to its motion 
in the primary (static) magnetic field. If there is a 
defect in the material, the perturbation of induced 
currents or its secondary magnetic field can be related 

by means of changes of the Lorentz force acting on 
the permanent magnet (Fig. 1).  

 
Fig. 1. Lorentz force eddy current testing principle: a 

specimen is moving with velocity v in the static (primary) 
magnetic field Bp, causing the Lorentz force (drag force FD, 
lateral force FS, lift force FL) exerting on the magnet due to 

the secondary magnetic field Bs. 

Motion Induced Eddy Currents 

Lorentz force eddy current differs from ECT in the 
way the eddy currents are induced. ECT requires 
alternating current (AC) driven coils to induce eddy 
currents into the specimen according to Faraday’s 
induction law: 

(1) 
t

∇ × =
∂−
∂

E
B

 

where E is the electrical field, B the magnetic flux 
density. However, the time-varying magnetic field can 
be generated by a relative motion between the 
specimen and a DC magnetic field source as well. 
These motion induced eddy currents are described by 
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Ohm’s law for moving conductors: 

(2) 
t

σ ϕ
∂

= − − ∇ + ×
∂

 
 
 

A
j v B  

where j is the eddy current density, σ the electrical 
conductivity and v the velocity. The general principle 
of the proposed approach has also been used in the 
framework of motion induced remote field eddy 
current testing [5]. 

Lorentz Force Eddy Current Testing 

The induced currents induce a secondary magnetic 
field that is interacting with the primary magnetic 
field generated by a DC magnetic field source, e.g. the 
permanent magnet.  

(3) 
V

dV= ×F j B  

The result is the Lorentz force which acts on the 
specimen and, in opposite direction, on the permanent 
magnet. All three force components exerting on the 
magnet, are considered: (i) the drag force FX or FD (in 
same direction as the motion), (ii) the lift force FZ or 
FL and (iii) the lateral force FY or FS (Fig. 1). 

The working principle of LET is based on the 
measurement of these force components. While the 
specimen is without defect, the Lorentz force remains 
constant. Whenever a defect exists within the 
conductor, the eddy currents are distorted and thus, 
the Lorentz force is perturbed [6,7]. This perturbation 
is rather small but can be used for the detection of 
surface defects and subsurface (deep internal) defects, 
respectively. 

In order to detect and localize defects within the 
specimen, surface scans are needed. The lateral 
position where the perturbation occurs and the 
magnitude of the perturbation contain the information 
about position and size of the corresponding defect.  

Thus, the principle of motion induced eddy 
currents is used to overcome the drawback of the 
common ECT, where one of the main limitations is 
due to the frequency dependent skin effect [6]. It is 
assumed, that the LET is able to detect defects lying 
deep inside the conducting material. 

Lorentz Force Sigmometry 

An important material property for any 
measurement technique using eddy currents and/or 
electromagnetic fields is the electrical conductivity of 
the specimen. Contactless methods as the eddy current 
method suffer strongly from deviations in the lift-off 
distance and cover only the close-to-surface-layers. 
Usually, they do not provide conductivity 

measurements deep within the material. Due to the 
skin effect they can use surface measurements only.  

The conductivity measurement technique presented 
here provides a contactless method using the current 
flow deep inside the material. Because Lorentz force 
measurements are used to determine the conductivity, 
the method is called Lorentz Force Sigmometry [7]. 

The magnetic Reynolds number Rm is often used to 
link electric and magnetic characteristics in numerical 
modelling. It is defined by    

 
 
where µ0 defines the absolute permeability, σ the 

electrical conductivity, v the velocity and H a 
characteristic length of the problem. Furthermore, it is 
well-known from fluid dynamics that the drag force 
FD is proportional to Rm, whereas the lift force FL is 
proportional to Rm

2. Thus, it yields the ratio FD / FL ∝ 
Rm, i.e. the ratio depends linearly on the electrical 
conductivity. This result can be used to determine 
contactlessly the conductivity of a specimen by means 
of Lorentz force measurements. It has to be noticed, 
that in this case no surface currents but currents in the 
volume of the specimen are taken into account. This 
can lead to remarkable differences for the conductivity 
compared to surface methods, like the van-der-Pauw 
method, as well as to the verification of LET 
measurements by means of numerical simulations. 

Experimental Setup 

The LET measuring system built in our laboratory 
and used for all experiments presented in this paper, is 
shown in Figs. 2 and 3.  

Fig. 2. LET setup for testing of solid conductors, with a 
belt-driven linear drive, moving the specimen with 

maximum speed of 3.75m/s. 

0 / 2,mR Hμ σ= v
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Fig. 3. Enlarged details of the LET setup for testing of solid 
conductors, with the specimen, the cylindrical permanent 

magnet and the 3-axis force sensor (strain gauge). 

Because the aim of the investigation is the 
development of a contactless magnetic method for the 
detection of subsurface defects lying deep inside the 
object under test, first different massive metallic 
specimen have been investigated (Fig. 4).  

a)       b)    

c) 
 

 

 

 

 

Fig. 4. Specimen with artificial defects: 
a) aluminum alloy bar without defect, 

(b) aluminum alloy bar with four internal defects, 
(c) ) aluminum alloy bar with different surface slits. 

 

The massive aluminium bar (Fig. 4a) has been 
used for calibration of the force sensors, whereas the 
the specimen in Fig. 4b contains four holes of 
different sizes where the boreholes have been refilled 
with the same materials. The specimen in Fig. 4c is 
prepared with surface slits of same width but different 
depths.  

To simulate hidden defects, measurements have 
been performed from the bottom side as well. In all 

these cases the defect depths cannot be changed. Thus, 
finally a package of aluminium sheets has been 
chosen as specimen allowing modification of defect 
depth by exchanging the one sheet that has been 
prepared with a certain defect. Different slits, always 
through the whole sheet thickness, have been used in 
this study (Fig. 5). Thus, the solid conductor has been 
substituted finally by a package of aluminum sheets 
(each h=2mm thick). This enables an easy exchange 
of a sheet by one with defect and thus studying the 
effect of the depth of subsurface defects.  

 

 
Fig. 5. LET setup for testing of solid conductors (left), 

where the massive specimen (Fig. 4a) has been replaced by 
a metallic sheet package, including one of the sample sheets 

prepared with one single artificial defect (right). 

Lorentz force eddy current testing can only work 
while the specimen is in relative motion to the 
magnetic field source. Therefore, a linear drive was 
used providing a velocity of up to 3.75m/s. A 
cylindrical permanent magnet (PM, Diam×H = 
15mm×25mm, NdFeB, N35) served as the magnetic 
field source, located at the lift-off distance above the 
specimen and maybe out of the symmetry line (y-
direction). The PM was attached to the multi-
component force sensor consisting of a 3D 
deformation body and strain gauges measuring this 
deformation. The acquired voltages were measured 
using a National Instruments PXI-system with a 24-
bit A/D-converter. The data processing was performed 
offline in MATLAB. 

An Al-alloy bar with the dimensions W × L × D = 
50 × 50 × 250 mm3 and a specific electrical 
conductivity of σbar = 20.4 MS/m without artificial 
defects served as the reference specimen. In order to 
study the effect of the defect depth, the reference bar 
was replaced by a package of metallic sheets of the 
same Al-alloy. The conductivity of these sheets was 
measured, a value of σsheet = 30.7 MS/m was obtained. 
Taking into account the very thin aluminum oxide 
layer (usually less than 10µm) and the non-ideal 
contact between the sheets, an anisotropic 
conductivity model of this specimen can be assumed. 
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The eddy currents do not flow in z-direction but only 
in the x-y-planes, i.e. inside the single sheets only. 
Therefore, the conductivity component normal to the 
sheet surface can be set to zero (σz = 0). This 
anisotropic conductivity model finally led to a much 
better compliance of measurement and simulation. 

