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Model-based approach for the shape estimation of electron beam 
welding joints  

Tsvetomira S. Tsonevska, Elena G. Koleva, Georgi M. Mladenov 

 
This article discusses a modeling approach for the obtained by electron beam welding molten pool 

shapes, which is based on experimental data, type mathematical function and regression analysis. The 
process of electron beam multi-pool welding is carried out by dynamic positioning of the electron beam, 
resulting in the formation of two liquid pools. The welding of the stainless steel samples is performed at 
changes in the process parameters: the distance between the two electron beam positions and the ratio 
of the power distribution between the two resulting beams, the frequency of the deflection signal, the 
beam current and the welding speed. The focusing current is kept at a constant value. The obtained 
experimental weld cross-sections at different process parameters are used to estimate sinusoidal and 
regression models for the molten pool shapes. 
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Модел-базиран подход за оценка на формата на заваръчните шевове при 

електроннолъчево заваряване (Цветомира С. Цоневска, Елена Г. Колева, Георги М. 
Младенов). В тази статия е разгледан подход за моделиране на получените форми на течната 
вана чрез електроннолъчево заваряване, който се основава на експериментални данни, типова 
математическа функция и регресионен анализ. Процесът на електроннолъчево заваряване с 
няколко течни вани се осъществява чрез динамично позициониране на електронния лъч, което в 
случая води до образуването на две течни вани. Заваряването на образците от неръждаема 
стомана се извършва при промени в параметрите на процеса: разстоянието между двете 
позиции на електронния лъч и съотношението на разпределението на мощността между 
получените два електронни снопа, честотата на отклоняващия сигнал, тока на лъча и 
скоростта на заваряване, Токът на фокусиране се запазва с постоянна стойност. Получените 
експериментални напречни сечения на заваръчните шевове при различни параметри на процеса 
се използват за оценка на синусоидални и регресионни модели за формата на течната вана. 

Ключови думи: електроннолъчево заваряване, синусоидални функции, регресионен 
модел 

 

Introduction 

Electron Beam Welding (EBW) is one of the 
processes introduced to provide high quality of welds 
for many manufacturing industries. The multi-pool 
EBW produces more homogenous weld seams, with 
minimum deformations, less cracks and other defects, 
uniformly distributed stress in the welded samples [1, 
2], porosity and considerably reduced root spiking. 

The heat models used to calculate the quasi-steady-
state temperature distributions and the shapes of the 
molten zones can be applied as an approximation when 
simulating the processes of the interaction of the 
electron beam with materials [1-5]. They are based on 
different assumptions (for example, for the heat source 
– point, linear, exponential, combined etc. [5]) in the 
physical models and the exact evaluation of the 

experimental results is difficult. 
Applying the empirical modelling approaches based 

on the analysis of experimental and/or calculated data 
one can predict the technological results, as well as 
choose appropriate or optimal processing parameters 
[6-8].  

In this paper, a model representing a sum of two 
sines is used for prognostication of the shapes H(�, �⃗) 
of the obtained welds, depending on the process 
parameters. It is given by the equation (General 
Sinusoidal Function): 

(1) �(�, �⃗) = ��(�⃗) ������(�⃗)� + ��(�⃗)� +

                              �� (�⃗)���(��(�⃗)� + ��(�⃗)) 
 

where a is the amplitude, b is the centroid (location), c 
is related to the peak width (the phase constant for each 
sine wave term), �⃗ is the vector of process parameter 
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values (in coded units, Table 1), x is the coordinate in 
the cross-section, perpendicular toward the beam 
movement direction. 

The comparison between the estimated 
mathematical functions is performed on the base of the 
calculated confidence bounds for the fitted coefficients 
given by: 

(2)                          � = � ± �√�,                          

where b are the estimated coefficients, t is the inverse 
of Student's cumulative distribution function, and S is a 
vector of the diagonal elements of the covariance 
matrix of the coefficient estimates Cov=(XTX)-1s2, X is 
the design matrix, XT is the transposed X matrix and s2 
is the mean squared error [9].  

