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ELECTRONICS  

Round-off noise calculation in power symmetric filterbank 
using parallel connection of two allpass sections 

Dragana U. Živaljević, Vidosav S. Stojanović  

 
Direct synthesis of recursive digital two-channels filterbanks, whose attenuation characteristic in 

the passband lies between the Butterworth’s and the Elliptic’s attenuation characteristics, is described 
in this paper. Transfer functions with single and multiple zeros on the unit circle are discussed. These 
transfer functions have arbitrary flatness in the origin and theirs attenuation characteristics have one 
extremal value in the passband and in the stopband. Complementary decomposition into parallel 
connection of two allpass filters is performed by separation of poles that lie on the imaginary axis. 
Next, lowpass filter is obtained by summing these two filters and its complementary highpass filter - by 
their subtraction. Then, noise produced by multiplication round-off errors and coefficient-quantization 
effect, is presented. It is shown that introduction of the allpass complementary decomposition 
significantly reduces the roundoff noise.  

 

Introduction 
During the last two decades, power symmetric fil-

ter banks have been used in sub-band of speech sig-
nals, image processing, multirate signal processing, 
wavelets and transmultiplexers. Originally, the con-
cept of power symmetric filter banks is introduced for 
removing aliasing distortion in speech coding. Many 
design algorithms have been developed to obtain per-
fect or nearly perfect reconstruction filter banks. Most 
of these techniques focus on the design of the FIR fil-
ter bank that does not suffer from instability and phase 
distortion [1-3]. However, the resulting filters require 
a large number of coefficients to meet the magnitude 
specifications. It is well known that from the aspect of 
decreasing the number of coefficients, the IIR filter 
bank is more efficient. Designing an IIR filter that has 
to meet both magnitude and phase specifications si-
multaneously is generally difficult [4-9]. 

Complementary decomposition, among known 
filters, has been possible only for the Butterworth and 
the Elliptic filters since only attenuation characteris-
tics with the same number of extrema in the passband 
and in the stopband can be used. Direct synthesis of a 
new IIR filter class, whose attenuation characteristic 
lies in the area between the Butterworth’s and the El-
liptic’s attenuation character-istics of the same order, 
is proposed in this paper. All poles of the new transfer 
function are at the imaginary axis and all zeros are on 
the unit circle. This function satisfies all complemen-
tary decomposition conditions and condition for 

aliasing distortion removing. 
Complementary decomposition into parallel con-

nection of two allpass filters is performed. Then, low-
pass filter is obtained summing these two filters and 
its complementary highpass filter - by their subtrac-
tion. The main advantage of this kind of filters is 
smaller sensitivity to digital word length change com-
paring to standard filters. 

In implementing digital filter bank in hardware or 
software, it is important to consider the finite word-
length effects. For example, if a filter is to be imple-
mented on a fixed-point processor, the filter coeffi-
cients must be quantized to a finite number of bits. 
This will change the frequency response characteris-
tics of the filter i.e. filter output is different from the 
ideal one.  

Coefficient-quantization errors introduce perturba-
tions in the zeros and poles of the transfer function 
which manifest as errors in the frequency response.  

Product-quantization errors, on the other hand, can 
be regarded as noise sources that give rise to output 
roundoff noise. In performing computations within a 
fixed- or floating- point digital processor, it is neces-
sary to quantize numbers by either truncation or 
rounding from some level of precision to a lower 
level. For example, multiplying two 16-bit fixed-point 
numbers will produce a product with up to 31 bits of 
precision so the product will generally need to be 
quantized back to 16 bits. Round-off noise is intro-
duced into a digital filter when products or sums of 
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products are quantized. This round-off noise propa-
gates through the filter and appears at the output of the 
filter as round-off noise.  

Paper is organized in the following way. Squared 
magnitude function generated by the new IIR filter 
design with multiple zeros of the transfer function 
placed at the unit circle, is given. Attenuation charac-
teristics with one extremum in the stopband and in the 
passband, are discussed in this paper. Poles and zeros 
of the square transfer function are determined in the z 
plane and then poles inside the unit circle are adopted 
in order to determine the transfer function. This trans-
fer function is separated into two all-pass filters and 
then low-pass and high-pass filters are obtained using 
those all-pass filters. 

Coefficient-quantization effect and noise caused by 
multiplication round-off errors, in allpass filters obtained 
using complementary decomposition, is analyzed. 

New class approximation 
Squared magnitude function generated by the new 

IIR filter design with multiple zeros of the transfer 
function placed at the unit circle, can be specified by 
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where ( )xK N  is the characteristic function and x  is 
frequency variable. At the pass-band edge ( ) 11 =K . 

The proposed characteristic function, which de-
fines the new IIR filter class, is given by 
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Value LMN 2+=  is the filter order, ix0  are transfer 
function zeros and real numbers ( 10 <ix ). Note that 
for 0=L  and 1>M , proposed characteristic function 
gives the Butterworth’s polynomial. On the other 
hand, for 1>L  and 0=M  or 1=M , the result is the 
Elliptic function of the even and odd order, respec-
tively. New class of filters suitable for complementary 
decomposition is obtained for values 1≥L  and 1>M  
and it will be referred to as Transitional Butter-Elliptic 
filters. [10] 

For the new filter class design, frequency variable 
for the lowpass filters synthesis, is 
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where Tω  is digital angular frequency and pω  is 
passband edge. Also ( ) 12tan =Tωp  since for half-

band filter 42 sp Fω π= , where sF  is sampling fre-
quency. 

A two channel filter bank consists of the analysis 
and synthesis bank as well the signal processing unit 
between these two banks. It is well known that for 
aliasing free reconstruction, the filter bank should 
satisfy the condition ( ) ( ) ( ) ( ) 01100 =−+− zGzHzGzH , 
where ( )zH 0 , ( )zH1  are analysis filters and ( )zG0 , 

( )zG1  are synthesis filters, which must be chosen as: 
( ) ( )zHzG −= 10  and ( ) ( )zHzG −−= 01  in order to 

completely eliminate aliasing errors. 

Complementary decomposition 
In order to obtain complementary filter pair, neces-

sary and sufficient conditions that have to be fulfilled 
[11] are: 

• Power-symmetry condition (if ( )zH 0  is low-pass 
filter and ( ) ( )zHzH −= 01  is its complementary 
high-pass filter then 

( ) ( ) ( ) ( ) 11
11

1
00 =+ −− zHzHzHzH ). 

• Poles of power symmetric filters are restricted to 
be imaginary. 

• Zeros of power symmetric filters are at the unit 
circle.  

Proposed function satisfies all complementary de-
composition conditions and condition for aliasing 
distortion removing. Poles and zeros of the square 
transfer function are determined in the z  plane and 
then poles inside the unit circle are adopted in order to 
determine the transfer function ( )zH 0 . 

In order to perform complementary decomposition, 
transfer function ( )zH 0  is separated into two all-pass 
filters, ( )zA0  and ( )zA1 , as follows: 

(4) ( ) ( ) ( )[ ]2
1

12
00 2

1 zAzzAzH −+= . 

and 

(5) ( ) ( ) ( )[ ]2
1

12
01 2

1 zAzzAzH −−= . 

and then lowpass and highpass filters are obtained 
using those allpass filters. 

Filter coefficients for the odd filter order are real 
but for the even filter order are complex and therefore 
realization is harder for the even filter order.  

Multiplication quantization error effect 
Round-off noise is introduced into digital filter 

when products or sums of products are quantized. 
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Measure of noise produced by multiplication quanti-
zation error is noise variance 2

0σ  at the output of digi-
tal network. It can be calculated as [12] 

(6) 
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where σ  is value related to step of quantization per-
formed after multiplication two binary numbers as 
roundoff. The symbol C represents a curve of integra-
tion, specified as a unit circle. According to the resi-
due theorem, the right-side sum represents the sum of 
residuals of complex function within the curly braces 
in the poles of this function, which are located inside 
the curve of integration. Transfer function 

( ) ( ) ( )zzYzH ii ε=ε  is obtained when input ( )zX  is 
equal to zero (Fig.1a, b). 

It can be shown that this noise, for each allpass sec-
tion, does not depend on allpass transfer function co-
efficients and it always has value ( )122

0 −σ=σ N , where 
N  is the filter order, and does not depend on zero 
multiplicity of the characteristic function. 

The other way to calculate this noise is using filter 
impulse response ( )nh  

(7) ( )∑
∞

=

σ=σ
0

222
0

m
mh . 

Coefficient quantization effect 
The effects of coefficient quantization are most se-

rious in applications where the poles of the transfer 
function are located close to the unit circle. In such 
applications, small changes in the coefficients can 
cause large changes in the frequency response of the 
filter, and in extreme cases they can actually cause the 
filter to become unstable. 

Coefficients quantization effect of allpass transfer 
functions can be analyzed using the MATLAB® 
command q=quantizer(’round’,[k,m]) where k is totaly 
number of bits for binary representation of coefficient 
and m is number of bits in fractional part. 

Example for the fifth order IIR filter 
Transfer functions of allpass filters for the fifth or-

der recursive filter ( 1=L  and 3=M ) have form: 

(8) ( ) 2

2

0 1518.01
1518.0

−

−
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z
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and theirs realizations are shown in Fig.1, where iε  is 
round-off noise modeled as a random variable with 
uniform probability density function, having zero 
mean and a variance, 2σ , of 12/2 2b− , when (b+1) is 
total number of bits (including the sign bit) used in 
fixed-point mode representation. Both allpass filters 
have two multipliers in realization form. Each multi-
plier give multiplication quantization error noise that 
can be calculated using equation (6) and is equal to 

22
0 σ=σ . Then, overall noise for both lowpass and 

highpass filters would be 22
0 4σ=σ  and also the same 

result is obtained for the fifth order filter with values 
2=L  and 1=M . If the complementary decomposi-

tion had not been performed, the multiplication quan-
tization error noise for the primary lowpass filter 
would be 22

0 5.8 σ=σ . 

 
(a) 

 
(b) 

 Fig.1. Direct realization for the first (a) and the second (b) 
allpass filter for the fifth order lowpass filter for values 

( 1=L , 3=M ). 

The other way to calculate multiplication 
quantization error noise is to apply equation (7). 
Impulse responses of the allpass filters, shown in 
Fig.2, are used for calculation of multiplication 
quantization error effect for values 1=L , 3=M ,   
and in Fig.3 for 2=L , 1=M . It is easy to show that 
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its value is the same for both cases, with and without 
multiple zeros. 

 
Fig.2. Impulse responses for the allpass filters ( )zA0  

(above) and ( )zA1  (below) for the fifth order filter 
 ( 1=L , 3=M ). 

 
Fig.3. Impulse responses for the allpass filters ( )zA0  

(above) and ( )zA1  (below for the fifth order filter  
( 2=L , 1=M ). 

 
Fig.4. The fifth order compl. filter pair for values 1=L  , 

3=M  without quantization of allpass section coefficients 
(full line) and with quantization [8,7] (dash line). 

 
Fig.5. The fifth order compl. filter pair for values 2=L , 

1=M  without quantization of allpass section coefficients 
(full line) and with quantization [8,7] (dash line). 

On the other side, the allpass coefficient quantiza-
tion gives different results for the fifth order filter with 
and without multiple zeros, as it is shown in Fig.4 and 
Fig.5.  

If the coefficients of the transfer function have 
seven bits in fraction length, filter with multiple zeros 
gives attenuation characteristic that is closer to the 
ideal one. Therefore, conclusion is that filter with 
multiple zeros gives better results than the filter 
without multiple zeros. 

Conclusion 
Synthesis of a new transitional IIR filter without 

transformation variable, whose attenuation 
characteristic lies in the area between the 
Butterworth’s and the Elliptic’s attenuation 
characteristics, is proposed.  

Complementary decomposition procedure for 
transfer functions with two simple complex zeros at 
the unit circle and multiple zero at 1−=z , is 
described. Those transfer functions have two 
oscillations in both the pass-band and the stop-band. It 
is possible to form complementary decomposition for 
transfer functions with more oscillations but it is 
necessary to fulfill condition that number of 
oscillations in the pass-band and in the stop-band is 
equal. 

The new class filter has somewhat better properties 
in comparison with the Elliptic and the Butterworth 
filters. The advantages of the new class filter are the 
following: 

The proposed new filter class has pure imaginary 
poles and accuracy in complementary decomposition 
is on a very high level that the Elliptic filter can not 
achieve. 
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The practical realization of the new class filter is 
easier than for the Elliptic filter since the new class 
has only one pair of conjugate-complex zeros at the 
unit circle and one multiple zero at 1−=z .  

Poles and zeros of the Elliptic filter are 
accumulated near the pass-band edge and the distance 
between them decreases as the filter order increases. 
This requires a very long digital word length for high-
order filter realization. The new class filter has 
approximately equidistant arrangement of poles so it 
can be realized with shorter digital word length than it 
is required in the Elliptic filter realization.  

The new class filter has better stability since poles 
lie closer to the origin.  

Round-off noise produced by coefficient quant-
ization and multiplication quantization error are 
calculated. It is shown that different word-length is 
necessary for allpass filters coefficients of the transfer 
function and for the results of multiplication. 
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ELECTRICAL ENGINEERING  

Coupling between helically twisted wires 
Bernd Jaekel  

 
The arrangement of conductors in a multi-core power cable leads to a situation where various 

conductor loops are built up. One or several loops are formed by the phase and neutral conductors 
with the operational current flowing in these conductors. A further loop is built up by the protective 
earth conductor which is connected to the equipotential bonding system at several locations. The area 
of this loop is essentially arranged outside of the power cable. The inductive coupling from the phase 
conductor loops into that loop causes common mode voltages in the protective earth system with 
consequent common mode currents. It can be demonstrated that this effect takes place even in case of 
balanced phase currents in the cable. Numerical simulations and parameter studies were carried out 
in order to describe this effect quantitatively and to investigate the influence of different cable 
parameters onto the resulting common mode voltages.     

 

Introduction 
Power cables represent components of an entire 

power supply network which can be carried out in 
different types. If an earthed system is required, i.e. a 
system which is connected to the local reference earth, 
mainly two types of sup-ply networks can be 
distinguished: TN-C and TN-S. From the point of 
view of electromagnetic compatibility (EMC) a TN-S 
power network should definitely be preferred [1]. In 
this type of network the neutral (N) and protective 
earth (PE) conductors are strictly separated except at 
one net point where both conductors are connected, 
normally at the transformer or the switchgear. This 
type of installation prevents flowing of any 
operational currents outside of the phase and neutral 
conductors. There should be no net currents and 
therefore the equipotential bonding system is 
generally assumed to be free of any operational 
currents. But when looking at this type of network and 
the physical structure of power cables in more detail 
some physical mechanisms can be identified which 
nevertheless lead to generation of common mode 
voltages and common mode currents even in the case 
of balanced loaded TN-S power net systems. 

Low voltage power cables 
Multi-core low voltage power cables consist of the 

phase conductors and – depending on the grounding 
arrangement of the power supply network – of a 
neutral conductor and/or a PE conductor. An example 
for the structure of a power cable is shown in Fig. 1 
for a cable of type NYY. Each of the conductors as 

well as the entire conductor arrangement are covered 
by an insulation, for which material is chosen 
depending on the specific requirements and fields of 
applications [2].  

 

 
Fig.1. Multi-core power cable of type NYY. 

The n (n = 3, 4 or 5) individual conductors are 
twisted together and each conductor can be repre-
sented by a helical line. An appropriate cylindrical co-
ordinate system for describing the spatial arrangement 
of a conductor is shown in Fig. 2 together with the 
relevant parameters: a as the radius of the helical line 
with respect to the centre line of the cable and the 
pitch distance p as the twist length of the cable, i.e. the 
length of the cable per rotation of the conductors. For 
simplicity reasons only one conductor is shown. The 
further n-1 conductors can be represented as similar 
lines and they are rotated by an angle Ф = 360/n with 
respect to that one shown in Fig.2. 