In order to qualify the applicability on defect 
detection in solid bars with isotropic conductivity four 
defects had been introduced into an Al-alloy bar and 
filled again with less but same material (Fig. 4b). 
Thus, internal defects could be realized in the massive 
bar. The defects D1 and D2 are of same size (Diam × 
H = 4mm × 10mm), situated 5mm left and right from 
the x-axis. The defects D3 (Diam × H = 2mm × 
10mm) and D4 (Diam × H = 6mm × 20mm) vary in 
size but are aligned along the center line. 

The different specimens were screwed to the 
sledge of the linear drive and moved with constant 
velocity (v = 0.5m/s) along the x-axis, while the 
position in y-direction was varied for each run. In this 
way, the specimen were scanned along the x- and y-
axes. These force profiles were used to detect and 
localize the artificial, deep subsurface defects in the 
conductors under test. 

Results 

The measured Lorentz force components consist of 
several ten thousands data points. The signals were 
synchronized and filtered in order to suppress noise 
and disturbances. Thus, the information of lateral 
sensor position, position along the motion axes and 
the measured force signals were merged and enabling 
finally the estimation of the force component at a 
certain grid position. 

Due to the damping of the lift-off-effect we further 
merged the drag force and the lift force to the lift-to-
drag ratio [7]. The evaluation of the lift-to-drag ratio 
reduced the disturbances on the signal. Nevertheless, 
there were oscillations left, which origin remained 
unknown. The contour plot of the measured Lorentz 
force in Fig. 6 showed the Lorentz force perturbations 
that vary depending on size, depth and position of the 
defects. The bigger and closer to the surface the 
defects are, the stronger is the perturbation. Attention 
has to be paid to the scaling of the force, because it 
depends strongly on the chosen region of interest. The 
bigger the main defect within that region was, the 
more difficult was the detection of smaller defects. 

During the study, it finally turns out that it is not 
possible to estimate the defect depths with the test 
specimen shown in Fig. 4b. Probably only the 
parasitic air gaps at the surface remaining from filling 
the boreholes have been detected.  

 
Fig. 6. Measurement scans at the specimen of Fig. 4b; 

Lateral force FY, b) lift-to-drag-ratio FL / FD. 
(lift-off = 1mm, v = 0.5m/s). 

The example of the measurement of a long defect 
(12mm x 2mm, Fig. 5) within a aluminum sheets 
package at a depth of 2mm, shows the strong 
perturbation of the Lorentz force due to the presence 
of the defect. The perturbations were measured at a 
lift-off distance of 1mm and a testing velocity of 
0.5m/s. Subsequently the sheet containing the defect 
was moved step-by-step deeper down into the 
package. The defect was detected up to a depth of 
about 6 mm without a priori knowledge, while the 
testing conditions were kept the same (see Fig. 11).  
With this measuring equipment, a detection of the 
long defect (12mm x 2mm) in this laminated 
specimen was possible up to a depth of about 8mm. A 
higher sensitivity of the force sensor would increase 
the detection depth.  

The position of the defect relative to the magnet 
could be clearly identified exploiting the specific 
behavior of the lateral force component, i.e. the point-
spread-function (Fig. 9). The information of all three 
force components could serve the identification and 
reconstruction of the defect [10]. 
In contrast to metallic sheet packages, solid specimens 
do allow the eddy currents to flow around the defect 
in all directions. The conductivity can be assumed as 
isotropic. In order to prove the feasibility of the 
detection of deep lying defects in all sorts of 
conductors a validation bar has been tested. The 
measured force signals, i.e. its three components of 
the scanned specimen can be found easily. Remaining 
oscillations could be variations in speed, lift-off-
effects, and artifacts from the applied filters. The lift-
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off-effect is reduced by evaluating the lift-to-drag-
ratio [7]. 

The experiments have been verified by means of 
numerical simulations using the FEM software 
COMSOL Multiphysics (see Fig. 7). 

 
 
 
 
 
 
 
 

Fig. 7. FEM modelling for simulation of the movement of a 
conducting bar containing an internal defect (red) 

with respect to the fixed cylindrical magnet. 
 
Some typical force signals (drag force FX, lateral 

force FY, lift force FZ) measured with the LET system 
are shown in Fig. 8. 
 

 
 

 
 
 

 
 

 
 

Fig. 8. Typical Lorentz force signals measured at the 
laminated specimen containing a single defect  

(12x2x2 mm3, lift-off = 1mm, depth = 2mm, v=0.5m/s) 
 
Fig. 9 shows the results (measured and simulated) 

for the bar with surface slits of different depth. The 
results agree very well, for lift-off distances of 1mm 
and 3mm, respectively. The depths of the defects 
(marked as sketch at the bottom of Fig. 9) are 
responsible for very different distortions of the eddy 
current distribution in the specimen. The resulting 
deviations in the force signals can be clearly identified 
in the lower part of Fig. 9, where the lift-to-drag force 
ratio is shown.  

If the measurements will be performed from the 
bottom side of this specimen, the defect detection will 
be much more difficult. In this case, the eddy current 
distribution in the deep region of the specimen is less 
disturbed, the deviations of the force signals are much 
less and thus, the defect identification is much more 
complicated. A successful detection of such deep 
subsurface defects requires a magnet-force sensor-unit 

which is better adapted to this situation, i.e that is 
optimized for these applications. This is a topic for 
ongoing research where especially the magnet 
configurations have to be optimized. On the other 
hand, there is almost no chance to detect such deep 
internal defects using the common ECT technique. 

 
 
 
 
 
 
 
 

Fig. 9. Detection of surface slits with LET, for lift-off 
distance of 1mm and 3mm, respectively, and H = 50mm 

(measured = exp., simulated =num.). 
 
Furthermore, the cylindrical permanent magnet 

used in the laboratory setup is too large to detect 
smaller defects, e.g. point-like defects. In this case, the 
diffusion of the magnetic fields into the test object 
requires a stronger field forming. Permanent magnet 
configurations, which are adapted to this application, 
are under construction. 

The response of the magnetic field source on a 
point-like defect gives an idea of the capabilities of 
direct imaging. This function is referred to as the 
point-spread-function (PSF). Fig. 10 shows the 
characteristic PSF for the cylindrical permanent 
magnet used in the experiments [11]. For high 
velocities (v >> 1m/s), the field distribution in the 
specimen is changing due to the motion, and thus the 
characteristic shape of the PSF is deformed as well. 

 

 
Fig. 10. Point-spread-functions (PSF) for a cylindrical 
magnet: (a) drag force, (b) lateral force, (c) lift force; 
(magnet radius rmag =7.5mm, lift-off distance z = 1mm, 

velocity v =0.5m/s). 
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Fig. 11: Specimen with defect 2 mm below the surface  

lateral force FS, lift-to-drag ratio FL/FD,  
top row – simulated; bottom row – measured;  
(aluminum sheets; lift-off = 1mm, v = 0.5m/s 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Fig. 12: Specimen with defect 6 mm below the surface  

lateral force FS, lift-to-drag ratio FL/FD,  
top row – simulated; bottom row – measured;  
 (aluminum sheets; lift-off = 1mm, v = 0.5m/s 

 
Figures 11 and 12 show the very good agreement of 
the numerically obtained force distributions and 
smoothed measured lateral Lorentz force and the lift-
to-drag ratio. The presented results refer to two 
different defect depths of 2 mm and 6 mm, 
respectively. The Lorentz force perturbations caused 
by the defect are clearly visible in both depths and 
thus, detectable. The overall signal-to-noise ratio has 
been improved significantly. 

The feasibility of Lorentz force eddy current 
testing for the detection of deep subsurface defects in 
conductors has been shown. In order to improve the 
probability this detection the remaining oscillations on 
the measured signal were smoothed applying a low-
pass filter in both scanning line and perpendicular to 
it, respectively. The reason for the treatment is the 
hypothesis that all natural signals are smooth and thus, 
do not change suddenly. To qualify the applied 
smoothing procedure, numerical simulations of the 
electromagnetic problem were provided. 