Experimental data 

The experimental results from the multi-pool EBW, 
with dynamic positioning of the electron beam (beam 
splitting) [1] are studied. The process was held with the 
beam deflection into two beam positions (two beams) 
thus performing dual-pool welding. The deflection was 
performed by transmitting rectangular signal to the 
deflection coils. 12Cr18Ni10Ti stainless steel samples 
were welded at changing the EBW process parameters: 
the distance between the two electron beams (electron 
beam positions or pools) L [mm] (Z1), the frequency of 

the deflection signal F [kHz] (Z2), the ratio between the 
two mean electron beam powers  (gamma) (Z3), the 
welding velocity v [mm/s] (Z4) and the beam current Ib 
[mA] (Z5). The focusing current was kept constant If = 
835 mA. The obtained weld cross-section shapes H(x) 
of 20 process experimental sets were considered. 

 
Table 1. 

Basic levels and steps on varying factors. 

Factor 
(Zi) 

Dimension Coded Lower level 
(Zimin) 

Upper level 
(Zimax) 

L - Z1 mm p1 2 6 

F - Z2 kHz p2 3 20 

 - Z3 - P3 -0.3 0.3 

v - Z4 mm/s p4 5 15 
Ib - Z5 mA p5 40 64.5 

 
The energy distribution between the two resulting 

beams (Z3) is determined by the parameter  (gamma): 

(3)                 =(P2-P1)/(P1+P2), 

where P1 and P2 are the corresponding beam powers – 
on the front and on the back beams. If  has a positive 
value then the back electron beam has more power than 
the front one. The EBW parameter variation regions for 
the performed experiments are presented in Table 1. 

 
Table 2. 

Experimental design in natural and coded values. 

№ Z1, mm Z2, kHz Z3 Z4, mm/s Z5, mA p1 p2 p3 p4 p5 

1 6 10 0 5 45 1 -0.17647 0 -1 -0.59184 

2 6 10 0 5 55 1 -0.17647 0 -1 0.22449 

3 6 10 0 5 64.5 1 -0.17647 0 -1 1 

4 2 10 0 5 40 -1 -0.17647 0 -1 -1 

5 6 10 3 15 55 1 -0.17647 1 1 0.22449 

6 6 10 3 5 55 1 -0.17647 1 -1 0.22449 

7 6 10 0 10 60 1 -0.17647 0 0 0.63265 

8 6 10 0 10 60 1 -0.17647 0 0 0.63265 

9 6 10 0 10 60 1 -0.17647 0 0 0.63265 

10 6 10 -3 5 55 1 -0.17647 -1 -1 0.22449 

11 6 10 -3 15 55 1 -0.17647 -1 1 0.22449 

12 6 3 0 15 55 1 -1 0 1 0.22449 

13 6 3 0 5 55 1 -1 0 -1 0.22449 

14 6 3 3 10 55 1 -1 1 0 0.22449 

15 6 20 0 5 55 1 1 0 -1 0.22449 

16 2 3 0 10 55 -1 -1 0 0 0.22449 

17 2 10 -3 10 55 -1 -0.17647 -1 0 0.22449 

18 2 10 0 12.5 55 -1 -0.17647 0 0.5 0.22449 

19 2 10 0 15 55 -1 -0.17647 0 1 0.22449 

20 6 20 0 15 55 1 1 0 1 0.22449 
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Table 3.  
Estimated coefficients (with 95% confidence bounds) from the model Hi(�) (1) for the performed 20 experiments. 

