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This paper presents the implementation of the overall desirability function – the overall robust 

optimization approach – for multi-criteria parameter optimization in the robust engineering case, based 
on estimated models for the means and variances of the quality characteristics. The optimized properties 
of the synthesised copolymer by electron beam induced grafting process of potato starch are: monomer 
conversion coefficient, residual monomer concentration and apparent viscosity. The irradiation is 
performed with linear electron accelerator of mean energy of 6.23 MeV and the influence of the 
variation of the following process parameters: acrylamide/starch (AMD/St) weight ratio, electron beam 
irradiation dose and dose rate, is studied. Simultaneous optimization under the defined requirements 
for the means and the variances of the quality characteristics with different modifications of the overall 
robust optimization approach is made. The modifications are connected with the definition of different 
weights for the individual desirability functions and the overall functions of the means and the variances. 
The proposed approach involves taking into account the accuracy of prediction of the estimated models, 
expressed by their determination coefficients. 
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Подход за обобщена робастна оптимизация на процеса на присъединяване в следствие 
на електроннолъчево облъчване. (Лиляна Колева, Елена Колева, Моника Р. Немтану, Мирела 
Брашовеану). Тази статия представя прилагането на обобщената функция на желателност – 
обобщена робастна оптимизация - за многокритериална параметрична оптимизация в случай 
на робастно инженерно проектиране, базирано на оценени модели за средните стойности и 
дисперсиите на качествените характеристики. Оптимизираните свойства на синтезирания 
от картофено нишесте кополимер чрез процес на присъединяване, индуциран с електронно 
облъчване, са: коефициент на превръщане на мономер, остатъчна концентрация на мономер и 
външен вискозитет. Облъчването се извършва с линеен електронен ускорител със средна 
енергия от 6.23 MeV и се изучава влиянието на промяната на следните параметри на процеса: 
тегловно съотношение на акриламид/нишесте, доза на облъчване с електронен лъч и скорост 
на дозата. Направена е многокритериална оптимизация при дефинираните изисквания за 
средните стойности и дисперсиите на качествените характеристики с различни модификации 
на подхода за обобщена робастна оптимизация. Модификациите са свързани с определянето 
на различни тегла за индивидуалните функции на желателност и общите функции на 
желателност за средните стойности и дисперсиите. Предложеният подход включва отчитане 
на точността на  оценените модели, изразена с техните коефициенти на детерминация. 

Ключови думи – кополимеризация чрез присъединяване, електронно лъчево облъчване, 
водоразтворими кополимери, модели за средните стойности и дисперсиите, функция на 
желатолност.  

 

Introduction 
Electron beam (EB) grafting is a process of 

modification of polymer substrates implementing 

electron beam-induced graft copolymerization in order 
to synthesize water-soluble copolymers with 
flocculation properties [1]-[3]. The irradiation can be 
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performed with linear electron accelerator. During the 
EB grafting process a polymer with limited reactivity 
in chemical processes – potato starch - is ionized and 
bonds the acrylamide monomer, which gives a polar 
graft side chain resulting in hydrophilic copolymer. 
Such copolymers can applied as flocculating agents for 
treatment of different wastewaters [4].  

The optimization of the process can be performed in 
terms of simultaneous improvement of several 
performance characteristics: economic efficiency, low 
toxicity, high copolymer efficiency in flocculation 
processes and good solubility in water. The 
implementation of robust (not sensitive to noises and 
errors) engineering approach [5]-[8] is directed toward 
the parameter optimization in terms of obtaining 
repeatability and quality improvement by minimization 
of variations in the quality characteristics. For each of 
the quality performance characteristics, two other 
models are estimated - for their mean values and their 
variances. The optimal solutions in these cases give 
closeness of the means to the requirements for the 
target values and reduced variance around targets.  

An approach for optimization of multiple responses 
(quality/performance characteristics) simultaneously is 
to convert a higher dimensional task into a single 
function such as generalised distance function [9], loss 
function [10], desirability function [11], etc.  

