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Optimization of the structure and the distribution of the reactive
power compensation in the industrial electrical supply systems
Nikolay Matanov
The compensation of the reactive loads is fundamental for improving the quality of the industrial
electrical supply and decreasing the losses of active power in the distribution grids. Regarding energy
efficiency, capacitor banks are the most efficient source of reactive power therefore they have become
the main instrument for compensating the reactive loads. The increase of the efficiency of industrial
electrical power supply systems with complex hierarchy could be carried out through optimization of
the structure and the distribution of the common compensation power at certain points from the
electrical supply system (at high and low voltage). This article explains a mathematical model of an
objective function for optimization the structure and the distribution of the common compensation
power. A calculating diagram of a hierarchy electrical supply system is created which recognize the
existence and impact of synchronous motors used as an additional reactive power source.
Optimization criteria were chosen and the restrictive conditions are being described. An algorithm
and a program for solving the optimization problem were created based on objective function.
Ɉɩɬɢɦɢɡɢɪɚɧɟ ɧɚ ɫɬɪɭɤɬɭɪɚɬɚ ɢ ɪɚɡɩɪɟɞɟɥɟɧɢɟɬɨ ɧɚ ɤɨɦɩɟɧɫɢɪɚɳɢɬɟ ɦɨɳɧɨɫɬɢ ɜ
ɩɪɨɦɢɲɥɟɧɢ ɟɥɟɤɬɪɨɫɧɚɛɞɢɬɟɥɧɢ ɫɢɫɬɟɦɢ (ɇɢɤɨɥɚɣ Ɇɚɬɚɧɨɜ). Ʉɨɦɩɟɧɫɢɪɚɧɟɬɨ ɧɚ
ɪɟɚɤɬɢɜɧɢɬɟ ɬɨɜɚɪɢ ɟ ɨɫɧɨɜɧɚ ɡɚɞɚɱɚ ɡɚ ɩɨɜɢɲɚɜɚɧɟ ɤɚɱɟɫɬɜɨɬɨ ɧɚ ɟɥɟɤɬɪɨɫɧɚɛɞɹɜɚɧɟ ɧɚ
ɩɪɨɦɢɲɥɟɧɢɬɟ ɩɪɟɞɩɪɢɹɬɢɹ ɢ ɧɚɦɚɥɹɜɚɧɟ ɧɚ ɡɚɝɭɛɢɬɟ ɧɚ ɚɤɬɢɜɧɚ ɦɨɳɧɨɫɬ ɜ
ɪɚɡɩɪɟɞɟɥɢɬɟɥɧɢɬɟ ɦɪɟɠɢ. Ʉɨɧɞɟɧɡɚɬɨɪɧɢɬɟ ɭɪɟɞɛɢ ɜ ɟɧɟɪɝɢɣɧɨ ɨɬɧɨɲɟɧɢɟ ɫɚ ɧɚɣɟɮɟɤɬɢɜɧɢɹɬ ɢɡɬɨɱɧɢɤ ɧɚ ɪɟɚɤɬɢɜɧɚ ɦɨɳɧɨɫɬ, ɩɨɪɚɞɢ ɤɨɟɬɨ ɫɚ ɫɟ ɧɚɥɨɠɢɥɢ ɤɚɬɨ ɨɫɧɨɜɧɨ
ɫɪɟɞɫɬɜɨ ɡɚ ɤɨɦɩɟɧɫɢɪɚɧɟ ɧɚ ɪɟɚɤɬɢɜɧɢɬɟ ɬɨɜɚɪɢ. ɉɪɢ ɫɥɨɠɧɢ ɣɟɪɚɪɯɢɱɧɢ
ɟɥɟɤɬɪɨɫɧɚɛɞɢɬɟɥɧɢ ɫɢɫɬɟɦɢ ɧɚ ɫɬɨɩɚɧɫɤɢ ɨɛɟɤɬɢ ɩɨɜɢɲɚɜɚɧɟɬɨ ɧɚ ɟɮɟɤɬɢɜɧɨɫɬɬɚ ɦɨɠɟ
ɞɚ ɫɟ ɨɫɴɳɟɫɬɜɢ ɱɪɟɡ ɨɩɬɢɦɢɡɢɪɚɧɟ ɫɬɪɭɤɬɭɪɚɬɚ ɢ ɪɚɡɩɪɟɞɟɥɟɧɢɟɬɨ ɧɚ ɨɛɳɚɬɚ
ɤɨɦɩɟɧɫɢɪɚɳɚ ɦɨɳɧɨɫɬ ɜ ɨɩɪɟɞɟɥɟɧɢ ɜɴɡɥɢ ɨɬ ɟɥɟɤɬɪɨɫɧɚɛɞɢɬɟɥɧɚɬɚ ɫɢɫɬɟɦɚ (ɧɚ ɧɢɫɤɨ ɢ
ɜɢɫɨɤɨ ɧɚɩɪɟɠɟɧɢɟ). ȼ ɬɚɡɢ ɫɬɚɬɢɹ ɟ ɪɚɡɪɚɛɨɬɟɧ ɦɚɬɟɦɚɬɢɱɟɫɤɢ ɦɨɞɟɥ ɧɚ ɰɟɥɟɜɚ ɮɭɧɤɰɢɹ ɡɚ
ɨɩɬɢɦɢɡɚɰɢɹ ɧɚ ɫɬɪɭɤɬɭɪɚɬɚ ɢ ɪɚɡɩɪɟɞɟɥɟɧɢɟɬɨ ɧɚ ɨɛɳɚɬɚ ɤɨɦɩɟɧɫɢɪɚɳɚ ɦɨɳɧɨɫɬ. Ɂɚ
ɰɟɥɬɚ ɟ ɫɴɫɬɚɜɟɧɚ ɢɡɱɢɫɥɢɬɟɥɧɚ ɫɯɟɦɚ ɧɚ ɣɟɪɚɪɯɢɱɧɚ ɟɥɟɤɬɪɨɫɧɚɛɞɢɬɟɥɧɚ ɫɢɫɬɟɦɚ, ɜ ɤɨɹɬɨ
ɫɟ ɨɬɱɢɬɚ ɢ ɧɚɥɢɱɢɟɬɨ ɧɚ ɫɢɧɯɪɨɧɧɢ ɞɜɢɝɚɬɟɥɢ, ɢɡɩɨɥɡɜɚɧɢ ɤɚɬɨ ɞɨɩɴɥɧɢɬɟɥɧɢ ɢɡɬɨɱɧɢɰɢ ɧɚ
ɪɟɚɤɬɢɜɧɚ ɦɨɳɧɨɫɬ. ɂɡɛɪɚɧɢ ɫɚ ɤɪɢɬɟɪɢɢɬɟ ɡɚ ɨɩɬɢɦɚɥɧɨɫɬ ɢ ɫɚ ɨɩɢɫɚɧɢ ɨɝɪɚɧɢɱɢɬɟɥɧɢɬɟ
ɭɫɥɨɜɢɹ. Ɂɚ ɩɨɥɭɱɟɧɢɹ ɜɟɤɬɨɪɟɧ ɤɪɢɬɟɪɢɣ ɡɚ ɨɩɬɢɦɢɡɚɰɢɹ ɫɚ ɫɴɫɬɚɜɟɧɢ ɚɥɝɨɪɢɬɴɦ ɢ ɩɪɨɝɪɚɦɚ
ɡɚ ɪɟɲɚɜɚɧɟ ɧɚ ɨɩɬɢɦɢɡɚɰɢɨɧɧɚɬɚ ɡɚɞɚɱɚ.