Common mode voltages in power cables 
The magnetic flux density B caused by the currents 

in the individual conductors can be calculated by 
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means of the Biot-Savart law, as long as the situation 
at the power frequency range is considered: 

(1) ∫
−×

π
µ

=
C r

d
3

0 )'('
4

rrrIB  

I represents the phasor of the exciting alternating 
current, r with its cylindrical coordinates r, Ф, z 
denotes the observation point and r’ with its 
cylindrical coordinates r’, Ф’, z’ means a variable 
point on the line current. Though this expression can 
be easily solved in case of straight wires, the situation 
is relatively complex in case of power cables where 
various conductors are twisted and each conductor can 
be represented by a helical solenoid (see Fig. 2). 

 

 
 

Fig.2. A twisted conductor (helical line) in a cylindrical 
coordinate system [3]. 

In power cables where a protective earth (PE) 
conductor is twisted along with the phase conductors 
inductive coupling exists between the phase conductor 
loops and a loop built up by the PE-conductor and its 
connecting structures to the equipotential bonding 
system. This effect can be explained by means of a 
schematic sketch of a 4-conductor cable as shown in 
Fig. 3. For reasons of clarity twisting of the 
conductors is not shown in the figure. 

The conductors L1, L2 for example form a spatial 
loop in which the phase current IL1-L2 flows. 
Corresponding loops are built up by the arrangement 
of conductors L1-L3 and L2-L3 with the loop currents 
IL1-L3 and IL2-L3, respectively. A further loop results 
from the PE conductor which is connected to the 
equipotential bonding system by conductive 
structures. This loop is shown as PE-Loop in Fig. 3. 

L 1

L 2

L 3
P E

P E
Loop

 
Fig.3. Mechanism for generation of common mode  

voltages. 

The induced voltage UPE in the PE-Loop can be 
derived by means of the mutual inductances between 
the various phase conductor loops and the PE-Loop or 
accordingly by the mutual inductance between the 
current carrying phase conductors and the PE-Loop: 

 

(2)  )( 332211 PELLPELLPELLPE MIMIMIU −−− ++= ω  
 

with the mutual inductances MLi-PE (i = 1,2,3) to be 
derived by 

 
(3) 

i

S
Li

PELi I

d
M

∫ ⋅
=−

SB
 

BLi represents the magnetic flux density caused by 
the current Ii in conductor Li (i = 1, 2, 3) and S the 
area of the PE-Loop [4]. Fig. 3 shows the situation for 
a four-conductor cable. It can be seen from the cross-
section of the entire cable configuration that there is 
no total symmetry in the three mutual inductances 
between the phase conductors and the PE loop. Hence 
a net mutual inductance results leading to a net 
induced common mode voltage and a common mode 
current in the case of a closed loop, respectively. 

The Biot-Savart integral (1) needed in order to 
determine BLi, however, cannot be calculated 
analytically for a current in a helical conductor 
arrangement. The magnetic vector potential has to be 
used and a series expansion of the reciprocal distance 
between the observation point and a variable point on 
the conductor has to be introduced. Using some well-
known trigonometric theorems together with Bessel 
functions, the following equations for the different 
components of the magnetic flux density vector can be 
derived for observation points outside (r > a) the 
helical arrangement [5]: 
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with 

p/2π=Ω  : the coordinate of the point where the  
  helix intersects the plane   

)(),( xKxI nn  : modified Bessel functions of first and   
  second kind of order n  
  ( )('),(' xKxI nn : their derivatives) 

In [5] the corresponding investigations are 
expanded to the situation of a twisted three-phase 
arrangement. Furthermore an approximation is given 
there to estimate the field strength versus distance to 
the twisted phase conductor arrangement. There are 
different possibilities to determine the amplitude of 
the induced voltage UPE : 

 
• by analytically performed integration techniques 
• by numerical simulations or 
• by measurements. 
 
The integration of the magnetic flux density across 

the area of the PE loop results in the total magnetic 
flux and subsequently in the induced voltage. This 
approach, however, represents a very complex task, 
because on one hand the expressions (4), (5) and (6) 
with the Bessel functions have to be integrated and on 
the other side these equations valid for observation 
points outside the cable as well as corresponding 
equations which describe the situation inside the 
power cable have to be considered [5]. No analytical 
results or approximate procedures were found in the 
technical literature offering solutions. 

Numerical simulations 
Within the frame of numerical simulations the 

twisted conductors as well as the generated PE-loop 
have to be modeled spatially. A schematic 
representation of the physical model of a twisted 

power cable is given in Fig. 4. For the simulations the 
geometrical data of a cable of type  
4x25 mm2 are used where a twist length (pitch) of 0.4 
m was considered. The PE-conductor of the cable is 
connected to conductive structures (of equipotential 
bonding system) and a closed loop results. The 
dimensions of the loop are length L and width W. 

The simulations were performed by means of the 
computer program CONCEPT which bases on the 
Method of Moments [6]. This method and program 
allow modelling of all the conductive structures of the 
arrangement under consideration. The phase 
conductors are excited by means of a three phase 
voltage source and all the voltages and currents 
induced in any conductive element of the model can 
be calculated. 

The amplitude of the induced common mode 
voltage depends on the actual cable parameters and 
the cable installation condition. As a first step the 
dependency on the phase current amplitudes and the 
phase current frequencies in the range from several Hz 
to several hundreds of Hz, i.e. in the electrically low 
frequency range, were investigated. In both cases a 
linear correlation between induced voltage and current 
and frequency, respectively, could be found. This 
clearly indicates that the physical mechanism which 
causes the induced voltage is an inductive coupling 
between the current carrying phase conductors and the 
PE-loop. 

Next the voltage induced into the PE-loop was 
calculated for varying lengths of the loops, i.e. for 
varying longitudinal dimensions of the resulting loop 
built up by the PE-conductor of the power cable and 
the equipotential bonding system. The results are 
given in Fig. 5. 

 

 

 

 

(a) twisted cable 
with PE-loop 

 

(b) detail of (a) 
showing 
individual 
twisted 
conductors and 
connection of 
PE-loop 
conductors 
outside the cable 

Fig.4.  Spatial model of a power cable. 

W 

L 
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The induced voltage linearly increases with 
increasing longitudinal length L of the loop. This 
behaviour can be expected due to the resulting 
conductor configuration where the arrangement of the 
PE conductor is constant with respect to the phase 
conductors. Hence the PE-loop is exposed to constant 
magnetic fields along the cable length resulting in a 
constant induced voltage per length unit. This 
behaviour was also verified by means of experimental 
investigations [7]. From the slope of the line a 
coefficient can be derived which expresses the 
induced voltage per cable/loop length and which is 
about 0.44 µV/A/m/Hz. 

In the case of a balanced three phase system with 
phase current I, taking into account the phase 
relationship, equation (2) can be simplified in order to 
describe the relation between the induced voltage UPE, 
the frequency f of the currents and their amplitudes: 

 
(7)  

NETPE MIfU π2=  
 
with MNET as the net mutual inductance derived 

from the superposition of the individual mutual 
inductances. According to this relation a mutual 
inductance MNET = 70 nH per meter length results 
when the induced voltage UPE is considered as derived 
above. The mutual inductance is expected to depend 
on several cable parameters. Corresponding 
investigations concerning the amplitudes of the 
induced voltage UPE were performed for various cable 
parameters and cable configurations [8]. It can be 
derived from those results that there is nearly no 
dependency on the twist length (pitch) of the power 
cable conductors, at least for practical twist lengths of 
more than about 40 cm. Furthermore, there is only a 
small impact of the helical radius of the power cable 
conductors. This fact was found also by means of 
measurements where the results of a 4x95mm2 power 
cable are nearly the same as in the present case of a 
4x25 mm2 power cable [7, 8]. 

Since the inductive coupling has to consider the 
PE-loop dimensions a significant impact of the loop 
width W might be expected. For the same power cable 
as described above (4x25mm2, 40 cm pitch length) the 
width of the PE-loop was varied in the range between 
5 cm and 100 cm. This variation reflects potential 
influences due to variation of the cable laying above 
ground or above equivalent equipotential bonding 
structures. The corresponding results concerning the 
voltage induced in the PE-loop are shown in Fig. 6. 
The induced voltage and hence also the mutual 
inductance MNET does not show any significant change 
with varying PE loop width. 
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Fig.5. Induced voltage versus length L of the PE-loop. 
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Fig.6. Induced voltage versus width W of the loop for two  
            exemplary loop lengths l of 1.2m and 2m. 

This result can be explained by the fact that the 
most dominant part of the voltage is induced by those 
magnetic fields which exist in the very close vicinity 
of the phase conductors. The magnetic flux density 
which results from all the phase conductors decreases 
nearly exponentially with increasing distance from the 
cable and therefore no relevant contributions exist for 
distances of more than some helical conductor radii 
from the cable. Hence for practical estimations the 
influence of the loop width W can be neglected. 

For power cables as described above the twist 
length was numerically varied in the range between 
0.1 m and 2 m. The corresponding results concerning 
the induced voltage versus twist length is shown in 
Figure 7. The voltage decreases with increasing twist 
length but for twist lengths of about 0.4 m and more – 
which are normally used in practice – only a small 
influence could be detected. 

Furthermore the situation was investigated when 
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five conductors (5x25mm2) are used in a power cable 
instead of four conductors. This variation reflects the 
usage of five-conductor cables installed in TN-S 
power networks where the N and PE conductor 
separation is established. Simulation results are 
described in [8] and a mutual inductance MNET = 95 
nH per meter length can be derived from those. This 
higher value and hence higher values for induced 
voltages UPE can be explained qualitatively by the 
higher asymmetry of the PE conductor in a five 
conductor arrangement where only three phase 
conductors carry a current in case of a symmetrical 
load. 
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Fig.7. Induced voltage versus twist length of the power 
cable conductors. 

Conclusion 
In power cables with twisted PE conductors a 

common mode voltage is induced by currents in the 
phase conductors. This is valid even in the case of 
balanced currents and is due to the fact that the PE 
conductor has a certain asymmetry with respect to the 
phase conductors resulting in a net magnetic flux 
through the loop built up by the PE conductor and 
structures of the equipotential bonding system. The 
amplitude of the induced voltage depends strongly on 
the loop length but only slightly on the loop width and 
on cable parameters such as twist length or conductor 
cross-section. Hence a mutual inductance per unit 
length can be derived to express the induced voltage. 
It is in the range of about 70 – 100 nH/m and can be 
used to estimate induced common mode currents. 

It shall be mentioned that this phenomenon takes 
place for cables with twisted PE conductors only. It 
does not exist in the case of cables with concentric PE 
conductors which therefore should preferably be used 
when low magnetic stray fields are required. 
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Calculation of the attraction and levitation forces using 
magnetization charges 

 Ana N. Vučković, Saša S. Ilić, Slavoljub R. Aleksić  

 
Calculations of the levitation force between two block permanent magnets and the attraction 

force that acts between block permanent magnet and infinite linear magnetic plane are presented in 
the paper. The approach based on magnetization charges is used for those calculations. Results 
obtained using presented method enable rapid parametric studies of the interaction force relative to 
material properties, dimensions, and spacing. Obtained expression is easily implemented in any pro-
gramming environment and requires less than a minute of run time on a personal computer. The 
results are given in the graphical form. Normalized distributions of magnetic field and magnetic flux 
density for the system of two permanent magnets are also presented in the paper. Comparing to other 
methods for interaction force calculation the advantage of presented approach is its simplicity and 
time efficiency. 

 

Introduction 
Permanent magnets of various shapes are often uti-

lized in magnetic actuators, sensors or releasable 
magnetic fasteners. Knowledge of the magnetic force, 
either levitation or attraction, is required to control 
devices reliably [1].  For example, the attraction force 
exerted between a magnet and a large iron piece, can 
be obtained by calculating the force between the 
magnet and its magnetic image. But the main diffi-
culty is to calculate the interaction forces between two 
different permanent magnets. The calculation of the 
forces interacting between two magnets can be applied 
to many other cases (magnetic bearings, attraction 
systems, etc ...) [2-4]. 

 
Fig.1. Block permanent magnets. 

There are numerous techniques for analyzing per-
manent magnet devices and different approaches for 
determining interaction forces between magnets [5-9]. 

Indeed, the force is the value of importance for design 
and optimization of a magnetic device. Many authors 
proposed simplified and robust formulations of the 
interaction forces created by permanent magnets. The 
authors generally use the Amperian current model [5-
7] or the Coulombian approach [9]. 

Two different systems are considered in this paper. 
The first one consists of two identical block perma-
nent magnets made of the same material and magneti-
zed uniformly along the axis of symmetry, but in opp-
osite directions (Fig.1). The second system is compo-
sed of block permanent magnet and infinite linear 
magnetic plane (Fig.2). Levitation and attraction fo-
rces are determined using the approach based on mag-
netization charges [10].  

 

 
Fig.2. Permanent magnet and infinite linear magnetic 

plane. 

In 1984, Akoun and Yonnet published their expre-
ssion for calculating the forces between two parallel 
block magnets with vertical magnetization [11]. More 
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recently, in 2009, authors published the analogous for-
mulation for magnets with orthogonal magnetization, 
[12]. 

Interaction force depends on the magnetic pro-
perties of magnets, on the distance between them 
(distance between magnet and plane), 2h, and on the 
geometrical design of magnets. The resulting 
expression is given in terms of elementary functions 
that are available in all programming languages.  

Procedure for levitation and attraction force 
calculation 

The goal of this approach is to determine the mag-
netic flux density generated by the lower permanent 
magnet in any point and then to calculate the force on 
the upper magnet. It is assumed that the magnetization 
is uniform throughout the magnets and it is for the 
upper magnet 

(1) zMˆ1 == MM  and     

(2) )ˆ(2 zM −=−= MM  

for the lower magnet. 
Since the boundary condition has to be satisfied  

(3) M⋅=η n̂m ,  

it is obvious that fictitious magnetization charges exist 
only on the bottom and the top bases of each magnet 
while there are no magnetic charges on the magnet’s 
covers. 

Magnetic scalar potential generated by the lower 
magnet is 

(4) ( ) ( ) ( )
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Magnetization point charge is  

(5) 
ba

m
k NN

abMQ = ,  

where aN  and bN  are number of segments along a  
and b  sides. 

Magnetic field vector can be calculated using 
expression 

(6) ( )ext
m

ext ϕ−= gradH .   

Magnetic flux density vector outside the magnet is  

(7) ext
0

ext HB µ= .   

Finally, when magnetic flux density vector 
generated by the lower permanent magnet is 
determined, the levitation force may be calculated by 
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=

=
baNN

i
Q

1

extm
i BF .  

Since magnets are identical magnetization point 
charge of the upper magnet bases is 

(9) m
k

m
i QQ = .  

Substituting (5) and (7) in (8) the force is 
calculated and its components are 
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The x and y components of the force are equal to 
zero and they do not have any influence on the 
levitation force. Therefore, the levitation force is equal 
to z component (12). 

For solving the second problem, calculation of the 
attraction force between magnet and infinite magnetic 
plane the image theorem in the plane mirror is used. 
The treated system can be replaced with system 
presented in the Fig 1, where magnetization is uniform 
throughout the magnet and it is  

(13) zMˆ1 =M    

and for the image    

(14) ( )zM ˆ2 −α=M ,   

where ( )0,
μ1
μ1

r

r <α
+
−

=α . 

Therefore the intensity of the attraction force can 
be calculated by multiplying the expression (12) by α . 

Numerical results 
The results of the presented approach are given in 

the graphical form when the number of elements is 
900=ba NN . Magnetization of magnets is 900 kA/m. 

Figure 3 shows normalized levitation force depen-
dency versus distance, for various dimensions of the 
parallelepiped bases. Figure 4 presents normalized 
levitation force between two magnets as a function of 
magnet dimensions width ratio La / . 