The desirability function approach (as well as the 
other approaches) uses a suitable desirability scale 
transformation of the predicted quality characteristics 
for the estimation of individual desirability functions, 
which are generalized into one overall desirability 
function. The proposed [11] transformations use 
desired (target) values and acceptable constraints for 
the quality characteristics. 

In the robust engineering case, the models for the 
means and the variances should be considered as 
different optimization criteria. Then the desirability 
scale transformation should be made for both - the 
mean and the variance - and for each quality 
characteristic. Different modifications of the 
desirability function approach are proposed. 

Researchers generally impose hypothetical 
boundary conditions on variance to achieve satisfactory 
solutions. In [12], an unconstrained modified 
desirability function is proposed, which does not 
require boundary conditions on variance, in order to 
determine efficient solution for multi-response 
optimization problem. Bias and variance method, 
which aggregates bias (ideal target-mean) and variance 
of individual desirability in multiple response 
optimization, is proposed in [13]. There are also 
developments in applying robust desirability functions 

for correlated multiple responses [14], [15], for 
quantitative and ordinal response variables [16] and for 
multiple responses with contaminated data [17]. 

This paper presents the implementation of overall 
desirability function – the overall robust optimization 
approach – for multi-criteria parameter optimization in 
the robust engineering case, based on estimated models 
for the means and variances of the quality 
characteristics. The optimized properties of the 
synthesised copolymer by electron beam induced 
grafting process of potato starch are: monomer 
conversion coefficient, residual monomer 
concentration and apparent viscosity. The irradiation is 
performed with linear electron accelerator of mean 
energy of 6.23 MeV and the influence of the variation 
of the following process parameters: acrylamide/starch 
(AMD/St) weight ratio, electron beam irradiation dose 
and dose rate, is studied. 

Simultaneous optimization under the defined 
requirements for the means and the variances of the 
quality characteristics with different modifications of 
the overall robust optimization approach is made. The 
modifications are connected with the definition of 
different weights for the individual desirability 
functions and the overall functions of the means and the 
variances. The proposed approach involves taking into 
account the accuracy of prediction of the estimated 
models, expressed by their determination coefficients. 

Robust models 
The synthesized graft copolymers were 

characterized [6] by the following performance quality 
parameters: y1 [%] - residual monomer concentration, 
y2 [%] - monomer conversion coefficient and y3 
[mPa·s] - apparent viscosity. The variation regions 
[zmin-zmax] of the process parameters were: electron 
beam (EB) irradiation dose (z1) – [0.30 – 2.70 kGy]; the 
EB irradiation dose rate (z2) – [0.70 – 2.10 kGy/min] 
and the acrylamide/potato starch (AMD/St) weight 
ratio (z3) – [6.00 - 17.00]. The concentration of the 
potato starch for all experiments was constant and is 
1.68% and the concentration of AMD varies from 
9.87% to 29.40%. 

The conducted experimental design consisted in 33 
experimental sets of the process parameters [18]. For 
each set three replicated measurements were performed 
and used for estimation of the values of the means and 
the variances of the quality characteristics of the graft 
copolymers. The estimated values of the means 𝑦  and 
the variances �̃�  can be considered as two responses at 
the design points and ordinary least squares method can 
be used to fit regression models for the mean value and 
for the variance for each quality characteristic [5]: 
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𝑦(�⃗�) = 𝑏 𝑓 (�⃗�) 

ln(�̃� (�⃗�)) = ∑ 𝑏 𝑓 (�⃗�), 

where 𝑏  and 𝑏  are estimates of the regression 
coefficients, and 𝑓  and 𝑓  are known functions of the 
process parameters xi.  