Introduction
In order of increasing the efficiency of the installed
reactive power sources (RPS) an optimization of the
structure and the distribution of the common
compensate power at the industrial electrical supply
systems (IESS) is needed [1], [2]. Usually the
traditional RPS is used: low voltage capacitor systems
(CS); high voltage capacitor systems; synchronous
motors (SM) in capacity working mode.
There are two main criteria for solving this
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problem: minimum annual cost and minimum active
power loss from the flows of reactive loads at the
IESS [3], [4], [5], [6], [7]. The objective function is
regarded as a continuous function; actually the
capacitor banks powers are discreet values and the
objective functions are interrupted. The capital
investments of the particular capacitor system are
considered proportional to their capacitive power qc
(their constant component is not taken into
consideration) or their subordination to qc in the
27
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Fig.1. Calculating diagram.

interval [0, qc min] is being approximated with the
proper function. The economically advisable
condensate power qc min is unknown in advance; it is
most accurately calculated with solving the particular
optimization problem.
This article will develop mathematical model of
the objective function with vector criterion; in
calculating the extremum the discreet character of the
capacitor banks power will be recognized.
Choosing optimum criterion
The optimization of the structure and the place of
installing the RPS could be executed according to
several different criteria:
• Minimal
capital
investment
(investment
expenses) for delivery and installing the RPS in
the electrical supply system;
• Minimal losses of active electro-energy from the
flows of reactive energy at the IESS and at the
RPS;
• Minimal capital investment for building the local
substations (LS) after placing capacitor banks on
the low voltage side of the substations; this
criterion is applicable when projecting the
electrical supply system.
• Multipurpose (vector) criterion with general
function, which determines different criteria.
The above mentioned criteria require technical
28

observation of restrictions meaning the optimization is
relative.
In this particular case the structure and the
placement of the RPS will be optimized according to a
double-criteria vector economic and technical
criterion (minimal capital investment and minimal
active electro energy losses).
Creation of the objective function
Ⱥ. Formulation of the problem
On fig.1 is shown double hierarchical calculating
diagram of IESS. The system has k radial cable lines,
supplying local substations; l main cable lines and m
distribution substation (DS) with Ni number local
substations included.
The possible points of adding RPS are: low voltage
capacitor system at the secondary side of the local
substations; middle voltage capacitor system at the
distributing or main substation of the company; up to
any synchronous motors quantity (Mi) in each
distribution substation.
Electrical loads (active and reactive) are connected
on LV at the secondary side of the local substations
and on MV at the distribution substations. They are
intended for a stable industrial working mode.
The compensative power Qc, required for the
realization of the main (prescribed) power factor,
could be determined in accordance to the electrical
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energy payment decree.
The optimization of the required capacitive power
structure determines the different types of RPS
(capacitor banks and SM in capacity working mode)
according to efficiency criterion.
B. Objective function of the capital investments
The capital investments of a single capacitors
installation K are linearly dependent on the capacitors
power (fig.2)
(1)

K = a + b 'qc ,

where
qc is the nominal power of the capacitor bank,
kVAr;
a, b’ – constants which determines the constant
and the variable component of the capital investments;
they depend on the nominal power of the capacitor
bank (for LV a=alv and b’=blv and for HV a=ahv ɢ
b’=b’hv) ɢ and the construction of the systems
(electrical panels, commutation equipment, etc),
€/kVAr.

(3)

for CS with middle voltage

K hv = ahv whv + bhv qchv* ,

where
qc* and qchv* are integers (discreet values) of the
CS’ powers with low and high voltage (qc* = qc/¨qc;
qchv*=qchv/¨qchv);
blv and bhv – constants which recognize the discreet
variation steps among the CS power range
(blv=bɧ’.¨qɤɧ; bhv=bhv’.¨qhv), €;
wlv and whv – boolean variables which depend on
the following variables qc and qchv (when qc=0 then
wlv=0 and whv=0; when qc>0 – wlv=1 and whv=1).
Considering the calculating diagram (fig.1) the
objective function of the general capital investments K
for the capacitor systems installed at the electrical
supply system transforms into the following
expression:

K = K lv + K hv =
=

low
CS-

age
volt

vo
CS-high

¦ ¦ (a

k +l + m Ni

¦

lvij

i =1

wlvij + blvij qc*ij ) +

j =1

k +l + m
ltage

(4)

+

(ahvij whvi + bhvi qchv*i ) +

i = k +l +1

+ ahvms whvms + bms qcms =
))& )))& ))& ))))&
= Ʉ ( wlv , whv , qc* , qchv* ).
Fig.2. Dependence between the capital investments of low
and high voltage CS and capacitors power qc.

The dependence between Ʉ and qc has the
following particularities:
• When qc equals zero, there is no CS installed
therefore the constant component needs to equal
the same value (if qc=0, then a=0);
• Producers work on a range of nominal powers
for CS with a particular variation step ¨qc; such
steps for low voltage CS and middle voltage CS
are different (usually ¨qc<¨qchv); therefore the
capital investments are an interrupted (discreet)
function of ¨qc.

Synchronous motors are used because of different
technical reasons and no capital investments will be
determined for them.
ɋ. Objective function of the active energy loss
In the components of the IESS and RPS there will
be active energy losses ¨Wq during the transfer of
reactive powers.
The common annual losses of active energy among
the different components of the system and the RPS
will be defined as follows:
• radial cable lines and the transformers at the
local substations

∆Wq ,ct = ¦
m

After the mentioned above particularities are taken
into consideration the expression (1) transforms into:
- For CS with low voltage
(2)