 
Fig.3. Levitation force versus distance between permanent 

magnets. 

Normalized intensity of the attraction force 
between permanent magnet and infinite linear 
magnetic plane as a function of infinite plane relative 
permeability for different distance between magnet 
and plane is presented in the Figure 5. Figure 6 shows 

normalized attraction force versus distance between 
permanent magnet and linear magnetic plane. 

 
Fig.4.  Levitation force between two magnets as a function 

of magnet dimensions width ratio La / . 

 
Fig.5. Attraction force versus infinite plane permeability. 

 
Fig.6.  Attraction force versus distance between permanent 

magnets and linear magnetic plane. 
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Using those graphics the levitation and attraction 
forces of presented systems can be determined for any 
value of permanent magnet magnetization in the case 
when parameters of permanent magnets are those 
shown in the figure. 

 
Fig.7. Normalized distribution of magnetic field. 

 
Fig.8. Normalized distribution of magnetic flux density. 

Normalized distributions of magnetic field, 

M
HH =nor , and magnetic flux density, 

M0
nor µ

=
BB , 

for the system of two permanent magnets are 
presented in Fig. 7 and Fig.8 respectively and in the 
Fig.9 and Fig.10 for the permanent magnet placed 
above the infinity magnetic plane. 

 
Fig.9. Normalized distribution of magnetic field for 

permanent magnet and infinite magnetic plane. 

 
Fig.10.  Normalized distribution of magnetic flux density 

for permanent magnet and infinite magnetic plane. 

Conclusion 
Determinations of the interaction forces between 

two block permanent magnets and between block 
magnet and infinite magnetic plane are performed 
using magnetization charges. Presumption was that 
both magnets are made of the same material and 
magnetized uniformly along the magnet axis of 
symmetry, but in opposite directions. Although the 
derivation applies to two identical magnets, the 
approach and analyses can be extended to case of 
dissimilar magnets. The derived algorithm is easily 
implemented in any standard computer environment 
and it enables rapid parametric studies of the 
levitation and attraction force. Interacting forces 
calculations using presented approach for mentioned 
parameters are performed with Intel Core 2 Duo CPU 
at 2.4GHz and 4GB RAM memory and it took forty 
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seconds of run time. Comparing to other methods for 
force calculation the advantage of presented approach 
is its simplicity and time efficiency. 
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Novel switched converter for photovoltaic electricity production 
(control aspects) 

Sergey E. Ryvkin, Felix A. Himmelstoss 

 
There are two main tendencies in the nowadays non-carbon based electricity production, 

distribution and use world. First one is a conversation by electrical power production from 
conventional, fossil (and short term) based energy sources to renewable energy sources. And 
connected with it another one: using high efficient power electronics in power generation, power 
transmission/distribution and end-user application, i.e. step-up-down converters. This paper discusses 
a new type of such converter that could be used in the low voltages and low power DC drives, e.g. in 
cars and robots. The main attention is paid to the control problem. The converter behavior is analyzed 
by using its switching structure model. The model of the drive, the design of the devices, the control 
features are discussed, feed-forward control based on solving the limit cycle is designed, some 
experimental results, and hints for the design are given. 

 

Introduction 
More 60 % of all energy consumption will be 

converted and used as electricity, which consumption 
grows rapidly. It makes a major contribution to global 
warming [1], [2]. Nowadays emerging climate 
changes argue to find new effective solutions for 
reducing this danger. One of the possible ways is a 
„green electronics“, which involves two major 
technologies [3]. One is the transferring to such 
renewable energy sources as wind energy, 
photovoltaics (PV), and sea wave energy [4] and so on 
into. The second one is efficient using electrical 
energy, e.g. using high efficient power electronics in 
power generation, power transmission/distribution and 
end-user application. Merge able using both solutions 
will give synergetic effect and contribute steadily 
more to non-carbon based electricity production. 

However the renewable energy sources have their 
specifically features that must be take into account. 
For instance, the solar energy is most abundant energy 
resource on earth. There is a possibility of the direct 
conversion of sunlight into electricity by using PV 
cells. This technology has a particularly promising 
future. The IEA roadmap emphasizes that by 2050, 
PV will provide 11% of global electricity production 
(4500 TWh per year) [2]. In this case there will be 
together with contributing to significant greenhouse 
gas emission reductions, substantial benefits in terms 
of security of energy supply and socio-economic 
development. However for achieving this advantages 
the costs of system components (PV modules, DC/AC 
inverters, cables, fittings and manpower) must be 

reduced and conversion efficiency of the PV 
conversion must be and increased. The main merit of 
the PV cell is that it is an all-electrical device that 
produces electrical power directly from sunlight and 
hasn’t any moving parts. Therefore, its lifetime could 
be more than 25 years. However from another side the 
to-day’s PV modules has a light-to-electricity 
efficiency of no more than 15% and a very large area 
for the production of the needed end-user application 
voltage is necessary. E.g. the PV module that usually 
consists of around 36 or 72 cells connected in series, 
encapsulated in a structure made of e.g. aluminum, 
The second demerit of the PV module is the capability 
reduction to (75~80) % of the nominal rate due to 
ageing. 

For the elimination of the above-mentioned 
demerits new system components and new control 
must be designed. One of the possible way solving is 
using the step-up (boost) converters that transforms 
the PV output low voltages to the consumer rated 
voltage. Such converters is equipped with power 
semiconductor switches, e.g. Insulated-Gate Bipolar 
Transistors (IGBTs) operating in switch mode with 
distinctly higher switching frequency, and a capacitor 
as an additional voltage source [5], [6]. From the 
control viewpoint such converter is a switched non-
linear control plant [7]. Its main feature is that there is 
only one control, i.e. the transistor one, and two 
variables: output voltage and capacitor one. This 
article covers the control aspects of the novel step-up-
down converter allowed changing the output voltage 
in the wide range [8], [9]. 
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The paper is outlined as follows. Section 2 deals 
with the presented step-up-down converter. Its circuit 
is shown and is explained. Furthermore, a switched, 
and a nonlinear model for a converter driving a DC 
machine are derived. Section 3 presents the control 
task formulation and considers a modulation design 
technique. The design result is the PWM control for 
the above-mentioned drive. The basic analysis of the 
converter features is presented in section 4. The 
results of the numerical simulation examination that 
illustrate the features of the suggested control are 
presented in section 5, followed by the conclusion. 

Novel Step-Up-Down Converter 
Fig.1 presents the basic one-quadrant step-up-

down converter schema that enables to drive a DC 
motor in one direction [8], [9]. It consists of an in-
ductor L, an active switch S, a capacitor C, and a di-
ode D. The positive pole of the output voltage uA is 
the cathode of the diode. The DC motor models the 
load. Due to the additional capacitor C and the addi-
tional inductor L, the classical one-quadrant step-
down converter is transferred into a step-up-down 
converter. The output voltage could be changed in the 
wide range from zero to many times of the input volt-
age U1 that is a low one. In this schema iL is an in-
ductor L current, iA is a load cur-rent, uC is a capacitor 
voltage. 

 
Fig.1. One-quadrant step-up-down converter. 

Converter Model Analyze 
By a behaviour analyse of such converter fed a DC 

motor the standard model DC motor [10, 11] with 
constant field flux, is used. 

(1)
( ) ( ) ( )

( )
A A A A A A A1 ,

,
E

el load

di dt R L i C n L L u

dn dt T T J

= − − +

= −
 

where RA is the armature resistance, LA is the armature 
in-ductance, CM and CE are the motor constants for 
torque and source voltage, J is the inertia, n is the 
speed, elT  is the DC motor electromagnetic torque, 

Ael MT C i= ; Tload is the load torque. 
The DC motor input voltage controls the speed n, 

or in the case of the cascade control motor current iA 
produced the motor torque. By using the two-position 
switch S it is possible to form in the switching mode 
an average voltage value on the DC motor winding 
that is needed for the control problem solving. 

These two switch position causes two modes of 
these drive: switch-on one and switch-off one. Each 
switching structure has two loops and its features. 

Switch-on mode 
In this mode the motor is connected to the input 

voltage U1 (Fig. 2-a). The input motor voltage uA is 
the sum of the converter input voltage U1 and the ca-
pacitor voltage uC. The value of the last voltage will 
be reduced.  

 
Fig.2. Motor (a) and inductor (b) loops of the switch-on 

mode. 

The DC drive behavior is described as  

(2) 1 A A
1 k

k k A
A A E

diU i dt R i L C n
C dt

= + + +∫ , 

where upper index k have all variable in this mode. 
At the same time in the second loop (Fig. 2-b) the 

inductor current iL is increasing, i.e. the inductor ac-
cumulates energy:  

(3) 1 ( )k
LU L di dt= . 

In this case the converter state equations in the 
space of state variables: the capacitor voltage uC, the 
motor current iA and the inductor current iL based on 
the equations of two loops (2), (3) could be written: 

(4) 

A A A

1 A

0 1 0
1 0
0 0 0

0 0
1
1 0

k k
C C
k k
A A
k k
L L

A E

u uC
d i L R L i
dt

i i

L U C n L
L

= − − × +

+ + −

. 
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Switch-off mode 
In this mode the motor apply the brake, since there 

is not a voltage on the winding (Fig. 3-a).  

 
Fig.3. Motor (a) and inductor (b) loops of the switch-off 

mode. 

The DC drive behavior is described as 

(5) 1 1
A A0 ( )k k

A A ER i L di dt C n+ += + + , 

where upper index (k+1) have all variable in this 
mode. 

At the same time the second loop (Fig. 3-b) is a LC 
tank set up by the inductor L and the capacitor C. The 
energy accumulated in the inductor L is going to the 
capacitor C. Its voltage is increasing  

(6) 1 10 ( )k k
L Li dt LC di dt+ += +∫ , 

The converter state equations for this mode with 
the same state variables is 

(7) 

1 1

1 1
A A

1 1

A

0 0 1
0 0
1 0 0

0

0

k k
C C
k k
A A
k k
L L

E

u uC
d i R L i
dt

Li i

C n L

+ +

+ +

+ +

= − × +
−

+ −

. 

The Dynamic Model 
The dynamics model of converter can be expressed 

as  

(8) 

1 1

A 1 A A

1

1 1 A

1

0 (1 ) (1 )(1 )
(1 ) 0

(1 )(1 ) 0 0

0 0
(1 )
(1 ) 0

C

A

L

C

A A E

L

u C C
d i L R L
dt

i L

u
i L U C n L
i L

Ψ − Ψ
= − Ψ − ×

− − Ψ

× + Ψ + −
Ψ

, 

where 1Ψ is the switching function  

(9) 1
1
0

if switch on
if switch off

−
Ψ =  −

, 

Feed Forward Control Design 
The control aim is to make the motor current equal 

to the reference value iAz by using the switching mode. 
However this problem solving is connected with the 
capacitor voltage value. The control must guarantee 
the stable average value of the motor current on the 
modulation period. 

One from the possible ways is a feed forwards 
control on the base of the limit cycle. The cycle 
parameters, i.e. the switch-on and switch-off times 
during the modulation period, could be find from the 
condition that the control variable on the (k+1)-th 
cycle end is equal to ones on the k-th cycle begin. And 
the variables: the load current iA, the capacitor voltage 
uC and the inductor current iL cannot be discontinuous 
on border between the switch-in and switch-off modes 
and vice versa. 

The design of the feed forwards control is based on 
the existence conditions of the limit cycle. These 
conditions could be received by using the solutions of 
the above presented equations described the changing 
of the state variables: capacitor voltage uC, the motor 
current iA and the inductor current iL for both modes. 

Switch-on mode 
In this mode the solution of the equation (2) 

describes the load current k
Ai  and the capacitor voltage 

k
Cu  ( (1 )k k

C Au C i dt= ∫ ) changes 

(10) 
2 1

1 1
2 1

1 1

 [( )cos( )

( )sin( )] 

k t
Ai Ce C C t

C C t

λ ω λ ω

λ ω ω

−= − −

− +
, 

(11) 
1

1 1
2

1

 ( ) [ cos( )

sin( )]

k t
C Eu u C n e C t

C t

λ ω

ω

−= − + +

+
, 

where A A/(2 )R Lλ = , 2
A1/( )L Cω = ; 2 2

1ω ω λ= − , 
1C  and 2C  are the constants of integration: 

(13) 

1 0
1

0
2 0

1
1

( ),

1 { [ ( )]}

k
C E

k
kA

C E

C U U C n

IC U U C n
C

λ
ω

= − −

= + − −
, 

where 0 k
AI  is the motor currency initial condition, 0 k

CU  
is the capacitor initial condition. 

And the solution of the equation (3) describes the 
inductor current iL change 

(14) 0
1( / )k k

L Li U L t I= + , 

where 0 k
LI  is the inductor currency initial condition. 
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Switch-off mode 
In this mode the solution of the equation (5) 

describes the load current 1k
Ai

+  change 

(15) 
A

A1 3
A ( / )

R t
Lk

A Ei C n R C e
−

+ = − + , 

where 3C  is the constants of integration 

(16) 3 0 1
A( / )k

A EC I C n R+= + , 

where 0 1k
AI +  is the motor currency initial condition. 

And the solution of the equation (6) describes the 
electrical process in the second loop, i.e. in the LC 
tank set up by the inductor L and the capacitor C. The 
changes of the inductor current 1k

Li
+  and the capacitor 

voltage 1k
Cu +  ( 1 1(1 )k k

C Lu C i dt+ += ∫ ) are described as 

(17) 1 4 5
2 2( cos sin )k

Cu C t C tω ω+ = + , 

(18) 1 5 4
2 2 2( cos sin )k

Li C C t C tω ω ω+ = − , 

where 2
2 1 / ( )LCω = , 4C  and 5C  are the constants of 

integration. 

(19) 4 0 1 5 0 1
2, / ( )k k

C LC U C I Cω+ += = , 

where 0 1k
CU +  is the capacitor initial condition and 

0 1k
LI +  is the inductor currency initial condition. 

Limit cycle conditions 
Taking into account the above presented equations 

described the changes of the state variables capacitor 
voltage uC, the motor current iA and the inductor 
current iL it is possible to write the existence 
conditions of the limit cycle. It must guarantee that by 
using the switching mode the average value of the 
motor current is equal to the reference value iAz and 
the continuity conditions for the load current iA, the 
capacitor voltage uC and the inductor current iL are 
fulfilled. The existence conditions of such a limit 
cycle are the following. 

For the motor current there are two conditions: 
- the continuity condition 

(20) 
1A

A3 0
A/

kR t
L k

E AC n R C e I
+−

− + = , and 

- the control aim 

(21) 
1

1
1

0 0

1 { }
k kt t

k k
A z A Ak ki i dt i dt

t t

+

+
+= +

+ ∫ ∫ , 

where kt  and ( 1kt + ) are durations of the switch-on and 
switch-off period accordingly. Their sum is the 
switching period. 

The continuity condition for the capacitor voltage 
is  

(22) 4 1 5 1 0
2 2[ cos( ) sin( )]k k k

CC t C t Uω ω+ ++ = − . 

The continuity condition for the inductor current is  

(23) 5 1 4 1 0
2 2 2[ cos( ) sin( )]k k k

LC C t C t Iω ω ω+ +− = . 