Conclusion 

The 3D numerical analysis of several Lorentz force 
eddy current testing (LET) benchmark problems have 
been performed providing reference results to study 
the feasibility and testing capabilities of LET. The 
simulation results are verified by experiments, which 
underline the ability of LET to detect defects lying 
deep inside conducting objects. 

Lorentz force eddy current testing is, in some 
cases, suitable as an alternative for ECT. The high 
measuring velocity and relatively high depth of 
detection are advantages. The selection of appropriate 
force sensors is challenging because of the large 
difference of the absolute force values and the Lorentz 
force deviations due to internal defects. The 
application of filter techniques is required to reduce 
measurement apparatus vibrations or other distortions 
from the environment. High sampling rates in the data 
acquisition unit are needed to detect small defects. 
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PM locating for cogging torque reduction in a single-phase 
surface-mounted PM motor  

Jawad Faiz, A.H. Tavakol-zadeh, Gh. Shahgholian 

 
Surface-mounted permanent magnet (PM) is a well-known structure in PM machines. Low 

armature reaction and capability of standing high power load can be achieved by choosing the slotted 
surface PMs in machines. This structure has uniform air gap. Existing slots leads to a cogging toque 
which can be alleviated using different methods. Most design-based methods are: skewing PMs slots, 
changing PM arc length, changing radial depth of pole shoe, and using small slots in each pole. It is 
shown that PMs skewing by an half pole pitch is a proper technique in redcing the cogging torque. 
However, this technique needs structural changes which can decrease or vary the amplitude of the 
main torque. Most cogging torque alleviation techniques reduce the back emf, and therefore the 
starting torque. So, key point in the motor design is minimizing the cogging torque and maximizing the 
output torque of the motor. 

 

     Introduction 

Permanent magnet (PM) motors are widely used 
electrical motors because of their high torque density 
and efficiency. Although a surface-mounted PM 
(SMPM) motor has a simple structure compared to an 
inset-PM type motor, it has some drawbacks such as 
difficulty in its demagnetization. Also, the SMPM 
motor is under heavy centrifugal force. PM merely 
covers full pole pitch, because the flux passing N and 
S poles penetrates between the poles with no link with 
the stator windings. Generally, cogging torque 
presented in this motor must be minimized using 
analytical [1] or numerical methods. Impact of slot 
and stator design on the cogging torque has been 
studied in [2], [3]. The effect of both slot opening 
shifting and pole arc length on the cogging torque has 
been proposed in [4]. A four sliced method on an 
SMPM motor has been applied in [5]. Slot shapes and 
various windings topologies impacts on the cogging 
torque have been considered in [6]. A frozen 
permeability FEM has been applied to show the load 
effect upon the cogging torque and back-emf 
waveform [7]. Furthermore, the effectiveness of the 
rotor skew on the minimization of the cogging torque 
has been shown in [8]. 

This paper describes the cogging torque and its 
causes and gives the methods of torque and cogging 
torque evaluation. Different reshaped PMs are 
employed and compared in a smooth pole single-
phase PM motor with distributed winding in order to 
reduce the cogging torque. The merits of SMPM 

motor in this respect are described and the results of 
applications of cogging torque reduction methods are 
compared.  

 
     Surface-mounted PM Machines 

Slot-less electrical motors can develop a smooth 
torque leading to a low-noise machines. In the case of 
slot-less and tooth-less structure, there is a large air 
gap for current dependent magnetic field of the 
windings. This can diminish armature reaction leading 
to a better performance in over-loads region. Back-
electromotive force (emf) in the stator windings does 
not vary by the change of motor load. Motor with low 
inductance needs a large switching frequency 
converter which increases the converter losses. If 
motor structure has slots, Ferrite PMs approaches a 
reasonable torque density and this reduces the 
materials volume and core losses. The residual flux 
within the core can reduce the required iron volume in 
the motor.  

Different methods may be applied to reduce the 
cogging torque and its relevant noise. SMPM motor 
has negligible armature reaction and it can stand the 
over-load. An uniform air gap, in slot-less SMPM 
leads to a low stator inductance which is traditionally 
desirable in the design of a fast torque controller for 
motor. It is clear that there are saliencies in the SMPM 
motors but PM motors with inset PMs have 
characteristics similar with salient pole synchronous 
machines. An SMPM motor with conventional 
winding has no reluctance torque; therefore, its 
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converter design is easier than that of the PMs-inset 
motors.  

Advantages of SMPM include: 
1. Use of less magnetic materials compared to 

the PMs-inset machine. 
2. Manufacturing technique is well-known, easy 

and economical.  
3. PMs are stuck on the metallic non-magnetic 

cylinder by paste and ribbons. 

Disadvantages of SMPM include: 
1. Lower capability against centrifugal force 

over high speeds. 
2. Considerable cogging torque.  

      Cogging Torque Calculation 

Although PM machines are high performance 
devices, presence of  current and voltage harmonics in 
the machine generates torque ripples. On the other 
hand, interaction between rotor PMs and stator teeth 
leads to the cogging torque. This torque creates 
distortion, vibration and noise in of the motor and may 
be 25% up to the rated torque. This cogging torque 
must be reduced to 1-2% of the rated torque. The 
reasons for this cogging torque include non-sinusoidal 
current waveform, non-similarity of back-emf and 
current waveforms, and stator slots. An alternative 
form of this torque is as follows [9], [10]: 
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where NL is the least common multiple of slot number 
and pole number, Lef is the effective length, R2 is the 
air gap external radius and R1 is the air gap inner 
radius and: 
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where αp is the ratio of PM arc and pole pitch, μr is the 
iron relative permeability, Rs is the stator core radius, 
Rr is the rotor core radius, Rm is the rotor core radius 
including PM and Bδ is the air gap peak flux density. 
The above-equations are based on Fig. 1.  
 

 
Fig. 1. Slot and PM in PM motor. 

In an SMPM, the cogging torque depends on the 
motor type and its design details. Therefore, this 
torque depends on the design of individual parts and 
design technique. The contribution of PM in the 
cogging torque development is as follows: 
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where TPNsK is the PM factor depending on the air gap 
flux density. The effective air gap flux density, Bi,   is: 
 
(8)        BKKK iB gsiosifi =  

 
where Kfl comes from ith spatial harmonic and Kosi is 
the slot opening factor of ith harmonic, Ksi is the 
skewing factor of ith harmonic and Bg is the air gap 
flux density. So, the cogging torque  can be reduced 
by skewing the PM slots, varying the PM arc length, 
varying radial depth  and using small slots in the pole 
[11]. 

     Simulation  Results 

The single-phase SMPM motor specifications have 
been given in Table 1. 
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Table 1 
 Specifications on SMPM motor 

Number of poles 6 
Frequency 50 Hz 

Speed 1000 rpm 
Core length 5 cm 
Rotor radius 6.68 cm 
Stator radius 9.79 cm 
Type of PM NdFeB 

PM thickness 1 cm 

 
Fig. 2 shows the PM motor with PM used in the 

rotor and no air gap between PMs [9, 10]. It is 
impossible to have continuous skewing in the rotor 
PMs and they are axially   divided into several rows.  
The PM is skewed non-continuously in three pieces (a 
half of pole pitch) as shown in Fig. 3 [9].  

Space between the poles is normally covered by 
the pieces of non-magnetic materials. Therefore, no 
flux passes over the air gap between the PMs. The 
complete arc of the pole is 180 electrical degrees 
generating a full voltage waveform which contains 
current harmonics. By reducing the pole arc length 
and filling the remaining rooms by soft metals, near 
sinusoidal output flux waveform containing less 

 

 

 
Fig. 2. Continuous PM inserted on rotor. 

               

 
Fig. 3. Locating PMs with skewing. 

harmonics is achieved and rotor losses become lower; 
therefore, the optimal pole arc length is as follows:  
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where αm is the pole arc and pole pitch ratio, n is an 
integer, Nsm is the number of slots under each pole, 
and υ is the parameter developing minimum cogging 
torque. There is a single value for υ which minimizes 
the ith harmonic of cogging torque. If υ tends to zero, 
the pole arc will be 40.8 degrees and the motor will be 
as shown in Fig. 4 [9], [10]. 

