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Magnetic force between U-shaped permanent magnet and linear infinite plane is determined in the 

paper. Two different cross-sections (circular and rectangular cross section) are considered in the paper 
in order to analyse their effects on the attraction force. It is confirmed that results obtained using 
presented method, in case of rectangular cross section, enable more rapid parametric studies of the 
attraction force, relative to dimensions and spacing. 
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Introduction 

Throughout history, permanent magnets have been 
used for vast range of applications. Their practical use 
was initially limited to electromechanical devices such 
as early electronic generators and motors. After 
AlNiCo materials were introduced, the permanent 
magnets have become popular again and they were 
used in application such as DC motors, hand tools, etc. 
Since the development of rare-earth NdFeB magnetic 
materials, the application of permanent magnet-based 
devices has been vastly expanded. Nowadays, 
permanent magnets are the vital component of many 
advanced electronic devices and electromechanical 
machines. Because of that, the necessity for fast and 
accurate modelling techniques increased [1]-[4]. Until 
now, in the existing literature authors have proposed 
complex and simplified approaches in order to 
calculate the field and the force of different permanent 
magnet configurations [5]-[8]. The most common 
permanent magnet shapes are block, ring and 
cylindrical permanent magnets but the utilisation of 
atypical permanent magnet shape could improve the 
device performance.  

Magnetic force between U-shaped permanent 
magnet and linear infinite plane is determined in the 
paper. It is performed using the approach based on 
fictitious magnetic charges, discretisation technique 
along with the image theorem. Magnetic force depends 
only on the permanent magnet cross section, distance 
of PM’s ends and distance between permanent magnet 
and magnetic plane [9]. In order to obtain the simple 

and fast solution, the influence of the cross-section 
shape on the magnetic force is tested here. 

Problem definition 

U-shaped permanent magnet, placed above an 
infinite linear magnetic plane, with relative magnetic 
permeability μr, is considered (Fig.1). Boundary 
condition for surface magnetization charge density has 
to be satisfied  

 (1)

It is obvious that fictitious surface charges exist only 
on the permanent magnet’s poles.  

 

Fig.1. U-shaped permanent magnet above  
linear magnetic plane. 

In the case of circular cross section, the bases of the 
magnet are discretized into a system of circular loops, 
loaded with different fictitious magnetic charges. The 
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rectangular cross-section permanent magnet is 
discretised and considered as a system of point 
magnetic charges [10]. The solution for the circular 
cross section is more complex and requires longer 
computational time.  

Calculation method 

U-shaped permanent magnet of circular cross 
section 

In order to determine the attraction magnetic force 
between U-shaped permanent magnet and infinite 
linear magnetic plane, the image theorem in the plane 
mirror is used (Fig.2).  Since the fictitious surface 
charges exist only on the poles of the permanent 
magnet, the observed system can be replaced with 
system presented in the Fig.2,  

where 
 

 
Using discretization procedure, poles of the 

permanent magnet and its image can be replaced with 
the system of circular loops of radius,  

 
(2)

N is the number of discretized segments. 
Magnetic charges of image poles’ loops are  

 
(3)

and of permanent magnet poles are 

 
(4)

 

Fig.2. Equivalent model in case of circular cross section. 

Results obtained for interaction force between two 
circular loops, derived in [9] are used for the attraction 
magnetic force calculation between permanent magnet 
of circular cross section and infinite linear magnetic 
plane.  

Components of the interaction magnetic force 
between two circular loops, uniformly loaded with 
magnetization charges Qm1 and Qm2, Fig.3, are: 

 
 (5) 

 
(6) 

 

(7) 

where  

 

and 

 

 Summing the contribution of magnet’s poles and 
their images, using uniform discretization technique, 
the component of the magnetic force could be 
determined.  
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Fig.3. Two circular loops. 

Since the lateral components, Fx and Fy, are equal to 
zero value, in this case, only attraction magnetic force 
exists (that is component Fz): 

 (8)

 

(9)

U-shaped permanent magnet of rectangular 
cross section 

When it comes to a rectangular cross section, poles 
of the permanent magnet and its image could be 
discretised and presented as a system of point charges, 
Fig.4. 

 

Fig.4. Equivalent model in case of  
squared cross section. 

Magnetic scalar potential generated by the 
permanent magnet image is 

 
   (10) 

Magnetic point charges of magnet’s image poles are 

 
(11)

Na and Nb  are number of segments along a and b 
sides. 

xk and yk are coordinates of point charges’ positions 
of magnet’s image. 