Table 1 
Models for the means of the product quality characteristics 

Parm. Model R2 𝜔  

𝑦  

7.6301301-10.511391x1 + 
3.6634437x2+3.7076966x3 

+5.3440613x12+2.6928483x2x3 –
5.7559852x1x3 

0.8802 0.3728

𝑦  

50.135158 + 63.825498x1 + 
7.2695758x3 -30.821651x12+ 

20.728795x22 + 46.570908x1x2 -
6.2559946x2x3+7.1792709x1x3 

0.8870 0.3757

𝑦  

4.9863614 + 0.79876942x3 – 
1.8164872x12 – 2.4291323x22 + 

0.28578303x32+2.8628548x12x2–
0.36988326x12x3-6.586636x1x22 

0.5938 0.2515

 
Table 2 

Models for the variance of the product quality 
characteristics 

Var. Model R2 𝜔  

ln (�̃� ) 

-2.4798878 – 4.0003851x1 – 
0.57765525x2 + 4.1711416x12 –
1.0759422x32–3.9161133x1x2 

+0.65013091x22x3+1.2773211x1x3 
-1.8572702x12x3+ 6.0599373x1x22  
0.62670214x1x32+1.0690743x1x2x3 

0.6854 0.2861

ln (�̃� ) 

0.8216977 + 2.1896934x1 – 
1.8923076x12-0.58333338x32 - 

1.793822x1x3 – 1.8912097x22x3 – 
2.7704084x1x22 – 0.38270749x2x32 

– 1.8676796x1x2x3 – 
2.2114287x12x2 

0.8225 0.3433

ln (�̃� ) 

-2.6596544 – 2.8045736x1 + 
0.80422168x3 – 1.8970163x12 + 

0.72143614x32 + 1.1522243x1x3 – 
1.6532444x12x3 + 2.3354389x1x32 

0.8879 0.3706

 
The variance of normally distributed observations 

has 𝜒 - distribution.  The use of the logarithm 
transformation of the variance function makes it 
approximately normally distributed, which improves 
the efficiency of the estimates of the regression 
coefficients. 

The models are estimated for coded in the region [-
1÷1] values of the process parameters, using the 
following equation: 

)/()2( min,max,min,max, iiiiii zzzzzx −−−= , 

where xi and zi are the coded and the natural values of 
the process parameter, correspondingly, zi,min and zi,max 
are the minimal and the maximal values of the 
parameters for the experimental region. 

In Table 1 and Table 2 are presented the estimated 
models for the mean values and the logarithm of the 
variances of the considered quality characteristics. The 
accuracy of prediction of the estimated models is 
evaluated by the squared multiple correlation 
coefficient (determination coefficient) R2.  

Desirability function approach 
An approach for optimization of multiple responses 

simultaneously is by defining a single optimization 
function, based on applying suitable scale 
transformations of the responses. The desirability 
technique analysis is presented by Derringer and Suich 
[11]. This approach includes systematic transform of 
the quality characteristics 𝑦 (�⃗�) into individual 
desirability functions 𝑑 (�⃗�), calculated depending on 
the optimization tasks: 

• cases with defined target values: 

𝑑𝑗 (�⃗�) =
⎩⎪⎨
⎪⎧𝑦𝑗 (�⃗�) − 𝑙𝑏𝑗𝜏𝑗 − 𝑙𝑏𝑗 ; 𝑙𝑏𝑗 ≤ 𝑦𝑗 (�⃗�) ≤ 𝜏𝑗  𝑦𝑗 (�⃗�) − 𝑢𝑏𝑗𝜏𝑗 − 𝑢𝑏𝑗 ;         𝜏𝑗 < 𝑦𝑗 (�⃗�) ≤ 𝑢𝑏𝑗0; 𝑦𝑗 (�⃗�) < 𝑙𝑏𝑗 𝑜𝑟  𝑦𝑗 (�⃗�) > 𝑢𝑏𝑗

 

 
• cases the larger the better (maximum): 

𝑑𝑗 (�⃗�) = ⎩⎪⎨
⎪⎧ 0;     𝑦𝑗 (�⃗�) ≤ 𝑙𝑏𝑗        𝑦𝑗 (�⃗�) − 𝑙𝑏𝑗𝑢𝑏𝑗 − 𝑙𝑏𝑗 ;                𝑙𝑏𝑗 < 𝑦𝑗 (�⃗�) ≤ 𝑢𝑏𝑗1;       𝑦𝑗 (�⃗�) ≥ 𝑢𝑏𝑗    