PM shifting in the conventional PM motors is the 
reason for cogging torque due to each PM of the phase 
and in total this generates a large cogging torque. To 
prevent this incremental effect, the PMs can be shifted 
against each other. This slightly depends on integer 
number of slots under each pole. So, each structure 
must be individually addressed. In motors with integer 
number of slots under each pole, each pole is seen as a 
complete multiple of the stator teeth. Therefore, 
impact of the teeth of each PM appears in each phase 
and total cogging torque is determined as follows: 
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Fig. 4. Locating ruptured PMs. 

The base frequency in (10) is Ns times mechanical 
rotation; it means that for each machine with integer 
number of slots under the pole, the least common 
multiple of the slots number and pole numbers m is 
simply equal to the number of slots Ns. The reason is 
that each PM of phase has a rest period and is shifted 
with each other properly. The total cogging torque in 
the motor is: 
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where θ0 is the shift angle of each PM against the rest.  
To conceal the impact on the cogging torque 
harmonics and the high harmonics, θ0  must be as 
follows: 
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Consequently the total cogging torque is as follows: 
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If in a SMPM motor with 40.8 degrees PM pitch shifts 
10 degrees, the structure will be as shown in Fig. 5.  

The total cogging torque in PM motor with the slot 
under each pole per phase and PM piece is determined 
as follows [11]: 
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where N is the number of pieces in each PM, K is the 
number of pieces that must be calculated, sw is the 
width of each piece in electrical degree, βj is the air gap 
width between the PM pieces. Here, each PM is 
divided into 5 pieces and number of calculated pieces is 
4. Width of each piece is 24.48 electrical degrees and 
air gap between them is 1 degree as shown in Fig.6.   

 

 
Fig. 5. SMPMs with PM pitch of 40.8 degrees  

shifted 10 degrees. 

Comparison of Different Configurations 

For cogging torque reduction in a continuous PM 
machine (Fig. 2), PMs are skewed and ruptured in rotor 
and compared in Fig. 7. On the other hand, PMs in 
rotor are ruptured (Fig. 4), skewed, shifted and sliced in 
rotor and compared in Fig. 8. The impact of the 
skewing PM is clear while the PM is fixed non-
continuously. It can be realized that skewing PM has 
the most significant impact on the cogging torque. 
          

Discussion and Conclusion 

     It was shown that PM skewing by half pole pitch in 
PM motor is the best technique for decreasing the 
cogging  torque.  However, building  such  PM motor is 
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Fig. 6. Sliced PM locating. 

 
Fig. 7. Comparison of cogging torque reduction methods in 

continuous PM-inset rotor.   

 
Fig. 8. Comparison cogging torque  reduction methods  

in ruptured PM rotor. 

difficult and costly. In SMPM motor, excitation field 
is quasi-rectangular. The cogging torque amplitude 
can be reduced by some percentage with no skewing.  
For triple non- continuity, frequency of the cogging 
torque increases and this is very useful in direct drive 
PM generators. Skewing reduces the load torque 
ripples but does not decrease the amplitude of the 
cogging torque in the same level and harmonic 
frequency of minimum load torque is not doubled. 

Also some methods vary the spatial harmonics of 
the torque by the air gap flux density (Bg) variations. 
In the SMPM, the continuous current distribution is 
changed by PM reshaping. The PM can be reshaped as 
tangential of the axial in order to generate a 
continuous sinusoidal current. By reshaping the PMs, 
several harmonics can be properly eliminated from the 
torque. The reason is that the PM volume and stacking 
factor of rotor is reduced and no-load voltage 
decreases. To increase the rotor stacking factor the 3rd 
harmonic can be added to the PMs. Reshaping the PM 
does not change the assembly process. The reshaping 
PMs and locating them in skewing mode result in the 
best quality torque development similar with buried 
rectangular PMs. Reshaping and skewing PM double 
the frequency of the cogging torque. It is 
recommended that if skewing is difficult asymmetrical 
locating can be replaced. For instance, PM in one part 
can be located as such that PMs spaces become less 
than a full pole pitch (creating more rooms between 
the parts). This locating can reduces the cogging 
torque noticeably; there is a similar feature when 
segmented PM structure is applied. However, in 
asymmetrical structure there is no capability of 
multiplying the cogging torque ripple frequency as 
skewing mode. The major drawback of this method is 
combination of the generated sub-harmonics due to 
PM asymmetry. The rotor sub-harmonics are too 
harmful. Asymmetrical locating and skewing the 
stator slots can restrict the sub-frequencies without 
touching the rotor. However, stator asymmetrical slots 
prevent the sub-harmonics in the induced torque, but 
the load torque ripple in one harmonic is lower than 
that of the slot-less case. In the segmented structure, 
there is a specific number of the PM segments and the 
air gap between them which widen the pole width, 
reduce the torque and increase the sub-harmonics. 

The cogging toque can be reduced by the above-
mentioned techniques but these methods come along 
with structures change which can also reduce the main 
torque which is more harmful. So, choosing these 
structures depend on the designer skill, design object 
and efficiency of the proposed machine. In other 
words, the most techniques for cogging torque 
reduction lead to the decrease of the back emf and 
starting torque. Therefore, the key point in the motor 
design is the minimizing of the cogging torque while 
maximizing the output torque. 
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Testing immunity to ESD of electric energy meters  
during their development phase 

Tatjana Preradović, Mićo Gaćanović  

 

Electric energy meters are devices used to measure the consumption of electrical energy, and are 
an integral part of every household and industry. Since their accuracy is in first place it is necessary 
to ensure that the device is functioning properly, particularly regarding any electromagnetic 
interference. This paper describes the importance of testing electromagnetic compatibility of devices 
such as electricity meters, with a special regard on immunity to electrostatic discharge. The short 
description of the ESD phenomena is given, and how it is modeled for testing purposes. The basic 
guidelines for testing method and equipment are given in relevant standard IEC/EN 61000-4-2. The 
manufacturing standards IEC/EN 62052-11 further specifies the method and conditions of testing. The 
process of testing the device under development is described, as well as testing results. It is pointed to 
the flaws in the design of the device, and how these oversights were corrected in order to device 
ultimately satisfy the test. 

 

Introduction 

Energy meters are devices used to measure the 
consumption of electrical energy, and are an integral 
part of every household and industry. The 
development of electronics and microprocessor 
technology has led to the improvement of electrical 
energy measuring, so that we now have smart meters 
with additional features such as remote sensing, 
display of active and reactive power, multi-tariff 
billing, events recording with a time stamp as well as 
many other power quality monitoring features.  

As the electric meters are primarily measuring 
devices, their accuracy is in first place. It is therefore 
necessary to ensure that the device is functioning 
properly, particularly regarding any electromagnetic 
interference. The device itself can be a source of 
electromagnetic energy, but also lightning, 
electrostatic discharge, and the presence of 
telecommunication, radio and video signals 
contributes to the increased activity of certain types of 
EMI. Bearing in mind all this, it is necessary to design 
and manufacture devices that will be 
electromagnetically compatible, ie. they should be 
neither a source of EMI nor affected by any EMI.  

The IEC/EN series of standards for electricity 
measuring cover the electricity measuring devices, 
protocols that they use, and set of tests relating to 
electromagnetic compatibility. These tests can be 
generally divided into emission tests that examine the 
influence of the device to its environment, and 

immunity tests that examine the device immunity to 
interference from the environment [1]. In the latter 
falls the test of immunity to electrostatic discharge, 
which will be described in this paper.  