K lv = alv wlv + blv qc* ,
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where
qavi ɢ qrmsi are the average and the RMS reactive
loads of the local substations, kVAr; they can be
defined using the statistic method with systems
already built and with the indexes of the load diagram
if the systems are still being designed;
Ti – capacitor banks working time per year during
daytime and the peak hours of the twenty-four-hour
period, h/year;
Un – nominal voltage of the middle voltage
distribution grid, kV;
ri – cable and transformer active resistance (ri = rci
+ rti), ȍ;
qci – the power of low voltage capacitor system,
kVAr.
• Transformers in the local substations which are
installed at the main cable lines and the
distribution substations (¨Wq,t)
(6) ∆Wq ,t =

10 −3 k + l + m Ni
2
2
),
− 2 qavij + qcij
¦ ¦ rtijTij ( qrmsij
U n2 i = k +1 j =1

where rt is the active resistance of the transformers.
• Cables at the main cable lines (¨Wq,m)
∆Wq ,m =

Ni
10 −3 k + l Ni
2
− 2Qavij ¦ qciµ +
R T (Qrmsij
2 ¦ ¦ ij ij
U n i = k +1 j =1
µ= j

(7) +2¦ qciµ .qciϕ + ¦ q );
Ni

Ni

µ= j

2
cij

where ¨p*c and ¨p*chv are the specific losses of the
low and high voltage capacitor banks, kW/ kVAr.
• Synchronous motors in capacity working mode
(¨Wq,sm)

∆Wq ,sm =
(10)

+

∆Wq ,ds
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where Qi(t) is the low and middle voltage common
load, kVAr;
qsm, qchv – the high voltage capacitive power of the
synchronous motors and the capacitor systems, kVAr.
• Low and high voltage capacitor systems

¦ ¦T q

k +l + m Ni

(9)

∆Wq ,cs = ∆p*c
+∆pchv qcms ,
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The common annual active energy losses ¨Wq
from the reactive power flows in the IESS is
determined with the expression:

∆Wq = ∆Wq ,ct + ∆Wq ,t + ∆Wq ,m +

µ ≠ ϕ ; ϕ > µ.

• Cables, supplying the distribution substations

D

where
D1 and D2 are constants which depends on the type
of the synchronous motor, kW/ kVAr ɢ kW/ kVAr2;
qnsm – the nominal reactive power of the
synchronous motor, kVAr;
qsm – the generated capacity power by the
synchronous motor, kVAr.
In the expressions (5) - (10) the variables qc and
qchv are replaced with qc=qc*.¨qc ɢ qchv=qchv*.¨qchv, and
as a result ¨Wq become interrupted functions with
purposive variables.

(11)

µ= j

( 1ij qɫɞij +
¦
¦
i = k + l +1 j =1 qnsmij
k +l + m Ɇ i

+∆Wq ,ds + ∆Wq ,cs + ∆Wq ,sm =
))& ))))& ))))& )))&
= W (qc* , qchv* , qcms* , qsm ).

D. Multi-objective (vector) criterion
The capital investments for capacitor systems and
the losses of active energy from the reactive loads
flow in the IESS depend on identical variables: size of
low voltage capacitor bank (qc); capacitive power of
the synchronous motors (qsm).
The different criteria for optimizations are as
follows:
• minimal capital investment;
(12)

))& )))& ))& ))))&
K = ( wlv , whv , qc* , qchv* ) = min

• minimal active energy losses caused from
reactive loads flow;
(13)

)))& )))& ))))& ))&
∆Wq = W (qkɧ* , qɤɜ* , qkɜ*ɝɩ , qɫɞ ) = min .

i = k + l +1

These two criteria can be unified forming the
following criterion:
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(14)

= [ K ( wlv , whv , qc* , qchv* ),

)& ))& ))&

W ( qc* , qchv* , qsm )] = min
Following each one of the criteria from above
different optimum solutions will be obtained.
The common solution will be obtained from a
unified scalar criterion.
Both of the criteria (12), (13) can be brought to one
and the same dimension in euro. This is possible after
determining the investment expenses (€/year) for
paying the annual electrical energy loss:
(15)

cij
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Cn = pvf C =

+

¦ ¦q
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smij
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(1 + r ) N − 1
C,
r (1 + r ) N

where
pvf is present value factor, which allows RPS’ each
year’s losses to be reduced to the initial period (the
end of the first exploitation year);
r – percent interest (discount rate), %;
N – standard reactive power sources life duration.
Since K and ɋn have the same dimension (€) the
vector criterion (14) can be one unified scalar
efficiency function [8,10] as follows
(17)