№ a1 b1 c1 a2 b2 c2 R2, % R2
adj, % 

1 
5.433 

(5.023, 5.842) 
0.7863 

(0.7425, 0.8302) 
1.598 

(1.531, 1.666) 
0.7577 

(0.3578, 1.158) 
3.311 

(2.898, 3.724) 
1.06 

(0.5361, 1.585) 
98.59 97.41 

2 
6.884 

(6.68, 7.088) 
0.7313 

(0.7155, 0.7471) 
1.575 

(1.549, 1.601) 
0.8704 

(0.6743, 1.067) 
2.933 

(2.752, 3.114) 
1.806 

(1.566, 2.047) 
99.77 99.57 

3 
6.838 

(6.538, 7.138) 
0.6494 

(0.6284, 0.6704) 
1.521 

(1.482, 1.56) 
1.305 

(1.019, 1.59) 
2.638 

(2.49, 2.786) 
1.394 

(1.163, 1.625) 
99.34 98.87 

4 
5.951 

(5.331, 6.572) 
0.7859 

(0.7317, 0.8401) 
1.521 

(1.439, 1.604) 
1.121 

(0.5408, 1.702) 
3.173 

(2.795, 3.551) 
1.49 

(0.992, 1.987) 
98.58 96.80 

5 
4.438 

(3.879, 4.997) 
1.017 

(0.9326, 1.102) 
1.546 

(1.432, 1.66) 
1.388 

(0.8622, 1.914) 
3.696 

(3.287, 4.104) 
1.607 

(1.177, 2.038) 
98.45 96.52 

6 
7.012 

(6.444, 7.58) 
0.7579 

(0.7169, 0.7988) 
1.6 

(1.529, 1.671) 
2.062 

(1.528, 2.596) 
2.809 

(2.608, 3.011) 
1.606 

(1.322, 1.889) 
98.64 97.51 

7 
5.689 

(5.201, 6.178) 
0.93 

(0.8555, 1.005) 
1.377 

(1.29, 1.463) 
0.7806 

(0.3979, 1.163) 
2.757 

(1.849, 3.664) 
1.898 

(1.259, 2.538) 
99.41 98.66 

8 
5.128 

(4.775, 5.481) 
0.8836 

(0.8337, 0.9334) 
1.475 

(1.405, 1.544) 
0.9557 

(0.6321, 1.279) 
3.08 

(2.725, 3.435) 
1.821 

(1.445, 2.197) 
99.42 98.7 

9 
4.699 

(4.052, 5.347) 
0.9963 

(0.9002, 1.092) 
1.511 

(1.388, 1.634) 
0.995 

(0.3896, 1.6) 
3.707 

(3.027, 4.387) 
1.537 

(0.8423, 2.232) 
97.81 95.08 

10 
5.983 

(5.106, 6.859) 
0.7152 

(0.6443, 0.7862) 
1.69 

(1.578, 1.802) 
0.8533 

(0.02413, 1.682) 
2.95 

(2.292, 3.608) 
2.015 

(1.089, 2.941) 
95.94 91.87 

11 
3.318 

(3.242, 3.394) 
0.8973 

(0.8821, 0.9126) 
1.422 

(1.399, 1.444) 
0.3845 

(0.3115, 0.4575) 
3.27 

(3.108, 3.431) 
2.056 

(1.862, 2.25) 
99.93 99.85 

12 
4.42 

(3.623, 5.217) 
0.9885 

(0.8519, 1.125) 
1.578 

(1.403, 1.752) 
1.232  (0.4751, 

1.989) 
3.439  

(2.823, 4.054) 
1.213 

(0.5324, 1.893) 
96.72 92.62 

13 
6.688 

(6.527, 6.849) 
0.7401 

(0.7266, 0.7537) 
1.546 

(1.524, 1.567) 
1.447 

(1.301, 1.594) 
2.703 

(2.608, 2.799) 
1.53 

(1.412, 1.649) 
99.86 99.75 

14 
5.642 

(5.254, 6.03) 
1.058 

(0.9986, 1.118) 
1.461 

(1.395, 1.527) 
1.443 

(1.122, 1.763) 
3.627 

(3.273, 3.981) 
1.203 

(0.8865, 1.52) 
98.88 98.09 

15 
4.097 

(3.963, 4.232) 
0.4171 

(0.4058, 0.4284) 
1.542 

(1.512, 1.571) 
0.3924 

(0.2642, 0.5206) 
1.825 

(1.674, 1.977) 
1.576 

(1.238, 1.913) 