ESD 

Static electricity can be created in many ways, but 
the most common is by contact and subsequent 
separation of materials. This method is referred to as 
triboelectric charging. The result is an accumulation 
of static charge on the surface of the object [2]. When 
a static charge moves from one surface to another, 
then we talk about an electrostatic discharge - ESD. It 
occurs when the voltage differential between the two 
surfaces is sufficiently high to break down the 
dielectric strenght of the medium separating the two 
surfaces [3]. Electrostatic potential V of an object is 
expressed in volts [V] (1), 

(1) 
C

Q
V =   

For the ESD test of device three major test 
methods are widely used today, whereby each of them 
describes a case in a real environment: 

Human Body Model (HBM) which simulates the 
action of a human body discharging accumulated 
static charge through a device to ground.  

Machine Model (MM) which simulates a machine 
discharging accumulated static charge through a 
device to ground. 
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Charged Device Model (CDM) which simulates 
charging/discharging events that occur in production 
equipment and processes [3]. 

Humans are a prime source of electrostatic 
discharge. The HBM model is shown in Fig. 1. 

 

 
Fig.1. HBM model [2]. 

The most commonly used model consists of 150 
pF and 330 Ω as specified in the IEC/EN basic ESD 
standard 61000-4-2. Typical waveform of a discharge 
current is shown in Fig. 2. On the basis of this model 
ESD generators were made, which are used in the 
ESD immunity test (Fig. 3). 

 
Fig.2. Waveform of the discharge current [2]. 

 

Fig.3. Scheme of ESD generator [4]. 

In its surroundings, electrostatic discharge makes a 
strong electromagnetic field, which can be easily 
coupled with electronic devices. ESD causes 
disturbances in electrical systems and devices that can 
be divided into three basic categories: 

• Hard errors 
• Soft errors 
• Transient upsets 

Hard errors cause actual damage to the system 
hardware. Soft errors affect system operation, but do 
not cause physical damage. Transient upset does not 
cause an error, but the effect is perceptible [2]. 

IEC/EN criteria for an ESD failure is Performance 
Criteria B: 

The apparatus shall continue to operate as 
intended after the test. No degardation of performance 
or loss of function is allowed. During the test, 
degradation of performance is however allowed. No 
change of actual operating state or stored data is 
allowed.  

In other words, transient upset is allowed, but no 
soft or hard errors are allowed [2]. 

The most common points of ESD entry are the 
enclosure, cables and keyboards. The enclosure may 
be made of metal or plastic where both options have 
their advantages and disadvantages. The first step in 
designing equipment to be immune to ESD is to 
prevent direct discharge from flowing through the 
susceptible circuitry. This can be accomplished either 
by insulating the circuit or by providing an alternative 
path for the discharge current. If insulation is used, it 
must be complete, because a spark can enter through 
an extremely narrow air gap, such as joints of 
enclosure parts, or the air gap surrounding the keys 
[2]. Air and vacuum are the biggest problems when 
using plastic enclosures. Enclosures are often made of 
several parts that are assembled during installation. 
Joints of the enclosure parts are vulnerable places 
through which the ESD could enter. Air has a 
breakdown voltage of 1mm/kV [4]. To withstand ± 15 
kV, we  need a 15 mm air gap between the enclosure 
and the electronics. 

Meter testing 

Below is an example of an ESD immunity test of a 
three phase electric meter in development phase, 
during which certain ommisions were observed, 
whose removal has led to the test being successfully 
passed.  

Product standard IEC/EN 62052-11 specifies that 
meters shall be designed in such a way that conducted 
or radiated electromagnetic phenomena and 
electrostatic discharge neither damage nor 
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substantially influence the result of the measurement. 
One of the requirements of the design is that the meter 
shall be of protective class II. That, according to 
IEC/EN 62052-11, means that its enclosure has been 
made of insulating material in which protection 
against electric shock does not rely on basic insulation 
only, but in which additional safety precautions, such 
as double insulation or reinforced insulation, are 
provided, there being no provision for protective 
earthing or reliance upon installation conditions. From 
the point of testing the device on ESD, this condition 
means that the device is tested as ungrounded 
equipment. Also, the previously mentioned standard 
specifies more detailed procedure and test setting, 
which is based on ESD basic standard IEC/EN 61000-
4-2. For evaluating the effect of electromagnetic 
disturbances, the critical change value is derived from 
the following formula (2) 

(2)     max
610 IUmx n ⋅⋅⋅= −                     

where x is the critical change value in kWh units, m is 
the number of measuring elements, Un is the reference 
voltage in V, Imax is the maximum current in A. In the 
case of a given meter, the test is successful if the 
change value of the register does not exceed 0,0414 
kWh. 

In accordance with the above the test procedure 
consists of the following: 

• The device is tested as table top equipment, with 
the voltage circuits energized with reference 
voltage, while the current circuits are open.  

• Air discharge test voltage is ±15 kV, while 
contact discharge test voltage is ±8 kV. 

• Contact discharge is performed indirectly via 
HCP (Horizontal Coupling Plane) and VCP 
(Vertical Coupling Plane), and directly on metal 
parts of the enclosure (metal ring for IR probe, 
screws), using a pointed tip of the ESD 
generator. 

• Electrostatic discharges are applied to those 
points and surfaces of the devices that are 
accessible to users during normal operation. 

• The test is performed with at least ten single 
discharges on the pre-selected points (the most 
sensitive polarity). 

• The time interval between two successive single 
discharges is at least 1 s. 

• Discharge is performed by using the ESD 
generator – gun perpendicular to the device, 
wherein the return cable is at least 0.2 m far from 
the device. 

• Air discharges are applied with a round 

discharge tip of the ESD generator. 
• Ten discharges are performed in the HCP on 

each side of the device, wherein the ESD 
generator is positioned vertically at a distance of 
0.1 m from the device.  

The test configuration consists of a wooden table 0.8 
m high, standing on the GRP (Ground Reference 
Plane). This plane consists of a sheet of aluminum at 
least 0.25 mm thick, connected to the protective 
grounding system. HCP (1.6m x 0.8m) is placed on 
the table and attached to the GRP by means of a cable 
with 940 kΩ (2 x 470 kΩ) total impedance. The meter 
(EUT) is installed according to previously mentioned 
requirements of IEC/EN 61000-4-2 and  placed on the 
HCP and isolated by an insulating support of 0.5 mm 
thickness. A distance of 1 m is provided between the 
EUT and the walls of the laboratory and any other 
metallic structure. In the case of indirect discharges a 
VCP (0.5m x 0.5m) is set at a distance of 0.1 m from 
the device. 

The results are as follows: 
During air discharge tests with test voltage of 15 kV 
there has been a discharge in the (Fig. 4): 

• joint of the upper and lower lid (at the battery 
Fig.5) 

• joint of the upper lid and the base chassis on the 
right side (at the capacitor Fig. 6). 

This discharge resulted in stopping of the meters’ 
internal clock.  

 
Fig.4. Places at which discharges occurred. 

The reason for the test failure is actually the fact 
that that design has not complied with the 
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recommendations of putting electronic parts 15 mm 
from the enclosure to whitstand the voltage of 15 kV.  

 
Fig. 5. Position of the battery. 

 

Fig. 6. Position of the capacitor. 

Since the position of the battery could not be 
changed, the only solution was to enhance the 
insulation around that component which is achieved 
with the battery cap (Fig. 7). 

Regarding the capacitor, a correction is relatively 
easy to do in a way that its body is facing the interior 

of the device. This would increase the distance of this 
component from the enclosure (Fig. 8). 

 
Fig. 7. Additional battery isolation. 

 

Fig. 8. New position of the capacitor. 

After the mentioned failures the design was revised 
considering proposed suggestions. The test was 
repeated with a given procedure on the same points 
for repeatability. This time there was no discharge and 
the unit was functioning normally during the test. 

During testing, indirect contact discharge through 
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VCP transient phenomena on the LCD display 
occurred, and disappeared after the removal of the 
interference. This behaviour is acceptable according to 
performance criteria B. Also, after completing the test, 
the critical change value of the register did not exceed 
the permissible value. 