¦ ¦q

k +l + m N i

C = ∆W .β av ,

where ȕav is an average price for electrical energy, its
zone rates for payment and their alternation trend have
to be determined.
Annual loss flows ɋ have relatively constant
values (¨Wq§const; ȕav§const) and as a result they can
be reduced to the current value of the initial exploiting
period of the reactive power sources with the
following expression: [8], [9]
(16)

Constraints
In regard to observing the definitive variation
range of the independent variables according to
certain physical and technical requirements, the
optimization is being executed under the following
constraints:
• The sum of the capacity powers of all the RPS
installed has to be equal to the compensate power
needed Qc

Z = λ1K + λ2Cn = min ,

where Ȝ1 ɢ Ȝ2 are weighting factor for Ʉ and ɋn.
Weighting factors Ȝ1 and Ȝ2 can be determined after
analyzing the particular technical and financial
conditions. Usually in the electrical energy filed [7]
while carrying out such examinations these factors are
unity (Ȝ1=Ȝ2=1).
The optimization following the three criteria (12),
(13) and (17) will be regarded as relative because
certain constraints need to be taken into consideration.

• All the independent variables are positive
quantities
(19ɚ)

(19b)

(19c)

qcij ≥ 0, i = 1, l + l + m; j = 1, N i ; ,
qkɜi ≥ 0, i = k + l + 1, k + l + m;
qchv ≥ 0;

,

qsmij ≥ 0,
i = k + l + 1, k + l + m; j = 1, M i ;

• Transformers at the local substation do not have
to be overloaded

(20)

2
qcij ≥ qmax ij − k p2,ij St2,ij − pmax
i

i = 1, k + l + m; j = 1, N i ,
where
kp is the permissible load factor;
pmax, qmax – the maximum continuous active and
reactive loads of the local substations, kW; kVAr;
St – the nominal power of the transformers;
• There should be no transfer of capacity energy
form the local substations to higher hierarchy
levels

(21)

qcij ≤ qmax ij ,
i = 1, k + l + m; j = 1, N i .

• The overheating of the stator and rotor windings
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subordination of the SM has to fit the permissible
limits
(22)

qsmij ≤ α pij qnsmij ,
i = k + l + 1, k + l + m; j = 1, M i ,

where Įp is the maximum admissible capacity loading
of the SM, which is defined by the active loading and
the parameters of the SM.
It is also needed to detect the dependence between
the boolean variables and the independent variables
qcij and qchvij
(23)

° wij (qcij ≤ 0) = 0;
wlvij = wij (qcij ) = ®
°̄ wij (qcij > 0) = 1.

The dependence between whvij and wms is identical.
Methodology and algorithm of optimization
The efficiency factor (17) is a sum of three
functions with different type of variables: boolean
variables wij; discreet (integer) independent variables
qcij and qchvij; continuous quantities of the capacity
powers of the SM. The constraints are one equation
and inequalities.
From (18) for qcms the following expression derives

qcms
(24)

§ k +l + m Ni
= Qɤ − ¨ ¦ ¦ qcij +
© i =1 j =1

¦
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+
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i = k +l +1

smij

i = k + l +1 j =1

·
¹̧

.

After replacing qcms in (17) the independent
variables decrease with minus one variable and the
restraint (18) transforms into the inequality

(25)

k +l + m
§ k +l + m Ni
+
q
¨ ¦ ¦ cij ¦ qchvi +
i = k + l +1
© i =1 j =1

·
q
¦ ¦ smij ≤ Qɤ ,
i = k +l +1 j =1
¹̧
k +l + m M i

+

The restraint (19b) for qcms stays the same.
Considering the nature of the objective function
and the constraints the optimization happens
following a direct optimization method (the method of
scanning the independent variables).
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Fig.3. Algorithm for applying the method of scanning.

This particular method was chosen because it is
relatively easy to determine its algorithm and it
organizes an extremum research with no regard of the
objective function type. The number of the
calculations depends on the number of the controlling
parameters and the accuracy that was set [10]. Having
the nowadays calculating technologies this is usually
not a problem.
The common structure of the algorithm needed for
solving the optimization problem is illustrated on
fig.3.
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A program was created in Matlab environment
based on algorithm, for solving the optimization
problem.
Conclusion
The developed mathematical method and
algorithm for partially integer vector optimization
with determining the boolean variables allows the
optimum structure of the compensate powers to be
defined meaning the division of the required
compensate power Qc between the low and high
voltage capacitor systems and the synchronous
motors.
The developed program allows studying the
influence of the system parameters, the construction
of the capacitor systems, the regimes of loading the
synchronous motors and the financial conditions,
which will make the design of an efficient electrical
supply system possible.
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