99.04 98.65 

16 
4.888 

(4.668, 5.109) 
0.7313 

(0.7085, 0.7541) 
1.548 

(1.508, 1.588) 
1.322 

(1.115, 1.529) 
2.709 

(2.589, 2.829) 
1.417 

(1.246, 1.589) 
99.55 99.17 

17 
4.483 

(3.699, 5.267) 
0.7126 

(0.6041, 0.8211) 
1.571 

(1.423, 1.719) 
1.101 

(0.4388, 1.763) 
2.349 

(1.784, 2.915) 
1.762 

(1.162, 2.363) 
97.11 93.51 

18 
5.2 

(5.037, 5.363) 
0.9362 

(0.9157, 0.9566) 
1.47 

(1.442, 1.499) 
1.045 

(0.8885, 1.201) 
3.621 

(3.469, 3.773) 
1.418 

(1.253, 1.583) 
99.88 99.73 

19 
4.314 

(4.158, 4.47) 
0.9712 

(0.9473, 0.9951) 
1.593 

(1.561, 1.625) 
0.9855 

(0.836, 1.135) 
3.646 

(3.485, 3.808) 
1.814 

(1.646, 1.981) 
99.85 99.66 

20 
4.863 

(4.115, 5.611) 
0.9024 

(0.7571, 1.048) 
1.407 

(1.311, 1.504) 
0.7203 

(0.1958, 1.245) 
2.843 

(1.542, 4.145) 
1.571 

(0.8424, 2.3) 
98.60 96.85 

 
Table 4. 

Regression models for the coefficients in the model H(�, �⃗) (1), depending on EBW process parameters. 

Coefficient Regression model R2 % R2
(adj)% 

a1  5.4333581+0.31520319p3-1.1779773p4-0.54799117p3
2-

0.76852603p1p5
2+0.7585p2p4+1.3105786p4

2p5+0.77966464p2
2p4-

2.8790789p2
2p5-1.1264847p2p3-0.51161896p2p4

2+0.45267008p4p5
2 

96.18 90.85 

b1 0.95656597-0.1044099p2+0.04258919p3+0.12288544p4-0.06918746p5-
0.18383663p2

2-0.08975625p3
2- 0.12392775p4

2+0.1308902p1p2
2+ 

+0.059225p2p4+0.10471274p1p3
2+0.06053956p2

2p4 
97.52 94.11 

c1 1.48448-0.04616705p2-0.02296359p4+0.05696022p4
2-0.0597859p1p5-

0.09064074p2
2p3+0.0535p3p4-0.05753641p3

2p4+0.15581999p3
2p5 

78.47 62.82 

a2 0.96477197-0.11462144p1-0.09500116p4+0.21309927p5-
0.39316509p2p4

2+0.55305p3p4
2-0.59252827p2p3

2+0.15747072p2p4 
85.36 76.82 

b2 3.3570931+0.20343989p3+0.38419157p4-0.2811838p5-0.59017012p2
2-

0.348626p1p3-0.36123993p2p4
2-0.7042151p3

2p5-1.2264754p2p3 
85.82 75.5 

c2 1.7921487-0.05368337p1+0.07166155p2-0.20040044p3-0.32294622p2
2-

0.91312403p5
2+0.58950049p1p5+0.06911428p2p4 

83.59 74.02 
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The data processing is carried out in a coded scale 
(p1-p5), in order to avoid problems related to a possible 
multicollinearity or other numerical problems in the 
evaluation of the coefficients of regression and bad 
prediction values of the quality characteristics. The 
conversion of the natural (Zi) into dimensionless 
coded (pi) values of the process parameters in the 
range from -1 to 1 is done according the formula: 

 

(4)          �� =
����(���� ������ �)

���� ������ �
. 