Conclusion 

Development of new technologies has brought an 
improvement of existing metering devices of electrical 
energy. Along with that there is an increase in amount 
of electromagnetic disturbances in surroundings which 
can significantly affect its performance and measuring 
quality. Therefore, it is very important to have all of 
this in mind during development of devices, thus 
reducing delays during the development phase and 
saving money, and taking appropriate measures at an 
early stage in order to ensure that the devices meet the 
requirements of EMC.  
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Currents induced in frame wire structures in a plane wave 
electromagnetic field 

Vesna Javor, Milan Šaranac  

 
Abstract: Induced currents in conductive structures in external electromagnetic field may present 

significant electromagnetic disturbance and interference source. Depending on the aspect of interest, 
this problem might be observed in electronic devices, electric circuits, electrical networks, lightning 
protection systems or other conductive structures as staffolds, pipes and cranes in electromagnetic 
fields of MF transmitters. Results, presented in this paper, for the induced currents and voltages in 
frame wire structures are obtained based on antenna theory and electric field integro-differential 
equation (EFIE). 

 

Introduction 

Conductive structures may act as unintentional 
receiving antennas in some electromagnetic field, 
either unwanted or produced for another purpose. 
Induced currents may be significantly large so to 
endanger human life or to cause malfunction in the 
electric circuit or automation system, or to trigger a 
surge protective device. There were cases of 
electromagnetic interference (EMI) that range from 
common,  as annoyances due to crackles on broadcast 
reception, to the fatal accidents due to corruption of 
safety control systems [1]-[3].  

Sources of electromagnetic (EM) disturbances can 
be of natural or artificial origin. Main natural sources 
of EM disturbances are lightning atmospheric 
discharges occurring about 100 times each second on 
the Earth, but also EM waves originating from out of 
the Earth, such as emissions from the Sun. Human 
made disturbances are electromagnetic waves gener-
ated by radio transmitters, radars, high-voltage power 
transmission lines, relays, electric motors, fluorescent 
lamps, various electrical devices, so as those 
generated by digital electronic devices, computers and 
systems.  

Some sources produce electromagnetic emissions 
mainly in a narrow band of frequencies, such as 
industrial frequencies of 50Hz or 60Hz (depending on 
the country), and some are very rich in spectral 
content, e.g. lightning discharges, and especially those 
associated with the short transition times as in turning 
on/off of different pulses, sparks and arc. This is also 
valid for digital electronic devices that utilize pulses 
to signify a binary 1 or 0. Frequencies of use in digital 
electronics products are constantly increasing, and 

nowadays there are very few electrical devices not 
containing them. Even in analog systems the 
frequencies are reaching the GHz range. The 
electromagnetic pollution interferes with electrical or 
electronic system and is influenced by it.  

Radiated susceptibility is particularly important in 
the vicinity of high-power transmitters, radars, or 
other emitters. Conducted susceptibility is important 
especially in the case of lightning induced transients 
when interference signals can enter the product via 
power cables. Electromagnetic phenomena which can 
interfere with control systems are supply voltage 
interruptions, surges and fluctuations, transient over-
voltages on supply, signal and control lines, RF fields, 
both pulsed or continuous, coupled with the 
equipment or with the connected cables, electrostatic 
discharge from an object or a person, low frequency 
electric and magnetic fields, etc. An electrostatic 
discharge (ESD) phenomenon occurs when the 
discharge is built-up on a person's body or some other 
point when somebody touches the electrical device or 
equipment, which can cause large currents 
momentarily flow. It has become increasingly 
important with integrated circuit technology, as it can 
cause IC memories to clear, machines to reset, etc. 
The tests for the ESD susceptibility are made by 
subjecting some device or equipment to a controlled 
ESD event and checking if it still operates 
successfully.  

Functional characteristics of the equipment also 
have to be preserved, the limits for human exposure to 
electromagnetic fields have to be taken into account, 
and potentially life-threatening consequences have to 
be avoided. There are different health and safety limits 
for electric and magnetic field strengths and power 
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density in different countries. The ICNIRP (the 
International Commission on Non-Ionizing Radiation 
Protection) published guidelines in 1998, covering 
exposure to RF radiation, which were incorporated in 
a European Council Recommendation in 1999. The 
guidelines related to the limiting exposures to 
electromagnetic radiation concern restrictions based 
on direct effects on human tissue as specific absorp-
tion rate (SAR) in W/kg, induced current density (J) in 
A/m2, power density (S) in W/m2, and reference levels 
of electric field intensity (E) in V/m, magnetic field 
intensity (H) in A/m. 

It is important to emphasize that even if radiation 
exposure limits are satisfied for electric and magnetic 
field values, it doesn’t mean security from the induced 
short-cut currents and open-circuit voltages. E.g. in 
the electromagnetic field of powerful MF transmitters 
at some distances values of electric and magnetic field 
may be under exposure limits, but the induced 
voltages and currents in large-scale conductive 
structures may be dangerous for humans.  

In literature, this problem was not addressed to, 
except in a few papers [4]-[8]. Although workers with 
cranes are aware of danger from nearby power 
transmission lines, they are not well prepared for the 
situation in which a nearby MF transmitter causes 
problems for working with cranes. There are a few 
solutions to the problem offered in [4]-[8]. 

Receiving wire antenna structures 

Various conductive structures act as receiving 
antennas so that currents and voltages are induced 
depending on the frequency and strength of an 
external electromagnetic field. Most used electric field 
integral equations governing current distribution along 
wire antenna structures are two-potential equations, 
Hallén’s [9], Pocklington’s, Mei’s, etc. Some pro-
grams are based on Hallén’s equation (SPAN [10]-
[11], WIREZEUS), on two-potentials equation AWAS 
[12], on Pocklington’s equation (WIPL [13], NEC 
[14]), etc. 

Hallen’s Integro-differential Equation 

Hallén’s integral equation [9] is used for a wire 
antenna structure consisting of n segments, having 
length hi with circular cross section of radii ai (so that 
hi>>ai for i=1,…n), in a plane wave electromagnetic 
field (so that λ>>ai) in a linear, isotropic and 
homogeneous medium of parameters ε and μ. Air 
parameters are ε0 and μ0. Boundary condition for 
electric field tangential component at the antenna 
surface and Lorenz gauge potential condition are 
satisfied, so that the system of integro-differential 

equations of Hallén’s type is, as obtained in [10]: 

(1)

( )
( )( ) ( ) ( )( ) ( )

( )
( )( ) ( )( )

( ) ( ) ( )
( )
( )

( )( )[ ]
( )

( )( ) ( ) ( )( )[ ]

 

=

=
=
=

=

−
μ
π−−

μ
π

=
μ

π
−

μ
π

−

Z
m

m

m

mmm

l

l

i

i

m
i

mm
ii

z
m

sz
y

axsz

mmmm
n

l

h
llm

lm
l

z

zzkzIZ
jc

dsszkE
jc

kz
C

kz
C

dzzzKzI

10 0

21

1 0
,

sin
4

sin
4

sin
4

cos
4

'','

 

where k=2π/λ is the phase constant (λ corresponding 
to f). C1m and C2m are the complex constants, and 

sz mE )(  is the external electric field tangential 

component at the conductor’s surface. Integral kernels 
are, for l≠m 
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for m=1,…,n, where iZ is the number of impedances Zi 
along the m-th segment concentrated at the point 

)(m
iz . The distance from the matching point [15] at 

the m-th segment to the point along l-th segment axis, 
where the current )'( )(
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z
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 is assumed to be flowing 

(although flowing along the conductive surface), is for 
l≠m 
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where θl,m, ψl,m, φl,m are mutual Euler’s angles for l-th 

and m-th coordinate system, and ( ))(
,
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is the beginning point of the l-th segment in m-th 
coordinate system. Point matching method is used for 
solving system (1) by matching in points 

( ))()()( ,,M mmm zyx  of Descartes’ m-th coordinate system 
with segment m as its z-axis. Points are equidistantly 
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chosen along segments, including their beginnings and 
ends. Kirchhoff’s laws are satisfied in junction points. 
Kirchhoff’s current law for r=1,…n antenna segments 
incident to that node is  

(4) 
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for Brs the complex coefficients, nr degree of the 
polynomial for the current approximation [16] along 
r-th antenna segment and z(r) the coordinate of the 
beginning or the end of that segment. The potential is 
calculated as 
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External electromagnetic field 

Electromagnetic field of a plane wave represents 
the external field from MF transmitter, and is 
presented by 

(6) ( )[ ]ϕ+ϕθ+ϕθ−= cossinsincossinexp0 zyxjkEEs  

where θ and ϕ are spherical coordinates, as given in 
Fig.1. If Eθ≠0, Eϕ=0, Poynting vector Γ̂  has the 
direction of ϕ× ˆθ̂ . 