 
• cases the smaller the better (minimum): 

𝑑𝑗 (�⃗�) = ⎩⎪⎨
⎪⎧ 1; 𝑦𝑗 (�⃗�) ≤ 𝑙𝑏𝑗      𝑢𝑏𝑗 − 𝑦𝑗 (�⃗�)𝑢𝑏𝑗 − 𝑙𝑏𝑗 ;          𝑙𝑏𝑗 < 𝑦𝑗 (�⃗�) < 𝑢𝑏𝑗0; 𝑦𝑗 (�⃗�) ≥ 𝑢𝑏𝑗

 

 
Here lbj and ubj are the minimal and the maximal 

acceptable values for the mean responses and the 
standard deviations, τj is the target or the desirable 
value of the j-th quality characteristic. In this way the 
individual optimization desirability functions of the 
mean values of each response (doj), scaled in the region 
between 0 and 1, can be calculated, together with the 
individual robustness desirability functions (drj) [19] 
for the variances.  

The considered robustness refers to the low 
sensitivity of the quality characteristics toward the 
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errors in the process parameters and the noise factors. 
This can be achieved by a proper selection of values for 
the controllable process parameters, and can lead to 
reduction of the responses variances in production 
conditions.  

For the consideration of the robustness in multiple 
response optimization problems, the following 
measures are defined [19]:  

• Characteristic desirability function Dopt, 
calculated as the weighted geometric mean of the 
individual optimization desirability functions of the 
mean values of the quality characteristics: 𝐷 (𝑥) = 𝑑 (𝑥) × 𝑑 (𝑥) × … × 𝑑 (𝑥)  

• Robustness desirability function Drob, 
calculated as the weighted geometric mean of the 
individual robustness desirability functions of the 
variances of the quality characteristics: 𝐷 (𝑥) = 𝑑 (𝑥) × 𝑑 (𝑥) × … × 𝑑 (𝑥)  

The multi-response optimization problem requires 
an overall optimization, i.e. simultaneous satisfaction 
with respect to the means and the variances of all 
quality characteristics by using an overall desirability 
optimization function, combined from the 
characteristic and the robustness desirability functions. 
The overall desirability function, for performing 
overall robust optimization, can be defined as follows: 𝐷 (𝑥) =  𝐷 (𝑥) × 𝐷 (𝑥) . 

This overall desirability function should be 
maximized within the investigated experimental region 
for the process parameters. 

In order to formulate weights 𝜔 , which take into 
account the accuracy of prediction of the estimated 
models for the mean values and the variances, their 
determination coefficients (squared multiple 
correlation coefficient,) R2 can be used. The weights for 
the estimation of the characteristic and the robustness 
desirability functions can be calculated 
correspondingly by the following equation: 𝜔 = ∑ . 

Optimization results and discussion 
The overall desirability function in the considered 

EB induced synthesis of copolymers is calculated by: 𝐷 (�⃗�) = 𝑑 (�⃗�) × 𝑑 (�⃗�)× 𝑑 (�⃗�)× 𝑑 (�⃗�) × 𝑑 (�⃗�)× 𝑑 (�⃗�)  

The definition of the individual desirability function 
transformation parameters - acceptable specification 
regions and the type of the individual desirability 
functions (target value, the larger the better, the smaller 
the better cases) for the considered case study are 
presented in Table 3. 

Table 3 
Specification regions and target values for the mean values 

and the standard deviation of response variables 

Bounds 𝑦 (�⃗�) 𝑦 (�⃗�) 𝑦 (�⃗�) �̃� (�⃗�) �̃� (�⃗�) �̃� (�⃗�) 
lb 0 90 3 0 0 0 
ub 5 100 6.8 1.3 4.2 0.4 
τ smaller larger larger smaller smaller smaller

 
The weights 𝜔  are calculated and presented in 

Table 1 – for the individual characteristic desirability 
functions and in Table 2 - for the individual robust 
desirability functions.  