Twenty experiments with 20 different 
combinations of the process parameters are 
performed. The experimental design in natural and 
coded values are presented in Table 2. 

Individual and General Sinusoidal models for 
the shape of the EB welds 

For all 20 experiments the values of the estimated 
coefficients a1i, b1i, c1i, a2i, b2i, c2i, from the model (1) 
for each (i-th) experimental set are given in Table 3, 
thus defining individual sinusoidal function Hi(�) with 
x being the coordinate in the cross-section, 
perpendicular toward the electron beam movement 
direction. In Table 3 are also presented the 95% 
confidence bounds, together with the individual 
sinusoidal function Hi(�) determination coefficients 
(R2) and the adjusted determination coefficients (Radj

2) 
in percent, which are measures for the accuracy of the 
estimated models. 

Regression analysis is performed in order to 
estimate regression models for the considered 
coefficients, depending on the variation of the process 
parameters: a1(�⃗), b1(�⃗), c1(�⃗), a2(�⃗), b2(�⃗), c2(�⃗). 
They are presented in Table 4. It can be seen that the 
values of the determination coefficients R2 and 
adjusted determination coefficients Radj

2 – the square 
of the multiple correlation coefficients are high and the 
models can be used for prediction and optimization of 
the weld shapes. This can be done by implementing 
the General Sinusoidal Function H(�, �⃗) (1), where the 
coefficients depend on the process parameters (Table 
4). 

In Fig. 3 and Fig. 4 two of the experiments are 
presented for verification. The figures show the 
experimental data, the Individual Sinusoidal functions 
Hi(�) (calculated by coefficients in Table 3) and 
General Sinusoidal Function H(�, �⃗) (calculated with 
coefficients by applying models in Table 4) for the 
following cases: 

case 1: process parameters: L= 6 mm, F = 10 kHz, 
 = 0, v = 5 mm/s, Ib = 55 mA; obtained geometry 
parameters: weld width B = 4.6 mm, weld depth 

Hmax(x) = 7.63 mm; 

 

Fig. 1. Weld cross-section: weld width B=4.6 mm, weld 
depth Hmax(x) = 7.63 mm at process parameters: L= 6 mm, 

F = 10 kHz,  = 0, v = 5 mm/s, Ib = 55 mA, 
(‘*’ – experimental data, 1 – Individual Sinusoidal 

function, 2 – General Sinusoidal function) 

 

 Fig. 2. Weld cross-section: weld width B=5.26 mm, weld 
depth Hmax(x) = 8.29 mm at process parameters: L= 6 mm, 

F = 10 kHz,  = 0, v = 5 mm/s, Ib = 64.5 mA, 
(‘*’ – experimental data, 1 – Individual Sinusoidal 

function, 2 – General Sinusoidal function) 
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case 2: process parameters: L= 6 mm, F = 10 kHz, 
 = 0, v = 5 mm/s, Ib = 64.5 mA; weld width B = 5.26 
mm, obtained geometry parameters: weld depth 
Hmax(x) = 8.29 mm. 

It can be seen that there is an excellent coincidence 
between the two functions and the experimental 
shapes. The General Sinusoidal Function H(�, �⃗) gives 
possibility to estimate the weld shapes in the whole 
experimental region for the investigated EBW process 
parameters. 

Conclusions 

A model for prognostication of the shapes H(�, �⃗) 
of the obtained welds, depending on the process 
parameters at multi-pool EBW with dynamic 
positioning of the electron beam is considered. The 
General Sinusoidal Function H(�, �⃗) gives the 
possibility to estimate the weld shapes in the whole 
experimental region for the investigated EBW process 
parameters: the distance between the two electron 
beams (electron beam positions or pools), the 
frequency of the deflection signal, the ratio between 
the two mean electron beam powers, the welding 
velocity, the beam current and constant focusing 
current (835 mA). This approach can be applied for 
welding of different materials, welding dissimilar 
materials, different experimental regions and process 
parameters.  
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