By using equations (3) – (7), (9), (10), (14) and 
taking into account that today the modulation 
frequency is very high, e.g. more than some kHz, 
above-mentioned existence conditions (20) – (23) can 
be simplified. On the small modulation period the 
sinus function is equal to its argument, the cosines 
function is equal to one and the exponential function 
is equal to sum of one and its argument. Using these 
assumptions and new variable d - the duty ratio of the 
switch S that is the switch-on time referred to the 
switching period 1k kT t t += + , kd t T= , the above 
mentioned conditions are rewritten as mathematical 
dependences between the reference value iAz of the 
motor current, durations of the switch-on and switch-
off period and the initial conditions of the inductor 
currency, the motor currency and the capacitor voltage 
for the k-th cycle: 

- the continuity condition for motor current  

(24) 0 0
1 0k k

E C A AdU C n dU R I− − − = ; 

- the control aim 

(25) 
0 2 2

1 1

0 2

[ ( )] ( )

(1 2 )

k
A z C E

k
A

i C U U C n dT d

I dT d T

ω ω

λ λ

= − − − +

+ − +
; 

-the continuity condition for the capacitor voltage  

(26) 0 0(1 ) 0k k
A LdI d I− + − = ; 

- the continuity condition for the inductor current 

(27) 0
1 (1 ) 0k

CdU d U+ − = . 

Fed forward control parameters 
By the reference values of the input voltage and 

switching and based on the received existence 
conditions (24) – (27) it is possible to calculate the 
torque-speed curve of this drive and mathematical 
dependences between the initial conditions of the 
inductor currency, the capacitor voltage and the duty 
ratio. 

The continuity condition for the inductor current 
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(27) is a mathematical connection between the initial 
condition of the capacitor voltage and the duty ratio 
by the set points of the input voltage, and can be 
rewritten as a following function  

(28) 0
1 (1 )k

CU U d d= − . 

The torque-speed curve is one of the important 
characteristics of the drive. It could be received from 
the existence conditions (24) – (27) too:  

(29)    

2 2
1 1

1
2

{ [ (1 ( 1)) ] ( )
(1 )[ ( ( 1)]

(1 2 )}

el M E

A E

T C C U d C n dT d
R C n U d d

dT d T

ω ω

λ λ

= − − −

+ − − − ×

× − +

. 

Basic Analysis of the Converter Features 
A good way starting consideration of the converter 

behavior is analyzing his steady-state mode and no 
metering parasitic electrical elements and switching 
losses. 

First of all the voltages across the two had in the 
converter circuit inductors were investigated. For the 
stationary case the voltage across the inductor has to 
be zero in the average. By the assumption the 
capacitor is large that the voltages can be regarded 
constant during a modulation period ( CU const= ) the 
absolute values of the voltage-time-areas of the 
inductors have to be equal. It is shown in Fig. 4 and 5. 
Fig. 4 presents the voltage across inductor L (Fig. 4, 
a.) and the current through it (Fig. 4, b.). The current 
rate of rise of course depends on the values of L and 
Ul. Fig. 5 shows the voltage across armature inductor 
LA (Fig. 5, a.) and the current through it (Fig. 5, b.). 
Based on the equality of the voltage-time-areas in the 
stationary case, it is easy to give the transformation 
relationship for the motor average voltage UA 
dependent on the input voltage Ul and the duty ratio d. 
From Fig. 4 we get 

(30) 1 (1 ) CU d d U= − . 

and from Fig. 5 

(31) 1( ) (1 )C A AU U U d d U+ − = − . 

Based on these expressions (30) – (31) the one for 
the voltage transformation factor M that is the ratio of 
mean value of the converter output motor voltage, i.e. 
the motor one, to the input converter voltage/ can be 
written: 

(31) 1 (1 )AM U U d d= = − . 

 

 
Fig.4. Voltage across (a) and current through the inductor 

L (b). 

 

 
Fig.5. Instantaneous voltage u across (a) and current 

through the motor (b). 
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The voltage transformation factor functional 
dependence on the duty ratio is presented in Fig. 6. It 
is shown that the supposed converter is a step-up-
down one. Its transformation factor can be changed 
from 0 to 5 really. 

 
Fig.6. Transformation rate in dependence on the duty ratio. 

Calculated Characteristics and Experimental 
Results 

For the practical investigation the converter fed the 
DC motor MY1016 from Unite Motor was used. 
Parameters of the corresponding converter elements 
and the motor are shown in Table 1.  

Table 1 
Parameters of the converter and the motor 

 Units Value 
Motor parameters   
Rated motor voltage, Uq r V 36 
Armature resistance 
(measured), R Ω 0.6 

Armature inductance 
(measured at 50 Hz), LA  mH 16 

No-load current 
(measured), IA 0 

A 1.22 

Motor constant for source 
voltage (specification and 
measured), CE 

V*s/rad  0.1 

Torque constant 
(specification and 
measured), CM 

Nm/A 0.095 

Moment of inertia, J  Nm*s2/rad 0.00073 
Maximal speed, NMAX  Rev/min 3350 
Maximal torque, TMAX Nm 1 
Converter parameters   
Input voltage, U1 V 24 
Switching (modulation) 
frequency, fS 

kHz 50 

Inductor, L μH 60 
Capacitor C μF 100 

As a switch the transistor carried out a current of 
55 A at a maximum drain source voltage of 100 V 
with its on-resistance 26 mOhm was used. 

According to (28) the initial condition of the 
capacitor voltage is a function of the duty ratio by the 
reference value that is presented in Fig. 7. 

 

 
Fig.7. Initial conditions of the capacitor voltage versus the 

duty ratio. 
 
The initial condition of the motor currency 

depends on the duty ration and the motor speed. This 
mathematical cause-and-effect diagram is shown in 
Fig.8. 

 

 
Fig.8. Initial conditions of the capacitor voltage versus the 

duty ratio.  
 
The one of the important characteristics of the 

drive the torque-speed curve for this drive is presented 
in Fig. 9 calculated according (29).  
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Fig.9. Torque-speed curve. 

The experimental DC drive fed by proposed step-
up-down converter was tested by the various duty 
ratios (0.34, 0.5 and 0.66). On Fig. 10 - 12 test results 
are pictured. Here horizontal scale is time one (sec), 
vertical scale is the variables. There are up to down 
the switch control signal (generated by the arbitrary 
pulse generator) (blue), the current through the 
machine (violet and nearly constant), the current 
through the inductor (turquoise and triangular shaped) 
and the voltage across the active switch (green). 

 
Fig.10. Drive behaviour by the duty ratio 0.34. 

 

 
Fig.11. Drive behaviour by the duty ratio 0.50. 

 
Fig.12. Drive behaviour by the duty ratio 0.66. 

Conclusions 
The novel step-up-down DC/DC converter that 

allows changing the output voltage in the wide range 
is presented and analyzed from the control viewpoint. 
An additional simple LC-tank of the converter now 
makes it possible to generate a mean voltage across 
the output (e.g. the motor terminals), which value can 
not only be lower than the input voltage, but also 
higher, too. This is especially useful, when only low 
input voltages are available, e.g. by PV modules. The 
proposed control solution is based on the voltage 
modulation. It is shown that in such a switching 
system there is a limit cycle that can be used for the 
open loop control design. The preliminary 
experimental results have confirmed serviceability of 
such control. From the control viewpoint one 
perspective approach for eliminating above-mentioned 
demerits of PV cells is the feedback control, 
especially sliding mode that effectively uses relay 
characteristics of power switches. It is well known 
that in contrast to the modulation control the sliding-
mode control can be indistinctly used to compensate 
small and large signal perturbations [12, 13]. One of 
the perspective research directions is the design two 
quadrant DC-DC converter [14] and also the three-
phase voltage source inverters too. 
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Experimental investigation on MV cables in heating cycle  

Radisa Dimitrijevic, Dragan Tasic, Nebojsa Raicevic, Slavoljub Aleksic,  
Miodrag Stojanovic, Neda Pekaric-Nadj, Ion Patru  

 
In order to provide good performance in the service for a long time, power cables shall be 

developed and designed, including the best materials, available on the market. During exploitation 
they must withstand combined electrical, thermal and mechanical strengths, such as other influences 
of environment. Therefore, they must be subjected to some test sequences in order to find out possible 
behavior in the exploitation. The tests with cycle heating under AC voltage are long-term and the most 
severe. Measurement of partial discharge on the cable sample is good indication about the stage of 
cable.  

 

Introduction 
When the power cable is finished in the 

production, it must be subjected to so-called routine 
test to check, if some latent defect exists. This test is 
performed on each produced cable length. In the case, 
when some new cable design is developed or some 
new important material (for instance, new material for 
primary insulation) is included in the cable design or 
simply when a cable manufacturer shall convince his 
buyer in cable quality, type test must be performed. 
During this test, cable is subjected to accelerated 
aging under the influences of raised AC load (current). 
These may act simultaneously in cycles of intermittent 
heating and cooling. When this sequence of the test is 
finished, partial discharge shall be measured for 
evidence of stage of cable insulation.  

Used data 
A sample of cable, being tested, shall be 10 m to 

15 m long. Two terminations on both cable end shall 
be assembled, because of strong electrical stresses at 
the ends of semi conducting screen. Some of the stress 
relief method must be applied for cable to avoid early 
electrical breakdown. Heat shrinkable termination is 
usually used. Cable itself was made of aluminium 
compacted conductor, XLPE insulation, semi 
conductive screen over conductor and insulation, 
insulating swellable tape and laminated Al copolymer 
foil against longitudinal and radial water penetration 
and outer sheath of black high density polyethylene. 

Some of cable data, such as cable termination data 
is shown in Table 1. To prevent flashover along the 
outer surface of cable termination during the impulse 
voltage test, four rain sheds are shrinked around each  

 
termination on both sides to provide safe creepage 
distance. 

Table 1 
Design of the cable Al-XLPE/Alfoil/PEwp 

Cable Cable termination 
Cross section 
(mm2) 150 Type  Outdoor, heat 

shrinkable 

Material, 
shape 

Al, 
round 

Type of 
connection 

Cable 
compression type 
terminal lug, made 
of Al (could be 
bimetallic) 

Conductor 

Diameter 
(mm) 15.1 Type of stress 

relief 

Resistive, stress 
relief pad – 
thickness 1 mm 

Conductor 
and insulation 
screen 

Thickness 
(mm) 0.3 

XLPE 
insulation 

Thickness 
(mm) 5.5 

Outer 
protection 

Dual wall HS 
tube, consisting of 
outer XLPE 
layer+inner EPR 
rubber 

Copper screen 
(Cu tapes + 
wires) 

Cross section 
(mm2) 25 Ground wire Yes 

Aluminium in 
Al copolymer 
foil  

Thickness 
(mm) 0.2 

Outer PVC 
sheath 

Thickness 
(mm) 2.0 

Length of cable 
insulation, 
covered by 
stress relief pad 
(mm) 

100 

Completed 
cable 

Diameter 
(mm) 35 Total length 

approx (mm) 350 

 

Program of Electrical type test 
A sample of cable, described in the previous 

section shall be subjected to the following sequence of 
tests [1]: 
a) bending test, followed by a partial discharge test; 
b) tgδ measurement; 
c) heating cycle test, followed by a partial discharge 

test; 
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d) impulse test, followed by voltage test; 
e) voltage test for 4 h.  

In this paper special attention will be paid on 
heating cycle test. 

Implementation of Heating cycle test 
When performing the tests, noted as a) and b), the 

sample shall be laid on the floor of the test room and 
heated by passing a alternating current through the 
aluminium conductor, until it reaches a steady 
temperature 5-100C above the maximum conductor 
temperature in normal operation, i.e. 900C (Fig.1). 

 
Fig.1. Test loop. 

Measurement of conductor temperature has been 
performed through the identical cable, connected in 
series with the tested cable (Fig.2) 

 
Fig.2. Measurement of conductor temperature. 

This test consists of 20 cycles and each of them 
consists of heating period and cooling of cable. 
Duration of one cycle is 8 h.  

Results  
A sample of cable, which conductor was at 

ambient temperature, was heated 2 hours, until the 
conductor reached temperature in range 95-1000C. 

This temperature was maintained next 2 hours and 
then cooling period was started for next 4 hours.  

At the start of the test, some problems, due to a bad 
connection, occurred at terminals, which were heated 
over permissible value of temperature (Fig.3 and 4).  

 
Fig.3. Terminal I with abnormal heating – before repairing. 

 
Fig.4. Terminal II with abnormal heating–before repairing. 

The problem was solved by changing overheated 
terminals and by applying the method of deep 
impression in closed matrix. Unlike hexagonal 
compression, this method is applicable for aluminium 
conductors and such connections are very reliable. As 
a good option, screw type terminal lugs are also 
applied for that purpose. 

The results of new temperature measurement are 
shown in the Fig. 5 and 6. To avoid overheating at the 
terminals in the practise, periodical measurement of 
temperature by infrared camera is recommended. This 
method is contactless, safe and reliable, both for 
indoor and outdoor terminals. In this manner, 
preventing the overheating at the terminals, gives as a 
results protection against accelerated terminal aging 
([2], [3]), which proves the fact, that each element of 
cable line must be carefully designed and properly 
assembled. To prove separately good performances of 
connectors and terminal lugs, special program of 
heating cycling is performed on the loops with either 
connectors or terminal lugs only.  
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Fig.5. Terminal I with normal heating – after repairing. 

 

Fig.6. Terminal II with normal heating – after repairing. 

After repairing both terminals, the heating cycle 
test was normally continued. Results of measurement 
are presented in the Table 2 and subsequent tests have 
not shown any overheating at the terminals. After the 
heating cycle test, measurement of partial discharge 
shall be performed. 

Table 2 
Results of heating cycle test. 

CYCLE No HOUR TEMPERATURE 
14 26.70C 
14 ÷ 16 heating 
16 ÷ 18 96.5 ÷ 98.30C 1 

18 ÷ 22 natural cooling 
22  28.30C 
22 ÷ 24 heating 
24 ÷ 2 96.5 ÷ 98.30C 2 

2 ÷ 6 natural cooling 
6 26.50C 
6 ÷ 8  heating 
8 ÷ 10 96.3 ÷ 97.70C 3 

10 ÷ 14 natural cooling 
14 27.20C 
14 ÷ 16 heating 
16 ÷ 18 96.5 ÷ 98.70C 4 

18 ÷ 22 natural cooling 
22  27.20C 5 
22 ÷ 24 heating 

24 ÷ 2 96.5 ÷ 98.30C 
2 ÷ 6 natural cooling 
6 27.50C 
6 ÷ 8  heating 
8 ÷ 10 96.4 ÷ 99.30C 6 

10 ÷ 14 natural cooling 
14 26.90C 
14 ÷ 16 heating 
16 ÷ 18 95.4 ÷ 96.20C 7 

18 ÷ 22 natural cooling 
22  26.40C 
22 ÷ 24 heating 
24 ÷ 2 95.6 ÷ 97.30C 8 

2 ÷ 6 natural cooling 
6 27.30C 
6 ÷ 8  heating 
8 ÷ 10 95.8 ÷ 98.70C 9 

10 ÷ 14 natural cooling 
14 26.70C 
14 ÷ 16 heating 
16 ÷ 18 95.4 ÷ 99.3C 10 

18 ÷ 22 natural cooling 
22  27.80C 
22 ÷ 24 heating 
24 ÷ 2 95.8 ÷ 98.30C 11 

2 ÷ 6 natural cooling 
6 26.40C 
6 ÷ 8  heating 
8 ÷ 10 95.4 ÷ 98.60C 12 

10 ÷ 14 natural cooling 
14 27.60C 
14 ÷ 16 heating 
16 ÷ 18 95.8 ÷ 98.30C 13 

18 ÷ 22 natural cooling 
22  28.40C 
22 ÷ 24 heating 
24 ÷ 2 94.4 ÷ 97.30C 14 

2 ÷ 6 natural cooling 
6 27.40C 
6 ÷ 8  heating 
8 ÷ 10 95.4 ÷ 97.30C 15 

10 ÷ 14 natural cooling 
14 26.40C 
14 ÷ 16 heating 
16 ÷ 18 96.6 ÷ 98.30C 16 

18 ÷ 22 natural cooling 
22  27.40C 
22 ÷ 24 heating 
24 ÷ 2 95.4 ÷ 99.30C 17 

2 ÷ 6 natural cooling 
6 26.40C 
6 ÷ 8  heating 
8 ÷ 10 95.4 ÷ 99.30C 18 

10 ÷ 14 natural cooling 
14 26.80C 
14 ÷ 16 heating 
16 ÷ 18 96.3 ÷ 98.30C 19 

18 ÷ 22 natural cooling 
22  26.40C 
22 ÷ 24 heating 
24 ÷ 2 95.4 ÷ 99.30C 20 

2 ÷ 6 natural cooling 
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After the heating cycle test, partial discharge (PD) 
test shall be performed. The test voltage shall be 
raised gradually and held at 2U0 for 10 s and then 
slowly reduced to 1,73U0. Maximum permissible PD 
level shall be 5 pC. Results of this measurement are 
shown in the next Table 3.  