Desirability functions are formulated for several 
cases: 

• Case 1: Without consideration of the models 
predictive capabilities, the weights ωj correspond to the 
calculation of the characteristic and robustness 
desirability functions by their geometric means: 

ωo1 = ωo2 = ωo3 = 1/3 and ωr1 = ωr2 = ωr3 = 1/3;  
      ωopt = ωrob = ½. 

• Case 2: With consideration of the models 
predictive capabilities, the weights ωj’ are calculated in 
Table 1 and Table 2. 

Three subcases, for changing the relative 
importance of the characteristic or the robustness 
desirability, are defined: 

Case 2.1: 𝜔 = 𝜔 = 1/2; 

Case 2.2: 𝜔 = 0.8 and 𝜔 = 0.2; 

Case 2.3: 𝜔 = 0.2 and 𝜔 = 0.8. 

• Case 3: Without consideration of the models 
predictive capabilities the weights ωj are calculated, 
considering the mean and variances as equivalent 
functions by their geometric mean (the standard overall 
desirability function approach): 

ωo1 = ωo2 = ωo3 = ωr1 = ωr2 = ωr3 = 1/6; 

• Case 4: Without consideration of the models 
predictive capabilities, the weights ωj are equal [19]: 

ωo1 = ωo2 = ωo3 = ωr1 = ωr2 = ωr3 = 1, 

ωopt = ωrob = 1. 
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The overall desirability function in this case is 
defined, instead of using the individual desirability 
functions geometric mean, by their product. 

Table 4 
Optimal process parameter obtained by Overall 

optimization of potato starch quality characteristics (means 
and variances). 

Case z1 z2 z3 

1 2.6640 1.4560 16.8350 
2.1 2.7000 1.4490 16.8350 
2.2 2.6640 1.4490 17 
2.3 2.7000 1.5120 15.7900 
3 2.6640 1.4560 16.8350 
4 2.6640 1.4560 16.8350 

 
Table 5 

Optimal individual di and the overall Doverall desirability 
functions  

Case 𝑑  𝑑  𝑑  𝑑  𝑑  𝑑  𝐷
1 0.9170 1 0.6699 0.9556 0.9597 0.8713 0.7006 

2.1 0.9274 1 0.7168 0.9599 0.9598 0.8727 0.7311 

2.2 0.9175 1 0.7418 0.9621 0.9594 0.8418 0.6989 

2.3 0.8480 1 0.6972 0.9588 0.9570 0.9292 0.7924 
3 0.9576 1 0.8185 0.9776 0.9796 0.9335 0.7006 

4 0.7710 1 0.3006 0.8727 0.8839 0.6616 0.1183 

 
Table 6 

Optimal values of the means and variances of the product 
quality characteristics  

Case 𝑦 (�⃗�) 𝑦 (�⃗�) 𝑦 (�⃗�) �̃� (�⃗�) �̃� (�⃗�) �̃� (�⃗�) 
1 1.1450 100 4.1424 0.1655 0.4877 0.1354 

2.1 0.9152 100 4.0110 0.1735 0.4726 0.1230 
2.2 1.0316 100 4.1591 0.1642 0.4772 0.1487 
2.3 1.7874 100 3.9055 0.1780 0.5046 0.0719 
3 1.1450 100 4.1424 0.1655 0.4877 0.1354 
4 1.1450 100 4.1424 0.1655 0.4877 0.1354 

 
The multi-criteria optimization (the overall 

desirability function maximization) is performed for all 
described cases and the optimal process parameters, the 
calculated optimal individual di and the overall Doverall 
desirability functions and the optimal values of the 
means and variances of the product quality 
characteristics are calculated and presented in Table 4 
– Table 6, correspondingly. 