Magnetic field vector generated by the image of the 
permanent magnet can be calculated using the 
expression 

 
(12)

Magnetic flux density outside the magnet’s image is  

 (13)

Finally, when magnetic flux density generated by 
the magnet’s image is determined, the levitation force 
may be calculated by 

   

 
(14)

Point magnetic charges of the magnet’s poles are 

 
(15)

Substituting (13) and (15) in equation (14) and 
summing the contribution of permanent magnet’s poles 
and its image, levitation force is calculated. The x and 
y components of the force are equal to zero and they do 
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not have any influence on the magnetic force. 
Therefore, the force is  

 
(16) 

xj and yj are coordinates of point charges’ positions 
of permanent magnet. 

Numerical results 

Results obtained for the attraction force between 
permanent magnet and infinite linear magnetic plane of 
relative permeability μr, are given in the graphical form.  

Normalized attraction magnetic force versus ratio 
h/c, in case of circular cross section is shown in the 
Fig.5, while the attraction magnetic force versus 
relative magnetic permeability (μr) is presented in the 
Fig.6.  

 

 

Fig.5. Normalized magnetic force versus ratio h/c 
(circular cross section). 

 

Fig.6. Attraction magnetic force versus relative 
permeability, μr (circular cross section). 

 

 

Fig.7. Normalized attraction magnetic force versus 
ratio h/c (squared cross section). 

Convergence is tested and it is confirmed that the 
satisfactory accuracy is obtained when the number of 
segments is limited to N=100. 

Normalized magnetic force, in case of squared cross 
section (a/c = b/c), versus axial displacement h/c and 
relative permeability μr are presented in Figs. 7 and 8. 
Total number of point charges is Nt=NaNb=900. 
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Fig.8. Magnetic force versus relative permeability, μr 
(squared cross section). 

 

In case of rectangular cross section, the magnetic 
force versus distance between magnet and plane, h/c , 
for different values of a/c is presented in Fig.9. It is 
calculated for configuration parameters b/c=2.0, μr =5. 
Magnetic force depends on relative permeability of the 
plane as it is presented in Fig.10 for different values of 
normalized distance h/c and system parameters 
a/c=2.0, b/c=1.0 

 

 

 

Fig.9. Normalized attraction magnetic force versus ratio 
h/c for different values of a/c (rectangular cross section). 

 

Comparative results for the magnetic force are 
presented in the Fig.11 and Table I. Normalized axial 
force versus normalized distance between magnet and 
plane, h/c, are shown in case of circular cross section 
of radius a/c=0.5 and squared cross section of the same 
surface (a/c=b/c=0.886) . The analyses of the Fig.11 
shows that the results are in close agreement. Table I 
presents normalized attraction force in the case of 
circular cross section (a/c=1.0) and square cross 
section with the same surface. It is shown for the 
distance h/c=0.5 

 

 

Fig.10. Normalized attraction magnetic force relative 
permeability, μr (rectangular cross section). 

 

 

Fig.11. Comparative results for normalized attraction 
force in the case of circular cross section. 
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Table I 

Comparative result for normalized magnetic force. 

μr 

nor
zF  

Circular  
cross section 

nor
zF  

Square cross 
section 

Relative 
error 

50 0.52319 0.51373 1.80% 

30 0.50941 0.49986 1.87% 

10 0.44554 0.43748 1.81% 

7 0.40841 0.40075 1.87% 

5 0.36303 0.35622 1.87% 

3 0.27227 0.26735 1.80% 

Conclusion 

Approach base on fictitious magnetization charges 
is applied for the attraction force calculation of U-
shaped permanent magnet placed above soft magnetic 
plane. Two different cross sections are considered, 
circular and rectangular cross section. The poles of the 
magnet of circular cross section are discretized into a 
system of loops loaded with different magnetization 
charges. In case of rectangular cross section poles are 
discretized into a system of point charges. The 
advantage of the second presented approach is its 
simplicity and time efficiency. It is confirmed that 
results for the force are in close agreement when the 
cross sections are of the same surface. The 
computational time in the first case is 100 times longer. 
Therefore, in order to save computational time when 
the force of the permanent magnet of circular cross 
section is required, the results for the squared cross 
section of the same surface could be used. 
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