Table 3 
Results of PD measurement after the heating cycle test. 

Pre-stressing 
voltage 2U0 (kV) 

Time 
(s) 

PD measuring 
voltage 1,73 U0 (kV) 

PD level 
(pC) 

24 10 20.8 2 

Note: U0=12 kV and PD level ≤ 5 pC.  

Conclusion 
The cable passed all the tests according to the 

requirement [1] with satisfied results. Measured PD 
level was also the proof of quality of cable insulation. 

Based on the results of heating cycle test and PD 
level, some assumption of cable aging can be made. 
Each effect of aging of cable insulation, caused by 
either increased temperature or operating voltage 
(thermal and electrical aging), cannot be compensated 
by subsequent decreasing voltage or current [3].  

PD level is very good estimation of stage of cable 
insulation, because it shows how many particles there 
are inside the insulation ([4]-[6]). However, PD 
sources are mainly terminations and joints ([7], [8]). 
The lower PD level is, the better stage of cable 
insulation and longer service life of cable is.  

Further experimental investigation on MV cables 
shall be directed to long duration type test according 
to VDE 0276 Teil 620:2009-05 
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Comparison of two different models for a vertical wire electrode 
inside a pillar foundation  

Nenad N. Cvetković 

 

Two different, recently proposed, approaches to modeling the influence of a concrete pillar 
foundation on grounding characteristics of a wire electrode, which models vertical armature 
conductors, are presented in this paper. One model is based on modeling the foundation as a 
cylindrically-shaped semi-conducting inhomogeneity. It provides approximating of the foundation-
armature system with one wire of equivalent parameters. The other one considers approximating the 
foundation with a semi-conducting hemisphere and includes image-theory application and using of 
Green’s function for point source inside hemispherical inhomogeneity. Both approaches include 
modeling of the armature conductors’ system with one wire electrode using complex function theory. 
are applied for analyzing foundation realized in practice, and the results obtained for the grounding 
impedance are compared. The quasi-stationary regime is considered. 

 

Introduction 

There are many recently published papers dealing 
with modeling of the pillar foundation influence on 
pillar grounding system characteristics based on two 
approaches presented and applied in this paper. 

In [1]-[4] foundation is modeled as a semi-
conducting hemisphere of known electrical 
parameters. The applied model considers using a 
recently proposed approximate expression for the 
Green`s function of the point source inside/outside of 
the semi-conducting sphere [5] and the quasi-
stationary image theory. 

The approach that is based on approximating a 
wire electrode inside a concrete foundation, modeled 
as a semi-conducting cylindrically-shaped domain, 
with a vertical wire electrode of equivalent geometry 
parameters (length and cross-section dimension) 
placed in homogeneous earth is presented in [6]-[8]. 

Common for both approaches is that a single wire 
conductor inside the foundation is actually an 
equivalent electrode that models the system of vertical 
armature electrodes, and that is the way of realizing 
such systems in practice. Also, the constant leakage 
current from the electrode is assumed. 

The geometry parameters and electrical parameters 
of the concrete are taken from the official publica-
tions, national [9] and international ones [10]-[13]. 
The results for the impedance obtained using both 
discussed methods are presented and mutually com-
pared. 

Theoretical background 

Modelling foundation as a hemispherical domain 

A single vertical wire electrode of length l  and 
cross-section radius a is placed inside a semi-

conducting hemisphere having radius sr , of known 

electrical parameters ss , εσ , whereas surrounding 

ground parameters are 11, εσ , Fig.1. The electrode is 

fed by a LF current, gI . Single electrode is actually a 

model of the wire armature cage formed of N  parallel 
conductors of length l , having a circular cross-section 

of radius 0r , (upper part of Fig.1). Applying the 

procedure based on using a complex function (which 
can be found in [2] and [6]), a system of vertical 
armature electrodes is replaced by a single wire 
electrode having cross-section of radius a  placed in 
the concrete foundation. Length of a single equivalent 

electrode is l  and N arNaa 101 /=  is the equivalent 

radius of circular cross-section [2], [7].  
The applied procedure for determining the electric 

scalar potential in the vicinity of the electrode from 

Fig.1 considers using recently proposed Green’s 

functions for the point source inside/outside 

hemispherical inhomogeneity [2]. Since the results for 

resistance of the electrode from Fig.1 will be 
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presented and analyzed in this paper, only the Green’s 
function for the point source inside the hemisphere 
will be given in the paper. The Green’s function for a 
point source outside the hemisphere can be found in 
[2]. 

 
Fig. 1. Vertical wire electrode inside a  

semi-conducting hemisphere. 

Two indexes are used to label the potential ikϕ , i.e. 

the Green's function ),( rrGik ′ , s,1, =ki . The first 

one denotes the medium in which potential is 
determined and the second one the medium where the 
point source is placed. For the assumed quasi-
stationary regime the complex conductivity is 

kkkk σ≈ωε+σ=σ j , s,1,0=k , where ω  is the 

angular frequency. Also, ijR  and ijT  denote the 

reflection and transmission coefficients, respectively, 
and based on the semi-conducting flat mirror image 
theory: 

(1) jijiTR jijiijij ≠=σ+σσ−σ=−= s,,1,0,,)()(1 , 

In the quasi-stationary regime it is justified to 
assume that 

(2) s,1,1)()(1 0000 =≈σ+σσ−σ=−= iTR iiii . 

For the source inside the semi-sphere, approximate 
Green's functions at the points outside the hemisphere, 
Fig. 3a, are 
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and at the points inside the hemisphere, Fig. 2b, 
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In the previous equations, r
′  is the field vector of 

the point source (point P’), r


 is the field vector 
defining points where the potential is determined 

(point P), and rrr ′=′′ /2
s  - Kelvin's inversion factor. 

The rest of the parameters can be understood from 
Figs. 2a-b. 

Potential at points placed outside ( srr > ) and 

inside ( srr < ) the inhomogenity can be determined 

using  

(4)  ′′=ϕ
l

kk rrGrIr ),()(d)( ss


, s,1=k , 

where )(d rI ′  is the total current that leaks from point 

on the conductor’s surface defined by the field vector 
'r


, and ),(s rrGk ′ , s,1=k  are approximate Green’s 

functions of the point source inside the semi-
conducting hemisphere for the potential outside (k=1), 
i.e. inside the hemisphere (k=s). 

Since the quasi-stationary regime is analyzed, 
conductor’s surface will be assumed as equipotential. 
Now, it is possible to form a general form of integral 
equation at M points defined by field vectors mr


, 

Mm ...,2,1=  (where M depends on assumed leakage 

current distribution on the conductor’s surface): 

(5)   MmrrGrIr
l

mmk ..,2,1,),()(d)( s1s =′′=ϕ 


. 

Generally, for the purpose of obtaining the 
grounding resistance, the current distribution in the 
grounding network is not critical for the calculation of 
an accurate resistance value. Since only the results for 
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resistance are compared, leakage current distribution 
will be assumed as constant, i.e. lII gleak =  and 

lIrI d)(d leak=′ . Now, expression (5) gets the form of 

a linear equation  

(6) lrrG
l

I
Ur

l

d),()( Ps1

g

Ps1  ′==ϕ 
, 

where Pr


 defines the point in the middle of the 

vertical wire conductor. After solving (6), it is 
possible to determine the impedance of the vertical 
electrode from Fig. 1: 

(7) gggg IUXRZ =+= j . 

 
a) 

 
b) 

Fig.2. Point source inside the hemisphere and a part of  
discreet images for determining the potential inside a) and 

outside b) the inhomogeneity. 

Modelling foundation as a cylindrical domain 

Concrete pillar foundation with armature made of 
vertical conductors of length l  is shown in Fig. 3a. 
Foundation is a parallelepipedical domain of a square 
cross-section having the side length sb . Armature 

electrodes are connected at the main ground point and 
fed by the LF current gI . The surrounding ground is 

assumed as a linear, isotropic and homogeneous semi-
conducting media of specific conductivity 1σ  and 

permittivity 1ε .  

 
                     a)                                              b) 

Fig.3,  a) The vertical electrode system placed inside a  
concrete square cross-section foundation; b) An equivalent 

single vertical electrode placed in the homogeneous 
ground. 

Applying the procedure based on using a complex 
function mentioned previously, a system of vertical 
armature electrodes can be replaced by a single wire 
electrode having a cross-section of radius a  placed in 
the concrete foundation (of specific conductivity sσ  

and permittivity sε ). Applying the procedure in 

details described in [5] the vertical electrode system 
and the concrete foundation can be replaced by a 
vertical electrode of equivalent length ll es K=  and 

cross-section radius aa es K= , placed in a 

homogeneous ground of specific conductivity 1σ , Fig. 

3b. Parameter eK  is determined from the expression 

(8) ( ) ( ) ( )albl ++σσ−+σσ=− 1ln1ln1K s1s1
1

e , 
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where 4/)21( += sbb , [6].  

This way, the problem is reduced to analysis of the 
equivalent grounding system in the homogeneous 
ground shown in Fig. 3b. All assumptions concerning 
complex conductivities mentioned previously are 
included in the analysis described in this part of the 
paper. 

The electric scalar potential at the points defined 
by the field vector r


 in the vicinity of the equivalent 

grounding system shown in Fig. 2, can be determined 
using the expression: 

(9)  
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where or  and ir  denote distances between the current 

element (“original”), i.e. its image, and the field point, 
respectively. Since the quasi-stationary approach is 
applied, it is assumed that the electrode’s surface 1 is 
equipotential. Matching potential value on the 
conductor’s surface defined by the field vector, the 
following equation is formed: 

(10) Urr ≅=ϕ )( 1


. 

Now, after obtaining gI  the impedance of the 

vertical electrode can be determined from (7). 

Numerical results 

Based on the presented model the corresponding 
program packages are developed and applied to 
approximate determining of the armature conductors’ 
system placed inside the concrete foundation. The 
results obtained using both procedures presented in 
this paper are mutually compared. Used values of 
geometry parameters and concrete specific 
conductivity are selected according to [9]-[12].  

The parameters of the armature geometry (upper 
part of Fig.1) are 10=N , m007.00 =r  (radius of 

armature conductor’s cross-section), m25.01 =a , and 
m18.0=a . The foundation model from Fig. 1 is 

defined by lrs = , while parameters of the model from 

Fig. 3 are: m4.0=sb , m2.01 =b , and m483.0=b . 
The surrounding ground’s conductivity is 

S/m01.01 =σ . In Fig.4 are shown results for 
resistances of the armature conductors’ system versus 
ratio s1s1 / σσ=p , while conductor length takes values 

 l m1=  (Fig. 4a) and  l m2=  (Fig.4b). Since a quasi-
stationary approach is applied, the imaginary parts of 
complex conductivities of the surrounding ground and 
concrete are neglected. From Figs. 4a-b it is obvious 

that solutions obtained using presented models differs 
less for shorter armature conductors’ length.  

 

 

a) l=1 m 

 

b) l=2 m 
Fig.4. The resistances of the armature’s electrodes’ system 
placed inside a concrete foundation obtained using models 
from Figs. 1 and 3 versus ratio p1s=σ1/σs for a); l=1 m; b) 

l=2 m. 

Conclusions 

Two procedures for approximate modeling of 
armature conductors’ system inside the concrete 
foundation are presented in the paper. The procedures 
are applied for determining the resistance of the 
armature conductors’ systems inside the concrete 
foundation having parameters that correspond to those 
used in practice. The obtained results indicate that 
there is a significant influence of the concrete 
foundation treated as a ground inhomogeneity on the 
grounding characteristics of the armature’s electrodes. 
Also, although the approach based on approximating 
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concrete foundation by a hemisphere is applied by 
different authors [1], [2], [13]-[14], it is obvious that 
when armatures’ conductors are long, i.e. placed close 
to the bottom of the foundation, it is better to model 
armature-foundation system using the approach 
illustrated in Fig.3. 
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Nonlinear surface impedance for eddy current losses  
calculation in power transformer construction parts   

Lenart Kralj, Damijan Miljavec 

 
The article deals with the use of nonlinear surface impedance for the eddy current losses 

calculation in a power transformer tank walls and other electrically conductive construction parts. 
The aim of this analyze was also to calculate the electric and magnetic field distribution into the depth 
of tank wall. These results are used to confirm the correct definition and use of nonlinear surface 
impedance. A comparison between the calculated losses using linear and nonlinear surface impedance 
is demonstrated. A time harmonic 3D finite element method is used to compute the magnetic leakage 
fields in the surroundings of analyzed power transformer. The simulations are validated by using the 
measuring results based on the short circuit method. 

 

 
Introduction 

Linear and nonlinear surface impedance is used to 
present the conductive construction parts of power 
transformer, such as tank walls, yoke clamps and 
other construction parts. The surface impedances are 
applied to calculate the eddy current losses in 
described construction parts.  The sources of eddy 
current losses are due to leakage magnetic fields. The 
3D geometric model of power transformer was made 
and linked with finite element method. The time 
harmonic analyze is used to investigate the discussed 
problem. On this basis, we calculated the leakage 
magnetic field around the three phase primary and 
secondary coils at nominal current loadings. The 
analysis was conducted on a previously measured 
power transformer. Using the measured results, the 
accuracy of the calculation method was verified and 
validated. Accurate calculations of these losses in a 
power transformer based on numerical model may 
also improve transformer structure in terms of reduced 
losses and increased overall efficiency [1]-[4]. 

3-D model of power transformer 

The 3D finite element model (Fig.1) is made based 
on dimensions of real power transformer from the 
company Etra 33, Slovenia. All the numerical 
calculations of magnetic fields and eddy current losses 
were done by commercial software package Cedrat 
Flux 3D [5].  

The electric connections between the coils and the 
tank wall insulator as well as limb clamps were not 
taken into account. The limb clamps (between the core 

and the windings) are made from stainless steel and 
due to this; they are not presenting a significant source 
of stray losses and are not included in the analyze. The 
windings are not described by finite elements, but 
with current loops (conductors) of prescribed 
dimensions. The current density is uniform over the 
cross section of the winding conductors. Regarding 
the use of non-meshed windings the reduced magnetic 
scalar potential can be engaged in solving the 
magnetic fields. The distribution of magnetic fields in 
the transformer tank (oil) is calculated from Biot-
Savart's law and it is presented in Fig.2. 

 

  
Fig.1. 3-D Finite element model of power transformer. 
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The symmetry of whole transformer with the tank 
could allow modeling only half of the system and with 
this to reduce the computational time. But, on the 
other hand, the real transformer is not symmetrically 
built-up. The side of transformer with high voltage 
terminals is longer in comparison with the low voltage 
side. The distances depends on power transformers 
voltage levels. To estimate the error produced by 
taking into account just the symmetry of power 
transformer the comparative analyze (symmetric 
model vs. real model) was done, too (Table 2). The 
parametrically defined geometric model (Fig. 1) 
allows us to analyze a large number of power 
transformers. The ampere-turns balanced states 
corresponding to the nominal working condition are in 
phasor form. The balances of the nominal ampere-
turns are assumed for the coils wound on the same leg. 
The excitations in form of ampere-turns are described 
by effective value with phase angle. 