Results 

An example of a frame antenna structure is the 
crane of approximately rectangular shape presented in 
Fig.1, for which there were problems noticed while 
working in the vicinity of MF transmitter in Japan. A 
50t rough-terrain crane of dimensions h1=50.5m, 
h2=26m and h3=48m was nearby MF antenna 
broadcasting at f=624kHz, in the electric field of 
strength E=0.79V/m. Currents and voltages in [8] are 
calculated using FDTD method. The conclusion is that 
induced currents may be of several Amps and open-
circuit voltages as high as kV. 

Induced currents and open-circuit voltages 

Results for the induced currents along the frame 
structure, presented starting from the base of the boom 

and finishing with the hook at the wire end, are 
obtained using AWAS and given for the plane wave 
of EM field for Eθ=0.79V/m, Eϕ=0, θ=0 and ϕ=0 in 
Fig.2; θ=π/2 and ϕ=0 in Fig.3 (maximum induced 
currents and voltages); and θ=π/2 and ϕ=π/2 in Fig.4 
for the crane dimensions: lengths of segments 
h1=50.5m, h2=26m, h3=48m (length in total 124.5m 
from the boom base to the hook at 2.5m height from 
the ground), radii a1=37.5cm, a2=20cm and a3=1.5cm, 
case (a). For Eθ≠0, Eϕ=0, θ=0 and ϕ=π/2 there is no 
induction. Realistic propagation directions are for 
θ near to π/2 and any ϕ, as both structures are 
vertically positioned at the ground.   

Open-circuit voltages are presented in Fig.5 and 
Table I. Maximum currents are induced at f=727kHz. 
For ±30kHz currents along the structure are about half 
of the values at f=727kHz. The diference in results at 
the beginnings/ends of segments, if compared to 
FDTD results, is due to satisfied Kirchhoff’s law for 
currents in the nodes when applying integral 
equations, Point matching method and polynomial 
approximation for the currents. Chosen polynomial 
degree is n=3. Short-cut currents are of the order of 
Amps, open-circuit voltages of hundreds of volts, 
depending on the crane structure, segments’ radius, 
frequency, and wave propagation direction. E.g. for 
a1=15cm, a2=10cm and a3=2.5cm, and all other 
parameters the same, case (b), open-circuit voltage is 
of smaller values and its maximum at f=676kHz, as in 
Fig.6. 

 

 
Fig.1. Frame wire structure in external plane wave  

EM field 
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Fig.2. Induced current along the structure for the freque–

ncy as parameter and for Eθ=0.79V/m,  
Eϕ=0, θ=0 and ϕ=0. 

 
Fig.3. Induced current along the structure for the frequency 
as parameter and for Eθ=0.79V/m, Eϕ=0, θ=π/2 and ϕ=0. 

 
Fig.4. Induced current along the structure for the frequency 

as parameter and for Eθ=0.79V/m, Eϕ=0,  
θ=π/2 and ϕ=π/2. 

Conclusion 

This paper analysis frame wire structures in a plane 
wave electromagnetic field and induced currents and 
voltages in large-scale conductive structures, such as 
cranes nearby MF transmitters. Results are obtained 
for the real configuration. The presented method 
provides easy analysis of different EM plane wave 
propagation directions and conductive structures 
configurations. It enables estimation of various 
protection measures for solving the problem.   

 
Fig.5. Open-circuit voltages for θ=0 and ϕ=0; θ=π/2 and 

ϕ=0; θ=π/2 and ϕ=π/2; Eθ=0.79V/m, Eϕ=0, case (a). 

 
Fig.6. Open-circuit voltages for θ=0 and ϕ=0; θ=π/2 and 

ϕ=0; θ=π/2 and ϕ=π/2; Eθ=0.79V/m, Eϕ=0, case (b). 

Table 1 
Effective value of the voltage at the hook, case (a). 

Voltage (V) 

Frequency (kHz) θ=0, φ=0 θ=π/2, 
φ=0 

θ=π/2, 
φ=π/2 

500 25.74 48.61 41.20 
550 33.85 70.55 61.65 
600 47.77 110.66 99.10 
650 78.30 203.10 185.60 
685 137.21 386.94 357.78 
690 152.95 436.80 404.48 
700 196.40 574.84 533.95 
720 346.53 1067.93 997.05 
725 369.81 1153.92 1079.88 
726 370.75 1159.83 1085.61 
727 370.34 1161.98 1087.43 
728 368.51 1159.19 1085.32 
729 365.42 1152.02 1079.08 
735 325.62 1043.23 1069.28 
750 207.44 691.59 978.15 
800 76.63 294.23 650.84 
850 44.39 198.67 512.33 
900 29.95 158.59 421.28 

1000 16.15 125.72 279.76 
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Partial element equivalent circuit model for a perfect conductor 
excited by a current source 

Andrijana Kuhar, Radoslav Jankoski, Vesna Arnautovski-Toseva,  

Lidija Ololoska-Gagoska, Leonid Grcev  

 
The Partial Element Equivalent Circuit (PEEC) method provides a way to transform 

electromagnetic problems into electric circuit theory problems which can be analyzed using widely 
spread SPICElike solvers. In this research a Partial Element Equivalent Circuit (PEEC) model is 
applied in order to determine the current distribution along a perfect conductor placed in a 
conductive medium, using the thin wire approximation. A heterogeneous mixed circuit was created 
with equivalent elements (impedances, admittances and sources) that take into account the 
electromagnetic properties of the system. A parametric analysis of the current distribution is 
performed by implementation of the Modified Nodal Approach (MNA) in the frequency domain, while 
the conductor is excited at one end by a current source. The obtained results are compared with those 
calculated by applying the Method of Moments on the Mixed Potential Integral Equation and show 
satisfactory agreement.  

 

Introduction 

The essence of the Partial Element Equivalent 
Circuit (PEEC) method [1] is to create an equivalent 
electric circuit from a full-wave solution of the 
Maxwell’s equations for a certain electromagnetic 
problem. The heterogeneous equivalent circuit is 
consisted of equivalent elements (impedances, 
admittances and sources) that take into account the 
electromagnetic properties of the system, as well as 
coupling between segments and propagation effects. 
The circuit based modeling has the advantage of 
simple inclusion of additional circuit elements when 
using the PEEC method with commercial circuit 
simulation software. Another advantage of the PEEC 
method is the possibility to implement the same 
circuit model for both time- and frequency- domain 
analysis. This kind of numerical modeling is useful in 
several areas of engineering, for example, product 
research and development of integrated electronic 
circuits (enabling prevention from Electromagnetic 
Interference (EMI)), design of complex grounding 
systems and analysis of transient potentials in them 
[2], etc.  A typical case in which implementation of a 
combined electromagnetic circuit is required is, for 
example, in systems with geometries that are 
comparable to the wavelength of the corresponding 
frequencies. As a result, the conductors and 

interconnections in the system start to act like 
antennas - radiating or receiving electromagnetic 
energy and thus producing EMI. Another important 
application of the PEEC method is, for example, 
lightning surge analysis [3].  