The obtained results show that regarding the 
obtained optimal solutions in the cases, which take into 
account the accuracy of prediction of the estimated 

models for the mean values and the variances (2.1, 2.2, 
2.3), the improvement in comparison with the standard 
desirability function approach (Case 3) is observed for 
the means and variances with higher determination 
coefficients R2 and weights. For example, for the  𝑦 (�⃗�) [%] - residual monomer concentration, higher 
values than in case 3 are obtained for cases 2.1  and 2.2 
due to the higher weights of ωo1. A the same process 
parameters (Table 4) improvements are also observed 
for: a) case 2.1 – in �̃� (�⃗�) and �̃� (�⃗�), b) case 2.2 – in 𝑦 (�⃗�), �̃� (�⃗�) and �̃� (�⃗�). The highest overall 
desirability is obtained at case 2.3, but the improvement 
is only in �̃� (�⃗�).  

Generally, the use of weights that take into account 
the accuracy of prediction of the estimated models for 
the mean values and the variances, together with 
weighting the characteristic and robustness desirability 
functions lead to improved results for the means or the 
variances of the quality characteristics with better 
prediction accuracy than the others. 

Figs. 1-4 present the overall Doverall desirability 
function for the cases 2.1, 2.2, 2.3 and 3 (the standard 
overall desirability function approach) as a function 
from the EB irradiation dose rate z2 kGy/min and the 
acrylamide/potato starch (AMD/St) weight ratio z3 for 
the optimal value of the electron beam (EB) irradiation 
dose z1,opt = 2.7 kGy (in cases 2.1 and 2.3). 

 

 
Fig. 1. Overall desirability function depending on the 
process parameters EB irradiation dose rate (z2) and 

(AMD/St) weight ratio (z3) at EB irradiation dose z1,opt =2.7 
kGy – case 2.1. 
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Fig. 2. Overall desirability function depending on the 
process parameters EB irradiation dose rate (z2) and 

(AMD/St) weight ratio (z3) at EB irradiation dose z1,opt = 
2.7 kGy – case 2.2. 

 

 
Fig. 3. Overall desirability function depending on the 
process parameters EB irradiation dose rate (z2) and 

(AMD/St) weight ratio (z3) at EB irradiation dose z1,opt = 
2.7 kGy – case 2.3. 

 

 
Fig. 4. Overall desirability function depending on the 
process parameters EB irradiation dose rate (z2) and 

(AMD/St) weight ratio (z3) at EB irradiation dose z1,opt = 
2.7 kGy – case 3 (the standard overall desirability function 

approach). 

Conclusion 
This paper presents the implementation of overall 

desirability function – the overall robust optimization 
approach – for multi-criteria parameter optimization in 
the robust engineering case, based on estimated models 
for the means and variances of the quality 
characteristics. The optimized properties of the 
synthesised copolymer by electron beam induced 
grafting process of potato starch are: monomer 
conversion coefficient, residual monomer 
concentration and apparent viscosity. These quality 
characteristics involve the requirements for economic 
efficiency, assurance of low toxicity and high 
copolymer efficiency in flocculation process. 

The irradiation is performed with linear electron 
accelerator of mean energy of 6.23 MeV and the 
influence of the variation of the following process 
parameters: acrylamide/starch (AMD/St) weight ratio, 
electron beam irradiation dose and dose rate, is studied. 

Simultaneous optimization under the defined 
requirements for the means and the variances of the 
quality characteristics with different modifications of 
the overall robust optimization approach is made. The 
modifications are connected with the definition of 
different weights for the individual desirability 
functions and the overall functions of the means and the 
variances. The proposed approach involves taking into 
account the accuracy of prediction of the estimated 
models, expressed by their determination coefficients. 
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It was shown that the use of weights, which take into 
account the accuracy of prediction of the estimated 
models for the mean values and the variances, together 
with weighting the characteristic and robustness 
desirability functions lead to improved results for the 
means or the variances of the quality characteristics 
with better prediction accuracy than the others. 
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