The main disadvantage of used method for eddy 
current losses calculation is that all electromagnetic 
quantities harmonically fluctuate by first harmonic. 
This is not the case when we deal with non-linear 
characteristic of iron. Because of this magnetic non-
linearity the magnetic field in the material has non-
sinusoidal form. Nevertheless, the losses are 
calculated relatively accurate by the introduction of 
equivalent B(H) characteristics based on equality of 
the energy [5]. 

Power Losses in Transformer 

Power transformer is the electrical machine by far 
with the highest efficiency, more than 99%. However, 
producers want to achieve even higher efficiency and 
thus to become more competitive in the market of 
power transformers. At this stage it is the most 
important to calculate the power transformer 
performances as accurately as possible, and that they 
are not just the results of assessment of, for example, 
losses of a similar transformer.  

The stray losses in the power transformer are 
composed of additional losses in windings and of 
losses which are originated in transformer's 
construction parts (Fig. 1). The losses in the windings 
are the subject to a power and voltage level of the 
power transformer. These losses can not be 
significantly reduced, except by increasing the 
conductor's cross-section. This would mean bigger 
and even more expensive power transformer. In 
addition to Joule losses, due to resistance of the 
transformer windings there are so called additional 

eddy current losses which occur in the windings. Their 
origin is in leakage magnetic fields (Fig. 2) to which 
the windings are exposed to. The additional eddy 
current losses in the windings for different types of 
power transformers are analyzed in [6]. 

These additional losses have a smaller share of all 
losses in the transformer, but they are a substantially 
more difficult to calculate. The additional losses in the 
windings and in the construction parts, due to leakage 
magnetic field (Fig. 2) can not be separately 
measured. The additional losses in the windings can 
be accurately calculated using two-dimensional finite 
element model of the transformer. For an accurate 
calculation of stray losses in the construction parts the 
3D finite element model of the power transformer 
must be used. 

 

Fig.2. Leakage magnetic flux density in power transformer 
at nominal load, RT 25000-33/6,3. 

Surface Impedance 

The 3D model of power transformer based on 
finite element method, with applied AC solver, is used 
to analyze the leakage magnetic fields. The 
transformer dimensions are measured in meters and 
for detailed electromagnetic analysis a very large 
number of finite elements would be need. This would 
be especially true if the electrically conductive parts, 
such as tank walls and yoke clamps are treated as 
volumes. It is necessary to realize that they should be 
described by very dense finite element mesh, due to 
small depth of magnetic field penetration (2) into 
conducting parts. Dimensions of each finite element in 
tank walls and clamps should be in the size class 
below millimeter. So the number of finite element 
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would increase above software computational 
possibilities. For this purpose, so-called surface 
impedance is introduced. This will significantly 
reduce the number of finite elements and allow the 
calculation of losses in the tank walls and other 
transformer's construction parts. 

Linear Surface Impedance 

The description of conductive construction parts 
with the magnetically linear surface impedance is only 
approximate, since we are dealing with conductive 
parts that have mostly non-linear magnetic B(H) 
characteristic. Surface impedance connects the electric 
and magnetic field on the surface of the conductor (1). 
The linear impedance is introduced on the base of the 
boundary conditions between the ideal conductor 
(construction) and an insulator (transformer oil) [7]: 
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In upper equation the variable:  

(2)  
ωσμ

=δ 2
     

represents the depth of penetration, meanwhile σ is 
material specific electrical conductivity, ω is electrical 
frequency and μ is material permeability. 

In the analysis we will assume that the most losses 
occur in the range of depth of penetration, which is a 
fact in a magnetic material [8]. With this, we also 
assume that the magnetic field is constant in whole 
depth of penetration. This means, the magnetic field is 
not decreasing exponentially with the thickness of the 
conductor as it is in a real conductor. In this way, we 
can calculate the losses Psl with surface integral of real 
part of linear surface impedance Zsl (1) and known 
values of magnetic field Hs just above the surface As 
of introduced linear surface impedance Zsl. And, in the 
form of equation:  
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Nonlinear surface impedance 

Construction parts (crossbars, clamps, tank walls 
…) are mainly made from the conductive and 
magnetically nonlinear material, so these facts must 
be taken into account when calculating the losses. 
Nonlinear surface impedance is introduced with a help 

of the assumption that B(H) curve is presented by the 
two extreme forms. First one is the presentation with 
the step function and a second one is a linear function 
as it is shown in Fig.3 [8], [9]. 

 

H

B
step function

linear function

real B(H) curve

 
Fig.3. The presentation of real B(H) curve with the step 

function and with the linear function. 

This theory was checked by the use of 3-D finite 
element method [4]. The 3-D form of power 
transformer with wall tank was modeled. The small 
part of a tank wall with nonlinear B(H) characteristic 
was modeled using very fine 3-D finite element mesh 
(Fig.4). The mesh density was so high to ensure the 
correct magnetic field calculation regarding the depth 
of penetration. The aim of this analyze was to 
calculate the electric and magnetic field distribution 
into the depth of tank wall. The results are shown in 
Figs. 5 and 6. This results show a proper use of upper 
described theory concerning the use of nonlinear 
surface impedance. The magnetic field is decreasing 
in the depth of the wall material; meanwhile the 
electric field is constant all to the depth of penetration. 
Regarding these facts, the use of B(H) curve 
represented by step function can be applied in 
derivation of nonlinear surface impedance equation. 

 
 

 
 

Fig.4. A half of transformer model with an area where the 
finest 3D finite element mesh was applied. 
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Fig.5.  Decrease of magnetic field into the depth of 

conductive transformer wall in finest 3D finite element 
area. 

 

 

Fig.6. The electric field is constant regarding the depth of 
conductive transformer wall in finest 3D finite element 

area. 
 

Such a simplification allows the analytical 
derivation of equations for the surface impedance [7-
8] in the case of a rectangular (step) B(H) 
characteristic. The equation is derived in a similar way 
as it was done for the linear surface impedance (1). 
The non-linear (4) and linear surface impedance (5) 
are linked together with weighted function (6) in the 
final nonlinear surface impedance Zsn (7). The 
weighted function (6) determines which part (linear or 
nonlinear) dominates in final surface impedance Zsn 
(7) regarding the tank wall magnetic loadings.  
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In (4) appears quotient 43  which is adopted 

purely empirical [7]. In the weighted function (6) 
there is a Hk which presents the knee value in 
nonlinear B(H) curve. This value is defined by 
describing the material nonlinear B(H) curve by the 
function:     
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and founding the maximum of its second derivative. 
In our case the value is A/m.600k =H In (9) Bs 

presents the saturation level of magnetic flux density 
and μr is relative permeability of B(H) curve linear 
part. 

The depth of penetration δAg (8) is now in function 
of B(H) curve and defines the absolute penetration of 
magnetic field into conductor. At nonlinear surface 
impedance (represented by step magnetizing curve) 
the depth of penetration δAg is defined as maximum 
penetration of magnetic flux at the end of each half 
period. 

The used values of Hs and B (calculated by FEM 
AC solver) are the values on the surface of conductive 
construction parts (for example, tank wall) with 
specific conductivity σ = 5·106 S/m. 

Depth of penetration δAg [mm]

 
Fig. 7.  Areas of different depth of penetration δag in tank 
wall of power transformer using material nonlinear B(H) 

characteristic. 
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The losses Psn are now calculated in a similar way 
as it was done for linear case (3). In this case, the 
linear surface impedance Zsl  is substituted by non-
linear Zsn (4). In form of equation this becomes: 
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⋅=    

Results 

Eddy current losses Psn in the tank walls and other 
construction parts were calculated for fabricated 
power transformer type RT 25000-33/6,3 (25000 
kVA, primary voltage 33 kV, secondary voltage 
6,3kV, Fig. 8) and are presented in Table 1. 

The stray losses Pv of analyzed transformers were 
determined by using indirect measuring procedure 
based on the short circuit method. By this method we 
measure the overall short circuit losses Pk and Joule 
losses, due to resistance of the transformer windings, 
Pcu. The additional eddy current losses Pdod_cu, which 
arise in the windings due to leakage magnetic fields, 
were calculated based on [6]. The measured stray 
losses Pv are in form of equation: 

(11)  dod_cucukv PPPP −−=    

The measurement results for the analyzed power 
transformer are presented in Table 1. 

 
  Table 1 

Measured stray losses in power transformer 
 

Model 
Pk 

[kW] 
Pcu 

[kW] 
P_dod_Cu 
[kW] 

Pv 
[kW] 

RT 25000-33/6,3 120 90,7 11,5 17,8 

 
To estimate the error produced by taking into 

account just the symmetry of power transformer the 
comparative analyze is presented in Table 2. There are 
shown results for both symmetric (Psn_sym) and a-
symmetric (Psn_asym) model of two power transformers. 
The symmetry plain is lying parallel to the plane of 
the transformer height (Fig. 8). As we can see the 
error of such simplification is very small. On the other 
hand, the computational time is significantly 
decreased.  

LV coil

HV coil

Reg. coil

2800 mm

260

 
Fig. 8. Power transformer core, yoke clamps, crossbars 

and windings. 
 

 
Table 2  

Difference between calculated losses for symmetric and  
a-symmetric model for two types of power transformer 

 
Model Psn_sym [W] 

symmetric 
FEM model 

Psn_asym [W] 
a-symmetric 
(real) FEM 

model 
RT 25000-33/6,3 14970 14550 

NT 40000-110/6,3 14430 14330 
 

The calculated eddy current losses Psn using (9) for 
the analyzed power transformer are presented 
separately for the lower and the upper clamps, 
crossbar and the tank walls,  (Table 3). All losses are 
computed at the transformer's nominal loading 
conditions. 

 
Table 3 

Calculated eddy current losses regarding their origin and 
discrepancy between computed Psn and measured stray 

losses Pv. 
 

Lower 
clamp 

Upper
clamp

Crossbar Tank walls Psn Pv 

[kW] [kW] [kW] [kW] [kW] [kW] 
2,45 1,24 1,31 9,97 14,97 17,8 
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The comparison between the computed losses Psn 
and the experimental results Pv shows the difference. 
The disparity in results are mainly due to used 
approximation of modeled B(H) curve for surface 
impedance, not taken into account hysteresis losses, 
unconsidered electric connections between the coils 
and the tank wall insulator as well as limb clamps 
were not taken into account. The quality of the 
calculated additional eddy current losses Pdod_cu in the 
windings can also be discussed. On the other side, the 
measurement uncertainty is also present. All exposed 
dilemmas in stray losses calculation show the 
complexity of the problem.  

The eddy current losses distribution in tank walls 
of power transformer type RT 25000 kVA-33 
kV/6,3kV is shown in Fig.9. The results are calculated 
using described theory and (10).   

The use of equations for linear (1) and nonlinear 
(7) surface impedance lead to different results for 
eddy current losses calculated in tank walls and in 
construction parts.  The results are shown in Table 4.  

 
 

 

Fig.9. Eddy current losses distribution on inner surface of 
the tank walls of power transformer type RT 25000 kVA-33 

kV/6,3kV. 

Regarding the results gathered together in Table 4, 
we can see the error which is done by using linear 
magnetic characteristic of material (μr=100) and with 
specific conductivity σ =5·106 S/m instead of 
presenting the magnetic material with nonlinear 
properties. The losses Psl calculated by using linear 
B(H) characteristic are twice smaller regarding 
measured stray losses. The advantage of using linear 

surface impedance (1) is in faster calculations, up to 
eight times.   

 
Table 4 

Comparison between measured stray losses Pv, 
calculated eddy current losses Psn using nonlinear B(H) 

characteristic of material and losses Psl  using linear B(H) 
characteristic 

 
Pv 

[kW] 
Psn  

(eq. 9) 
 [kW] 

Psl  
(eq. 3) 
 [kW] 

17,8 14,97 8,575 

Conclusions 

From the treated case of power transformer design 
can be deduced that the eddy current losses in tank 
walls and other construction parts can be quite 
accurately calculated.  

Inaccuracy of calculations can be mainly ascribed 
to mathematical simplifications and to material's 
nonlinear magnetic properties description. The results 
show the difference in eddy current losses using linear 
and non-linear surface impedance. This comparison 
was done to drawl the attention on inexactness of 
using linear surface impedance in such calculus.   

It should be pointed out that in spite of inaccurate 
calculations regarding absolute values we have a 
method to define the best position of clamps and 
crossbars to achieve minimum losses. The impact of 
material properties on overall losses in power 
transformer construction parts can be also studied 
applying presented method.  
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Electromagnetic fields calculation  
at single phase shaded pole motor 

Vasilija J. Šarac,  Dobri M. Čundev 

 
Finite Element Method (FEM) is used for calculation of electromagnetic field inside the single 

phase shaded pole motor, product of company Micron-Tech from Prilep under trade name AKO-16.  
Four different motor models for FEM application are developed. In first motor model magnetostatic 
approach for electromagnetic field calculation is implemented, meaning all electromagnetic quantities 
are evaluated at zero Herz frequency. Second model is developed using time-harmonic approach at 
fifty Herz frequency. Third and fourth motor model are developed by implementing soft magnetic 
material in stator notch and pole respectively and analyses is carried out in time harmonic domain. 
Obtained results are compared and conclusions are derived.  

 

Introduction 

In spite of its simple construction single phase 
shaded pole motor (SPSPM) is very complex due to 
the existence of three magnetically coupled windings 
which produce an elliptic rotating magnetic field in 
motor’s air gap. Motor’s prototype rated data are: 
Un=220 V, fn=50 Hz, I1n=0.125 A, P1n=18 W, nn=2520 
rpm and 2p=2 (Fig.1). 

 
Fig.1 Prototype of motor AKO-16. 

Extensive analysis of motor performance 
characteristic is implemented and they are calculated 
on the base of symmetrical components theory [1], 
[2]. Obtained characteristics are verified by 
experiment [3]. Next step in motor research is to 
calculate electro-magnetic characteristics such as 
magnetic flux density inside the motor cross section. 
Therefore Finite Element Method was employed as 
valuable tool in calculation of motor electro-magnetic 
characteristics [4]. 

FEM motor models 

Over the past years Finite Element Method has 
proved itself as valuable tool in motor design and 
analysis. In order to enable FEM calculation to be 

applicable, exact motor geometry with material 
characteristics is input in FEM pre processing part. 
Very important issue is to define boundary conditions 
on outer motor geometry and in this case Dirichlet 
boundary conditions are used. Another important 
subject in motor modeling is defining the mesh of 
finite elements. By dividing the motor’s cross section 
into large number of regions i.e. elements with simple 
geometry (triangles) the true solution of magnetic 
vector potential is approximated by a very simple 
function. Two different approaches are used in 
magnetic field calculation: magneto-static and time-
harmonic [5]. In magneto-static approach all 
electromagnetic phenomena inside the motor are 
analyzed in certain moment of time i.e. f=0 Hz. First, 
motor model is built by inputting current density in 
main stator winding, than from the value of magnetic 
flux in short circuit coil, current in the coil is 
calculated and input in the model. Finally having the 
both stator currents and from the value of magnetic 
flux in motor air gap, current in rotor squirrel cage 
winding is calculated. Having all three currents in the 
model the program is run at stator frequency f=0 Hz. 
In time-harmonic motor model only stator current is 
input and consequently currents in short circuit coil 
and rotor windings are freely induced. On that way 
analysis of electromagnetic phenomena inside the 
motor is closer to the real electromagnetic process 
inside the machine when it is supplied with voltage 
220 V, 50 Hz. Both analyses are performed in 2D 
domain. Further improvement in motor design is 
achieved with implementation of soft magnetic 
powders in motor construction. On that way, rather 
high value of motor magnetic flux density in time-
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harmonic analysis is decreased which contributes 
towards decreased core saturation and iron losses. 