In this paper we apply the Partial Element 
Equivalent Circuit (PEEC) model on a perfect 
conductor placed in a conductive medium, using the 
thin wire approximation. The conductor is excited at 
one end by a current source. The current distribution 
along the conductor is determined in the frequency 
domain by implementation of the Modified Nodal 
Approach (MNA) [4]. The values for the current along 
the conductor are then compared with results from ref. 
[5], calculated by applying the Method of Moments on 
the Mixed Potential Integral Equation. The 
comparison of the obtained results is presented for 
different parameters of the analyzed system and shows 
satisfactory agreement.  

Current distribution calculations 

PEEC model for a perfect conductor using the 
thin wire approximation 

The analyzed system is consisted of a perfect 
conductor placed in an unbounded conductive 
medium, excited by a current source. The geometry of 
the conductor with radius a, length L and the location 
of the source is presented in Fig. 1. 
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 Fig.1. Geometry of the conductor. 

In order to obtain the circuit elements for the 
equivalent PEEC model, the boundary condition for 
the total electric field on the surface of the perfect 
conductor is expressed 

(1) 0t i s
z z zE E E= + =  

where Ez
i  is an incident electric field and Ez

s  is the 
scattered electric field. The expression for the 
scattered electric field as obtained from Maxwell’s 
equations is 
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where Az is the magnetic vector potential and ϕ is the 
electric scalar potential at the point of interest. In the 
case of a null incident electric field, the combination 
of Eqns. 1 and 2 yields:  
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The expressions for the magnetic vector potential 
and the electric scalar potential are 
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where dz’ is an elementary part of the conductor’s 
length; I(z’) is the current at distance z’ from the 
origin and Q’(z’) is the charge per unit length density 
at the source point. ε=ε+σ/(jω) is the complex 
permittivity of the medium, where σ, ε, μ, and ω are 
the conductivity, permittivity, permeability and 
angular frequency, respectively. The Green’s function 
for the unbounded homogeneous medium is 
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where  

(7) 2 2( ')R a z z= + −  

and 

(8) 2γ ω εμ= − .  

In order to determine the PEEC parameters, the 
geometry of the conductor is discretized in two ways. 
The length of the segments is l=L/N, where N is the 
number of segments. The length of each segment 
should be much smaller than the minimum 
wavelength which is inversely proportional to the 
maximum frequency of interest. 

As shown in Fig. 1, the segments notated as m and 
n are called inductive cells and are used for 
calculating the partial inductances of the system. The 
segment notated as k is called a capacitive partition 
and is used for determining the potential coefficients. 
The capacitive partition is shifted by half the length of 
a segment, and as a result the total number of 
partitions is N+1 (equals the number of nodes) [1]. 

The integral equation to be analyzed is obtained by 
substituting (4) into (3) and integrating the latter along 
the segment m  
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The next step is to expand the current, I(z’) as   
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where the pulse function is defined as ζn=1on the n-th 
segment and ζn=0 elsewhere. 

Using the expanded function for the current, Eqn. 
(9) becomes:  
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Eqn. (11) allows for expressing the potential 
difference across the m-th segment via partial 
inductances Lmn, as follows:    
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In general, Eqn. (12) shows that the potential 
difference across the m-th segment is related to the 
current of the n-th segment via a partial inductance 
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The calculation of the potential coefficients begins 
by derivating (5)   
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Integrating (14) along the m-th segment yields 
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The next step is to expand the charge per unit 
length function, Q’(z’) as:  
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where the pulse function is defined as pk=1 on the k-th 
segment and pk=0 elsewhere. After (16) is substituted 
into (15), integrating Eqn. (15) yields the potential 
across segment m:   
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The length of the capacitive partitions lk, equals the 
length of the segment l, except for the first and last 
partition where lk =l/2. It is obvious from (17) that the 
potential difference across the m-th segment can be 
expressed via potential coefficients, Pk+ and Pk-, as 
follows:  
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It can be concluded from Eqn. (18) that, in general, 
the potential of node j is related to the charge of the k-
th capacitive partition via a potential coefficient 
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The total potential of a node is obtained by 
superposing the potentials originating from the 
charges on every capacitive partition. 

Eqns. (13) and (19) enable the equivalent circuit 
interpretation of segment m, placed between node m- 

and m+, presented in Fig. 2.  
Coupling between segments and propagation 

effects are taken into account with the above circuit. 

The self potential coefficients Pmm+ and Pmm-, can be 
physically interpreted as inverse complex 
capacitances, while mutual potential coefficients are 
used to model the current controlled current sources. 
The currents that leak from each node Im+ and Im-, 
depend on all other leakage currents in the circuit. 
More extensive details on the physical interpretation 
of the equivalent circuit can be found in [6]. 

Calculation of node potentials and segment 
currents by Modified Nodal Approach 

After the analyzed system has been equivalented 
into a circuit using Eqns. (13) and (19), the potentials 
of the nodes and the currents of the segments can be 
determined implementing the Modified Nodal 
Approach theory [4]. The equivalent circuit from Fig. 
2 is implemented for every segment of the conductor. 
The resulting matrix equation for the analyzed 
conductor is: 
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where A is the incident matrix, L is the matrix of 
partial inductances, P is the matrix of potential 
coefficients, ϕ is a vector of node potentials, I is a 
vector of segment currents, Vs is a vector of external 
voltage sources and Is is a vector of external current 
sources. In the case analyzed in this paper, there are 
no external voltage and current sources apart from the 
unique current source applied at one end of the 
conductor. 

Results for the current in the time domain can be 
obtained by applying the inverse fast Fourier 
transform IFFT.  

Results 

Parametric analysis of the current distribution 
To illustrate the developed method, the current 

distribution along the conductor is determined for 
different parameters of the system at a frequency of 
1MHz. In each case the relative dielectric constant of 
the medium is set to 10. Fig. 3 presents the real part of 

zm- zm+ 

1/Pmm+
Im- Im+ 1/Pmm- 

Zmm=jωLmm 

 
Fig.2. The equivalent circuit of one segment. 



“Е+Е”, 11-12/2013 43

the current for media with different specific 
conductivities. Figs. 4 and 5 show the real part of the 
current along the conductor for different values of the 
conductor’s radius and length, respectively.  

 
Fig.3. Real part of the current for different values of the 

specific conductivity of the medium. 

 
Fig.4. Real part of the current for different values of the 

conductor’s radius. 

 
Fig.5. Real part of the current for different values of the 

conductor’s length. 

Comparison of results for verification 

The results for the current along the analyzed 
conductor obtained by the PEEC model presented in 
this paper are compared with those calculated by 
applying the Method of Moments on the Moments on 
the Mixed Potential Integral Equation, found in [5]. 
The analyzed conductor has a radius of 7 mm, and 10 
m length. Results for the current are compared for 
several frequencies. Fig.6 (a), b) and c)) shows the 
magnitude of the current along the conductor placed 
in a medium with specific conductivity 0.1 S/m, 0.01 
S/m and 0.001 S/m, respectively. 

 
Fig.6. (a). 

 
Fig.6. (b). 

It may be observed from Fig. 6 that the results for 
the current obtained with the PEEC model developed 
here are in good agreement with the values from other 
literature [5]. The differences between the two 
methods are larger as the  frequency increases, but the 
relative error remains under the level of 7%. 
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Fig.6. (c). 

Conclusion 

In this paper an electromagnetic problem (current 
distribution calculation) is transformed into an electric 
circuit theory problem, by implementation of the 
PEEC method. An equivalent electric circuit for the 
analyzed conductor is created from a full-wave 
solution of the Maxwell’s equations and by applying 
the boundary conditions for the electric field on its 
surface. The obtained equivalent circuit is used in 
combination with the Modified Nodal Approach in 
order to determine the current distribution along the 
perfect conductor placed in a conductive medium. 
Coupling between segments and propagation effects 
are taken into account by the equivalent circuit 
elements. A parametric analysis of the system is 
performed in the frequency domain using the thin wire 
approximation. The verification process showed that 
the results for the current obtained with the PEEC 
model developed here are in solid agreement with the 
values from other literature. Further research on this 
topic could include analysis of transient responses of 
more complicated systems by implementing the fast 
Fourier transform FFT.  
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