Results from magneto-static analysis 

After preparing all motor models program is 
executed and post-processing results such as magnetic 
field distribution in motor’s cross section as well as 
spatial distribution of magnetic flux density in the 
middle of air gap line are obtained. All results are 
presented for magnetostatic and time-harmonic case. 
In Fig. 2 is presented magnetic flux density 
distribution in motor cross-section for all three 
operating regimes: no-load, rated load and locked 
rotor while in Fig.3 is presented spatial distribution of 
magnetic flux density in motor air gap for above 
mentioned operating regimes. Further on, in Fig.4 is 
presented characteristic of air gap flux versus current 
in main stator winding Фδ=f(I1), when only stator 
windings are energized and there is no current in rotor 
winding, I2=0,  for rotor starting position 0°. This is 
adequate to ideal no-load operation and obtained 
characteristic represents the magnetization curve of 
proto-type of AKO-16. 

 
(a) no-load 

 
(b) rated load 

 

(c)  locked rotor 

Fig.2.  Magnetostatic flux density distribution. 
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(b) rated load 

 
(c) locked rotor 

Fig.3. Flux density distribution in motor air gap. 
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Fig.4. Air gap flux for I1 and I3≠0, I2=0. 

Values of flux in motor air gap as well as 
electromagnetic torque-Mem when all three windings 
are energized for different rotor positions are 
presented in Figs. 5 and 6 respectively. 
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Fig.5. Air gap flux for I1, I2 and I3≠0, different rotor 

positions. 
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Fig.6. Electromagnetic torque for different rotor positions. 

Skewing of rotor’s channels in electrical motors 
has proved to be a valuable tool in lowering the 
harmonics content, noice and machine vibrations. In 
order skewing of rotor channels to be considered in 
calculation of motor electromagnetic parameters such 
as electromagnetic torque, a 3D calculation of 
electromagnetic field inside the machine is required. 
Some authors [6] propose application of quasi 3D 
motor model based on discretisation of third motor 
dimension. Motor axial dimension is devided into n 
parts with equal length as it is presentd in Fig. 7. Each 
neighbor parts are rotated by a simetrical angle of α/n, 
where α is the angle of skewing of rotor chanels. In 
analysed model of motor AKO-16, angle of skewing 
of rotor chanels is 17˚ and axial length is 16 mm. 
Modeling of motor in quasi 3D domain results in 
larger calculation time which deepends lineary with 
respect to the number of parts. 

 

 
Fig.7. Modeling of rotor skewing. 

In Fig. 8 is presented value of electromagnetic 
torque for rated load operating conditions and for 
different rotor positions. 
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Fig.8. Electromagnetic torque with and without skewing. 

Results form time-harmonic analysis 

Time-harmonic analysis at f=50 Hz and for 
different operating regimes is carried out. When 
analyzing induction machines, considering their AC 
excitation the air gap magnetic field is always a time-
varying quantity. In materials with non-zero 
conductivity eddy currents are induced, consequently 
the field problem turns into magneto-dynamic i.e. 
non-linear time harmonic problem. When rotor is 
moving, the rotor quantities oscillate at slip frequency. 
In this case the rotor bars conductivity δ is adjusted 
corresponding to the slip. Consequently following 
partial equation is going to be solved numerically: 

(1) ( ) VJAxA
B

x src ∇−+−=







∇∇

⋅
σσ

μ
1

 

where Jsrc represents the applied current sources. The 
additional voltage gradient in 2-D field problems is 
constant over the conduction body. In motor model is 
input only current in main stator winding while 
currents in short circuit coil and rotor winding are 
freely induced. 

  In Fig. 9a is presented flux density distribution 
for no-load operating regime at model of motor 
prototype-M1. From presented results it can be 
concluded that in some critical points of model-M1 
stator bridge has increased value of flux density up to 
2.43 T. Therefore soft magnetic material 
Somaly™500 is implemented in construction of stator 
notch (Fig. 9b) thus obtaining the experimental model 
E1 and further on, in construction of complete stator 
pole (Fig. 9c)-model E2. Usage of soft magnetic 
materials contributes towards decreased machine 
losses due to the eddy currents. Application of 
powders with increased percentage of iron contributes 
in machine construction towards enlarged values of 
magnetic induction at which saturation occurs. Soft 
magnetic materials enables larger filling of winding 
space with copper resulting in smaller winding 
dimensions and consequently in lower production 
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costs. This is especially important in production of 
small size motors. 
 

 
(a) M1 

 
(b) E1 

 
(c)E2 

Fig.9. Time-harmonic flux density distribution at no-load. 

In Fig. 10 and 11 are presented magnetic flux 
density distribution for rated load and locked rotor 
operating conditions for all motor models 
respectively. 

 

 
(a)  M1 

 
(b)  E1 

 
(c)  E2 

Fig.10. Time–harmonic flux density distribution at rated 
load. 

 
(a)  M1 

 
   (b) E1 

 
   (c) E2 

Fig.10. Time- harmonic flux density distribution at locked 
rotor. 
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Electromagnetic torque is calculated from time-
harmonic analysis of model –M1 for different motor’s 
slips-s and obtained results are compared with results 
obtained from analytical and simulation methods and 
they are consequently presented in Table 1. 

 
     Table 1 

Results  of electromagnetic torque 

slip [/] FEM Analytic 
method 

Simulation 

 0.01    0.0017808 0.001625 0.00167 
0.10 0.0156608 0.012647 0.01141 
0.16 0.0199774 0.018075 0.01890 
0.30 0.0196288 0.022175 0.02023 
0.50 0.0147680 0.018423 0.01639 
0.80 0.0088368 0.008042 0.00800 
0.99 0.0028912 0.001809 0.00200 

Conclusion 

FEM is used for calculation of electromagnetic 
field in-side SPSPM. Analysis is performed for 
magneto-static case at frequency f=0 Hz and time-
harmonic case at frequency f=50 Hz. Different 
electro-magnetic quantities are calculated such as 
magnetic flux density inside the machine cross section 
for three different operating regimes: no-load , rated 
load and locked rotor as well as spatial distribution of 
air gap flux, enabling “week” parts in motor 
construction to be discovered, i.e. areas with high 
saturation. Angle of rotor skewing is also 
implemented in motor model and electro-magnetic 
torque is calculated for different rotor positions. 
Numerical analysis is extended with time-harmonic 
motor analysis at 50 Hz. Obtained result of magnetic 
flux density in motor cross section for all three 
operating regimes has proved that there is a 
considerable saturation of magnetic core due to high 
values of flux density in stator bridge. Therefore  soft 
magnetic material is applied in stator notch and bridge 
which considerably lowered the vale of magnetic flux 
density from 2.4 to 1.7 T at no-load , from 2.5 to 2 T 
at rated load and from 2.7 to 2.43 T at locked rotor. 
Electromagnetic torque is calculated for different 
motor slips and obtained results are compared with 
results from analytical calculation and simulation 
showing acceptable agreement especially at rated 
operating point meaning slip of 0.16. 
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Vector finite difference approach  
to the computation of circular waveguide modes 

Alessandro Fanti, Giuseppe Mazzarella  

 
We describe here a Vector Finite Difference approach to the evaluation of waveguide 

eigenvalues and modes for circular wave guides. The FD is applied using a  2D  polar grid, in the 
waveguide section. A suitable Taylor expansion of the vector mode function, allows to take exactly  
into account the boundary condition. The FD approximation results in a constrained eigenvalue 
problem, that we solve using a decomposition method.  This approach has been evalutated comparing 
our results to the analytical modes of the circular waveguide. 

 

Introduction 

Circular waveguides are the most popular 
waveguide structures after rectangular ones [1]. 

Circular waveguides have been used both as 
guiding structures, and in different applications as 
components in   waveguide circuits.  

In many applications, the knowledge of both 
eigenvalues and   field  distributions of waveguides 
modes are required. Among them, there are the 
analysis of waveguide junction using mode matching 
[2], [3] and the solution of waveguide problems with 
sources [4]. The same type of information is also 
required in the analysis, using the method of moments 
(MoM), of thick-walled apertures. Indeed, these 
apertures can be considered as stub waveguides, and 
the modes of these guides are the natural basic 
functions for  MoM [5]. 

There are many different numerical techniques that 
have been proposed to evaluate the mode vector in a 
waveguide. In particular, the Finite Difference 
approach (FD), [6], i.e., the direct discretization of the 
eigenvalue problem, is the simplest strategy, but is a 
very effective solution only for rectangular 
waveguide, since only in these case the boundary is 
perfectly fitted to the discretization grid.   

Of course, for a circular waveguides standard [7] 
FD require a very fine mesh to approximate the 
boundary. Therefore in [8], use of a polar grid has 
been proposed. Since the boundary is exactly 
represented, use of a polar grid allows accurate results 
to be obtained with a course mesh.  A drawback of 
existing FD approach is that all of them compute the 
eigenfunctions of Hertz potential, though the basis 
functions of MoM are the vector eigenfunctions. 
Starting with the Hertz potential, a numerical 
derivative is therefore required, which can results in 

reduced accuracy.   
Aim of this work is to present the direct 

computation of vector eigenfunctions in a waveguide, 
using a finite difference (FD) [9], [10] approximation  
of the vector Helmholtz equation [11], [12], [13], [14] 
on a polar grid [8]. Since we are mainly  interested in 
using those modes in MoM, the entire development 
will be expressed in term of equivalent  magnetic 
surface currents [15]. For each internal grid point, a 
second order Taylor approximation allows to evaluate 
the surface magnetic current in the neighboring points. 
In this work we use a vector generalization of FD 
approach presented in [16].  This leads to a matrix 
eigenvector problem, when suitable conditions are 
added. These come out from the boundary condition 
and the solenoidal or irrotational condition on mode 
vectors [17]. The constrained eigenvalue problem can 
then be solved using linear algebra tecniques [18]. The 
resulting techniques gives results comparable to those 
obtained with FEM and FIT techniques, but with a 
lower computational cost. 

Description of the technique 

Let use consider a circular waveguide. The TE  

modes e


 is an eigenfunction of the Helmholtz 
equation:  

(1) 

2 2 0

0

0

t t

t

n
C

e k e

e

e i

∇ + =∇ ⋅ =


× =

 



 
 

where C is the contour of the waveguide (see Fig.1).   
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 Fig.1. Vectors geometry with respect to the contour of the 

conductor. 

If we introduce the (two-dimensional) magnetic 

current M


equivalent to the transverse field 

ze i M= ×
  

 we get from (1)  

(2) 
2

2

t t t t z t

t t t z

e e i M

M M i

 ∇ = −∇ ×∇ × = −∇ × ∇ ⋅ = 
 = −∇ ×∇ × + ∇ × 

   

    

 (3) 0t t z z te i M i M   ∇ ⋅ = ∇ ⋅ × = − ⋅ ∇ × =   
    

 

By  (3), it follows that 0t M∇ × =


. When substituted 
in (1), after replacing and collecting terms we get: 

(4) ( )
( )

2 2

2 2

2 2

t t

t t t z t z

z t t

e k e

M M i k i M

i M k M

∇ + =

 −∇ × ∇ × + ∇ × + × = 
 = × − ∇ + 

 

    

  

, 

The TE eigenvalue problem can therefore  be  
rewritten as: 

(5) 2 2 0t tM k M∇ + =
 

 

with additional conditions. 

(6) 
0

0

t

n
C

M

M i

∇ × =


⋅ =



  , 

FD approach to the solution of this problem is 
based on the replacement of problem (5) with a 

discretized version. Therefore M


 is evaluated only on 
the points of a polar grid (see Fig.1b) with spacing 

,r ϑΔ Δ , and the equations is replaced by a difference 

equations. Also M


 is expressed in polar component 
so that (5) becomes:  

(7) ( ) ( ) ( )2 2 2
t r t t r rr
M u M u k M u M uϑ ϑ ϑϑ

∇ + ∇ = − +
   

 

 For each internal grid point (see Fig.1b), a second 
order Taylor approximation allows to evaluate the 
surface magnetic current in terms of the current 
samples at the neighboring points. To evaluate the 

expansion of the vector Laplace operator in polar 
coordinates:  

(8) 
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we need:  
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 Fig.2. Internal point of polar framework 

Therefore, for an internal point P as in Fig.2 we have: 
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(10) 
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where:  

1 22 2

3 4 1 2 3 52 2 2 2
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1 1 1
2

2

p p

p p p

K K
r r r rr r

K K K K K K
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Δ ΔΔ Δ
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To discretize the first of the (6) we can use a first-

order Taylor expression. Since (6) is: 

(11) 
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then from (9) 

(12) , , , ,
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2 2
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ϑ ϑ

ϑ ϑ
 − −
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For a  boundary point,  such as P in Fig.3, the BC 
is ', 0D rM = and this condition can be directly 

incorporated into the FD matrix.  
 

 
 Fig.3. Boundary point of polar framework 

But this BC effects also the uϑ


component of (11) 

relevant to P, which needs to be modified. To do this 
we need another point  H.  Equation (12) is then 
replaced by: 
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where 
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At the same time, the condition (12) becomes 
analogously:  
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It remains to consider the center of  the circle. In 
this point it is not possible to use a  Taylor expression 
since it is a point of singularity for the polar 
framework. Moreover, it is a point of singularity also 

for the polar representation of M


, so that (7) is 
replaced by: 

(15) ( ) ( ) ( )2 2 2
t r t t r rr
M u M u k M u M uϑ ϑ ϑϑ

∇ + ∇ = − +
   

 

to get the FD approximation of (15).  We integrate (5), 
as  in the scalar case, and obtain: 

(16) 2 2
t t

S

M dS k M dS∇ ⋅ = − ⋅ 
 

, 

Because of (8) the Laplace operator becomes : 

(17)  ( ) ( )
2
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t t t t t t
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∇ ∇ − ∇ × ∇ × = ∇ ∇



    

we replace (17) in (16) becomes: 
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(18)  ( ) 2
t t t
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We apply the theorem of the gradient [19] to the l.h.s 

of (17)  
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since
2

r
dl dϑΔ= ⋅   . Using the  divergence of  M


 in 

polar coordinate we get for the r.h.s of (18):   
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Now we must decompose (19) in Cartesian 

components. Since ( ) ( )cos sinn x yi i iϑ ϑ= +
  

. We get:
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and: 
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Evaluating by parts the second integral of  (21) and 

(22) 
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we insert  (23) with (24), (21) and (22) into (19) to 

get: 
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In  (23) and (24)  0M


 must be evaluated in 

Cartesian coordinates:   0 0 0x x y yM M i M i= ⋅ + ⋅
  

 

To evaluate (22) we need ,
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along C, and therefore outside of the 

discretization grid. In order to include (23) and (24) 

into the FD matrix, we must express the  ,
2

r
Mϑ ϑΔ 

 
 

 

in terms of M


 an the discretization points, as 
averages. Which can be computed as (compare Fig.4). 

 

 
 Fig.4. Component of M


 between center and next point. 
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Now solving the first integral of (21) and (22) 
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where ( ), ,r q rM M r q ϑ= Δ Δ ; now solving (23) and 

(24):  
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where  ( ), ,qM M r qϑ ϑ ϑ= Δ Δ ; we sum  (28) and (30)  

and we get , for the x component:  
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we sum  (27) and (29) and we get , for the y 

component:  
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Numerical Solution and Results 

The discretized version of (1) is obtained 
collecting (10) and the constraint (12) to get the 
constrained eigenvalue problems: 

(33) 
0T

Ax x

C x

λ=


=
 

where A is a (2n,2n) matrix, and C is (2n,m) with n>m 

and 2
tkλ = − . Of course, for all boundary points the 

equations (10) (12) are replaced by the modified ones 
(such as (13),(14)  and (31),(32)). 

Following [18] we can solve (33) using the QR  
factorization C Q R= ⋅  where Q is an orthogonal 

(2n,2n) matrix ( )1 TQ Q− =  and R is a upper triangular 

matrix (2n,m) that form is ; then substitute in second 
equation of (33): 
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(34)  
( )

( ) 0

TT

T T T T

C x Q R x

R Q x R Q x

⋅ = ⋅ ⋅ =

⋅ ⋅ = ⋅ ⋅ =
                           

which suggest to change the unknown as: 

(35) Ty Q x x Q y= ⋅  = ⋅                                                                                       

(34) becomes: 

(36) 0T TC x R y⋅ = ⋅ =                                                                                     

Replacing x Q y= ⋅  in the first of (33) and multiplying 

all member to TQ   we obtaine: 

 (37) 
T T

A Q y Q y

Q A Q y Q Q y By y

λ
λ λ

⋅ ⋅ = ⋅ ⋅ 

⋅ ⋅ ⋅ = ⋅ ⋅ ⋅  =
   

where TB Q A Q= ⋅ ⋅  is a (2n,2n) matrix. The 

unknown can be partitioned in two vector 
u

y
v

= , 

where u and v  are (n,1) vector. Then equations (36), 
(37) on rewritten in portioned form as: 

(38) 

11 12

21 22

10 0 0T

B B u u
B y y

B B v v

u
R y T

v

λ λ


⋅ = ⋅  ⋅ = ⋅


 ⋅ =  ⋅ =


 

where ijB  is a (n,n) matrix. 1T , are (invertible) 

triangular matrix. The second equation of (38) 
becomes: 

(39) 1 0 0 [20]T u u⋅ = → =  

Therefore the first of (38) becomes:  

(40) 22B v vλ⋅ =  

and we need to extract the eigenvalues of  22B . 
This discretized eigenvalues problem must be 

solved by numerical routine and, the full matrix 
routines of Matlab have been used. The waveguide 
modes can then be obtained as  

   
0

x Q
v

= ⋅     

  

We have first compared the first few TE 
eigenvalues for a circular waveguide with analytical 
results and with a FIT simulation performed with a 
CST. We have made several tests by varying the steps 
( rΔ , ϑΔ ). The results of Tables (I-VI) shows that our 
technique has a very low error, as long as the steps are 
small. 

Table I 
Comparison between our FD code and analytic results for 

TE modes in circular waveguides r=4mm Δr=0.15686 
Δα=1°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.46030 0.46043 0.46030 0.00079% 
0.76356 0.76374 0.76356 0.00366% 
0.95793 0.95819 0.95793 0.02398% 
1.05030 1.05057 1.05030 0.00883% 
1.32939 1.32981 1.32939 0.01638% 
1.33286 1.33330 1.33286 0.02897% 
1.60390 1.60589 1.60390 0.02634% 

 
Table II 

Comparison between our FD code and analytic results for 
TE modes in circular waveguides r=4mm Δr=0.03960 

Δα=1°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.46030 0.46043 0.46029 0.00079% 
0.76356 0.76374 0.76353 0.00366% 
0.95793 0.95819 0.95770 0.02398% 
1.05030 1.05057 1.05020 0.00883% 
1.32939 1.32981 1.32917 0.01638% 
1.33286 1.33330 1.33247 0.02897% 
1.60390 1.60589 1.60348 0.02634% 

 
Table III 

Comparison between our FD code and analytic results for 
TE modes in circular waveguides r=4mm Δr=0.03960 

Δα=0.5°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.46030 0.46043 0.46030 0.00013% 
0.76356 0.76374 0.76355 0.00074% 
0.95793 0.95819 0.95770 0.02398% 
1.05030 1.05057 1.05028 0.00193% 
1.32939 1.32981 1.32934 0.00371% 
1.33286 1.33330 1.33248 0.02872% 
1.60390 1.60589 1.60381 0.00610% 
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Table IV 
Comparison between our FD code and analytic results for 

TE modes in circular waveguides r=8mm Δr=0.15686 
Δα=1°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.23015 0.23019 0.23015 0.00050% 
0.38178 0.30063 0.38177 0.00296% 
0.47896 0.38188 0.47851 0.09397% 
0.52515 0.47907 0.52511 0.00771% 
0.66469 0.52526 0.66460 0.01485% 
0.66643 0.66484 0.66568 0.11276% 
0.80195 0.66661 0.80176 0.02441% 
0.83827 0.79772 0.83718 0.13024% 
0.87695 0.83847 0.87419 0.31460% 
0.93766 0.87714 0.93732 0.03640% 

 

Table V 
Comparison between our FD code and analytic results for 

TE modes in circular waveguides r=8mm Δr=0.07920 
Δα=1°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.23015 0.23019 0.23015 0.00080% 
0.38178 0.30063 0.38177 0.00366% 
0.47896 0.38188 0.47885 0.02398% 
0.52515 0.47907 0.52510 0.00883% 
0.66469 0.52526 0.66459 0.01638% 
0.66643 0.66484 0.66624 0.02898% 
0.80195 0.66661 0.80174 0.02634% 
0.83827 0.79772 0.83798 0.03469% 
0.87695 0.83847 0.87624 0.08036% 
0.93766 0.87714 0.93730 0.03872% 

 

Table VI 
Comparison between our FD code and analytic results for 

TE modes in circular waveguides r=4mm Δr=0.07920 
Δα=0.5°. 

tk  

(Analytic) 
tk (FIT) tk (Our 

FD 
code) 

Relative 
error % 

0.23015 0.23019 0.23015 0.00015% 
0.38178 0.30063 0.38178 0.00074% 
0.47896 0.38188 0.47885 0.02399% 
0.52515 0.47907 0.52514 0.00193% 
0.66469 0.52526 0.66467 0.00371% 
0.66643 0.66484 0.66624 0.02872% 
0.80195 0.66661 0.80190 0.00611% 
0.83827 0.79772 0.83799 0.03317% 
0.87695 0.83847 0.87624 0.08037% 
0.93766 0.87714 0.93757 0.00911% 

In table VII shows the validation test for a circular 
waveguide, with a radius equal to 4 (in normalized 
units), and using discretization steps of 0.0396rΔ = , 

1oϑΔ = .  
In the table tak  and tpvk  are the eigenvalues 

computed analytically [4] and using our approach, 
Relative error %  is the percentage error between 
them, and the last column shows the RMS difference 
between analytical mode vectors, and those compared 
using [21]. 

The RMS error on normalized modes is even 

smaller, being less than 85·10−   in this case. 

Table VII 
Comparison between our VFD code and analytic results for 

TE modes in circular waveguides r=4mm Δr=0.0396 Δα=1°. 

n,m 
tak  tpvk  Relative 

error % 
RMS 
error 

610−⋅  
11 0,46030 0,46029 0,0010 0,0000 
21 0,76356 0,76353 0,0040 0,0010 
01 0,95793 0,95770 0,0240 0,0010 
31 1,05030 1,05020 0,0090 0,0010 
41 1,32939 1,32917 0,0160 0,0010 
12 1,33286 1,33247 0,0290 0,0170 
51 1,60390 1,60348 0,0260 0,0020 
22 1,67653 1,67595 0,0350 0,0680 
02 1,75390 1,75249 0,0800 0,0010 
61 1,87532 1,87459 0,0390 0,0020 
32 2,00381 2,00297 0,0420 0,1190 
13 2,13408 2,13217 0,0890 0,1300 
71 2,14446 2,14331 0,0540 0,0020 
42 2,32060 2,31942 0,0510 0,1730 
81 2,41186 2,41015 0,0710 0,0020 
23 2,49237 2,48991 0,0990 0,4910 

Conclusion 

A new FD approach to the computation of the 
modes of circular waveguide has been described. A 
suitable choice of the discretization grid, which exacly 
fits the waveguide boundary, allows obtaining a very 
effective and accurate procedure. The presented 
approach has been assessed against analytical modes 
of circular waveguides. The agreement is excellent in 
this case. 
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A detailed analysis of Michelson-Morley experiment (MME) 

Petar Rashkov Penchev 

 

This paper presents an analysis of the significant for physics Michelson-Morley experiment, 
MME, as to why there is no interference despite its theoretical setup, which requires interference. The 
analysis demonstrates that there is a flaw in the setup of the experiment and therefore it groundlessly 
requires interference. This flaw corrected, the theoretical setup of MME no more requires interfer-
ence, as MME demonstrates itself. Under these conditions, there is no more need for Lorentz's postu-
late of shortening one arm of Michelson interferometer in order to explain why there is no interfer-
ence. 

 

 
1. Introduction 

So far, no one has presented a real experimental 
proof of H. Lorentz's postulate of shortening the 

length 0  of bodies in direction of the velocity v of 

motion of 
2

0 2
. 1 ,

v

c
= −   (where c is the velocity of 

light). And this postulate is the key to the explanation 
of the experimental fact that there is no interference in 
Michelson-Morley experiment (MME) . 

It is a fact that Lorentz's postulate1 of shortening 
the bodies has no experimental proof even today, over 
a hundred years later; on the contrary, there are facts 
which contradict it and its corollaries. This has moti-
vated the author to question Lorentz's postulate and 
the inference that the postulate is fully reliable, i.e. to 
ask whether Lorentz's interpretation of the MME re-
sults is incorrect or the theoretical setup of MME is 
flawed. 

2. Basic initial assumptions in MME 

The earth (Z) moves along its orbit around the sun 

at velocity 
130 km.s .Zv −=  At the same time, the earth 

surface moves around its axis at velocity 
1

0 0,5 km.s .Zv −=  Since vZ0 is ignorably low compared 
to vZ, it is assumed that all points on the earth (Z) 

move along its orbit at velocity 
130 km.s ,Zv −=  rela-

tive to point OZ of reference frame KZ in fig. 1, which 
point lies on its orbit (assumed to be a linear part) 

                                                      
1 The meaning of the word postulate, according to the 

Bulgarian Academy of Sciences Interpreting Dictionary of 
Foreigh Words in the Bulgarian Language, is “an initial as-
sumption accepted without experimental proof“. 

around the sun. In this sense, axis r in the diagram of 
the earth (Z) along its orbit is assumed as its orbit. 

In this sense point OZ (fig. 1) is assumed as starting 
point of distance rZ, covered by the earth (Z) travelling 
at velocity vZ for time t along its orbit, which is 

. ,Z Zr v t=  as well as the velocity vZ. 
The diagram of MME with the Michelson interfer-

ometer, positioned immovably on the surface of the 
earth is given in fig. 2, where is given part of the sur-
face SZ of the earth, designated by the closed curve L. 

The reference frame for the velocities of the light 
pulses in MME is designated by K0, and the begin-
nings of its axes coincide with the beginning O0 of the 

arms 0 1O A  and 0 1O B  of the interferometer. The arms 

0 1O A  and 0 1O B  are perpendicular to each other and 

have equal lengths 0.A B= =    At their ends A1 and 
B1, the arms have reflecting mirrors for the light puls-
es. G is the generator of light pulses and it is fixed to 

the beginnings O0 of the arms 0 1O A  and 0 1O B . The 
semitransparent prism (lamella), positioned at the be-
ginning O0 of the arms divide the light pulse into two 
reciprocally perpendicular beams along the two arms. 
The reflecting mirrors at the ends of arms A1 and B1 
return the beams to O0, after which the beams con-
verge into the observation device S. 

The interferometer (fig. 2) is mounted immovably 
on the surface of the earth (Z – fig. 1, respectively fig. 
2) and therefore its velocity vZ relative to the earth (Z) 

is zero 0.iv =  And the velocity of the interferometer 
(the arms of the interferometer) relative to the refer-
ence frame KZ (fig. 1) with reference starting point OZ 
is equal to the velocity of the earth (Z), which is vZ 
along its orbit (fig. 1), since the interferometer is fixed 
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relative to the earth. I.e. the interferometer moves 
along the orbit of the earth around the sun together 
with the earth at velocity vZ. And the light pulses 
travel from the reference point O0 (fig. 2) at the veloc-

ity of light c relative to the arms 0 1O A  and 0 1,O B  re-
gardless of (without the influence of vZ over c) veloc-
ity vZ of the earth along its orbit around the sun. 

 

 
 

Fig.1. 

 

 
 

Fig.2. 

Apparently, fig. 2 confirms the classical principle 
of relativity that the motion of the objects on the earth, 
incl. also the velocity of light c, is not influenced by 
the motion of the earth at velocity vZ along its orbit 
around the sun. 

Or, more specifically, according to the classical 
laws, the phenomena in the Michelson interferometer 
in MME, do not depend on the velocity of the earth vZ 
along its orbit. 

This theoretical setup of MME was given by Mi-
chelson alone, who himself conducted MME in 1880. 
In the experiments from 1881 to 1887, he involved the 
chemist Prof. Morley. 

Under these circumstances, for times tA and tB of 

movement of the light forward and back along the 

arms 0 1O A  and 0 1O B  of the interferometer in MME, 
Michelson gives the formulae 

(2-1) 

0 0
2 2

2. .
а) ;A

Z Z Z

c
t

c v c v c v

 
= + = + − − 

  
 

0
1

2 2

2

2.
b) ;

1

B

Z

t
v

c
c

=
 

− 
 



  

where vZ  takes into account the influence of the ether.  

Since 0Z
Z

v
v c

c
 → 
 

  the difference between 

times tA and tB is given for convenience with an ap-
proximated formula and it is 

(2-2)                   
2

02.
. ; ;

2
Z

AB

v
t

c c

βΔ = β =
 

With these times it is expected to obtain interfer-
ence of the beams in MME; however, none of inter-
ference has been obtained in MME. 

Since no one would have doubted the correctness 
of the theoretical setup of MME, as given by Michel-
son, researchers were puzzled. A flaw was suspected 
in MME, but rather than seeking it in the setup of 
MME, it was sought in some external effect. Under 
these circumstances, Lorentz's postulate, that bodies in 
motion get shortened in direction of the velocity, was 
assumed to be the proper explanation. 

3. Solution to the question why there is no inter-
ference in MME 

In giving the solution, the causalities (circum-
stances) substantiated in the preceding paragraph 2 
should be taken into consideration as well as some 
classical laws, and they are: 

1. The velocity of light pulses relative to the arms 
of the interferometer in MME does not depend on the 
velocity of the earth vZ, because the interferometer is 
mounted immovably relative to the earth (fig. 2) and, 
according to Einstein, there is no ether. 

2. The source of light pulses G (fig. 2) and the 
arms are fixed to each other immovably. 

3. The velocity of light relative to its source is al-
ways constant and equal to 0 .Because of this fact the 
velocity of light pulses relative to the arms is also al-
ways constant and equal to c. 

These causalities entail the following reliable in-
ferences (causalities), which are experimentally vali-
dated, and which are: 
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FIRST. The velocity of light pulses relative to the 
arms is always only c, i.e. It does not depend on the 
velocity of the earth. 

SECOND. Since, on the one hand, the lengths of the 
arms are identical and equal to c, and, on the other 
hand, the velocities of the light pulses travelling for-
ward and back along the arms are identical and equal 
to c, the times tA and tB for which the light pulses 

travel along arms 0 1O A  and 0 1O B  are identical and 
equal to  

(3-1)                     02.
;A Bt t

c
= = 

 

and they do not depend on the velocity of the earth vZ 
along its orbit. 

It is self-evident, if we compare the formulae of 
Michelson (2-1) and (2-2) to the formula (3-1), that if 
the velocity of the earth vZ is left out of the formulae of 

Michelson (by assuming 0Zv = ), they will coincide with 
(3-1). 

THIRD. The solution (3-1) is an adequate and well-
grounded solution supported by the experimental 
facts, that the times are equal (3-1) and that none of 

interference could be expected with the beams in 
MME, as MME itself demonstrates. 

4. Conclusion 

Since a well-grounded and reliable solution to the 
question why there is no interference in MME is 
available by use only of classical laws, there is no 
need to seek another solution so as to explain why 
there is no interference in MME. 
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