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In this article, a single server delay system with a state dependent arrival and departure process-

es is investigated. The generalized arrival and service flow with nonlinear state dependence intensities 

is used. The idea is based on the analytical continuation of the Poisson arrival and the Bernoulli ser-

vice process and the classic M/M/1/k system. Techniques based on birth and death process and state-

dependent rates is apply. The system M(g)/M(g)/1/k (by Kendal notation) with a generalized arrival 

and departure processes – Mg is considered. The input and output intensities depend nonlinearly on 

the system state with a defined parameter “peaked factor – p and q”. The state probabilities of the 

system are obtained using the general solution of the birth and death processes. The influence of the 

peaked factors on the state probability distribution, the congestion probability and the mean system 

time is evaluated. It is shown that the state-dependent arrival and service rates changes significantly 

the characteristics of the queueing systems. The advantages of simplicity and uniformity in represent-

ing both peaked and smooth behaviour make this queue attractive in network analysis and synthesis. 
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1. Introduction 

Simple models like the classical single-server 

queues can often be used to obtain comprehensive 

results, e.g., to predict the global traffic behaviour. 

When modeling network traffic, packet and connec-

tion arrivals are often assumed Poisson processes be-

cause such processes have attractive theoretical prop-

erties. 

The basic characteristic of the traffic flows in the 

modern telecommunications networks is that they can 

be smooth, regular or peaked. In these three cases, the 

variance of the number of arrival packets is smaller, 

equal or bigger than the mean value. The typical 

transmission of the packets in the networks is in burst 

(a large amount of data sent in a short time). The 

burstiness is caused by the nature of the data being 

communicated and it is lead to the peaked traffic flow 

in the networks. That is why, there are many studies 
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that describe complicated queueing system with spe-

cific behavior as long-range dependence, peakedness, 

selfsimilar, heavy tail distributions. One why to de-

scribe this behavior is to generalize the queueing sys-

tems by state-dependent arrival and service rates. 

Queueing systems with arrival and (or) service 

rates depending on the system’s state arise in various 

application areas. State-dependent features are present 

in congestion control protocols in communication 

networks. 

In [3] a TCP-like linear-increase multiplicative-

decrease flow control mechanism is presented. They 

considered congestion signals that arrive in batches 

according to a Poisson process. The service times in 

the queueing model depend on the workload in the 

system and the transmission rate cannot exceed a cer-

tain maximum value. 

In [2] a continuous-time M/M/1 queueing system 

is analyzed in which the server can serve at two dif-

ferent speeds. The actual speed of the server depends 

on the state (empty or nonempty) of a fluid buffer. 

Fluid flows continuously into the fluid buffer at a 

constant rate, but is released from the buffer only dur-

ing busy periods of the server. Hence, the contents of 

the fluid buffer are in turn determined by the queueing 

system. The queueing model serves as a mathematical 

model for a two-level traffic shaper at the edge of an 

ATM network. The stationary joint distribution of the 

number of customers in the system and the contents of 

the fluid buffer is investigated. From this distribution, 

various performance measures such as the steady-state 

sojourn time distribution of a customer is obtained. 

A finite waiting Markovian single-server queueing 

model with state dependent arrivals and retention of 

reneged customers is studied in [12]. 

In [9] the burstness of the total arrival process is 

characterized in packet network performance models 

by the dependence among successive interarrival 

times, dependence among successive service times 

and between service and interarrival times. These 

dependence effects are demonstrated analytically by 

considering a multiclass single-server queue with 

batch-Poisson arrival processes. 

In [7] is developed an algorithm for computing ex-

act steady-state blocking probabilities for each class in 

product-form loss networks to cover general state-

dependent arrival and service rates. This generaliza-

tion allows considering a wide variety of buffered and 

unbuffered resource-sharing models with non-Poisson 

traffic as may arise with overflows in the context of 

alternative routing. 

In [1] is considered a complicated state-dependent 

Mn/Gn/1 queueing system. They allowed the arrival 

rate of customers to depend on the number of people 

in the system. Service times are also state-dependent 

and service rates can be modified at both arrivals and 

departures of customers. They shown that the steady-

state solution of this system at arbitrary times can be 

derived using the supplementary variable method. 

The feedback information on the buffer state pro-

vides the basis for the Transmission Control Protocol 

(TCP) to regulate carefully the transmission rate of 

Internet flows. To evaluate this behavior in [5] is con-

sidered a G/G/1-type queue with workload-dependent 

arrival rate and service speed. 

In [11] is introduced and evaluated a generalized 

Poisson arrival process by state-dependent arrival rates. 

The proposed single server delay system provides a 

unified framework to model peaked and smooth traffic 

and makes it attractive in network analysis. 

In [4] is presented a queueing system where feed-

back information about the level of congestion is giv-

en right after arrival instants. If the amount of work 

right after an arrival is smaller or larger than a finite 

number then the server starts to work at two different 

service speeds. In addition, they have considered the 

generalization to the N-step service speed function. 

In [10] an open Generalised Jackson network of 

single server queues with the arrival and service rates 

depending on the queue lengths is considered. 

In [8] is discussed the analysis of a single server 

finite queue with Poisson arrival and arbitrary service 

time distribution, wherein the arrival rates are state 

dependent which are all distinct or all equal, service 

times are conditioned on the system length at the mo-

ment of service initiation. The analytic analysis of the 

queue is carried out and the results have been present-

ed in the form of recursive equations. 

In the last few years, increasing interest in studying 

queueing systems with various rules of vacation has 

led to many extensions of previously existing results.  

In [14] is investigated a single server queueing sys-

tem wherein the arrival of the units follow Poisson 

process with varying arrival rates in different states 

and the service time of the units is arbitrary (general) 

distributed. The server may take a vacation of a fixed 

duration or may continue to be available in the system 

for next service. Using the probability argument, they 

constructed the set of steady state equations by intro-

ducing the supplementary variable corresponding to 

elapsed service time. 

In [6] is studied a single-server queueing system 

with state-dependent arrivals and general service dis-

tribution, or simply M(n)/G/1/K, where the server 

follows an N policy and takes multiple vacations 

when the system is empty. They provided a recursive 
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algorithm using the supplementary variable technique 

to compute numerically the stationary queue length 

distribution of the system. The computational com-

plexity of the algorithm is O(K3). 

In [13] is investigated the state dependent bulk ser-

vice queue with balking, reneging and multiple vaca-

tions where the customers are served in batches with 

quorum level “a” and when (a-1) arrivals waiting in 

the queue, server will wait for some time (called the 

changeover time), in spite of going for a vacation.  

The queueing literature contains many studies 

about queues with workload-dependent service 

speeds. In these studies, it is usually assumed that the 

speed of the server is continuously adapted over time 

based on the buffer content. In many practical situa-

tions service speed adaptations are only made at par-

ticular points in time, like arrival epochs. For exam-

ple, feedback information about the buffer state may 

only be available at such epochs. 

In this paper, queueing systems with adaptable ar-

rival and service speed based on the amount of work 

right after customer arrivals or departure is ciosidered. 

Between these events, the arrival and service speed is 

held fixed and may not be changed until the next cus-

tomer arrival or depart. The classical delay queueing 

systems to nonlinear state-dependent service rate is 

generalized. The generalized arrival and departure 

flows with nonlinear state dependence intensitis are 

used. The idea is based on the analytic continuation of 

the Poisson and Binomial distribution and the classic 

M/M/1/k system. Techniques based on birth and death 

process and state-dependent service rates is appplied. 

This generalized model can be used to analyze the 

stochastic behavior and performance of the telecom-

munication networks and systems. 

2. Generalized single server delay system model 

description 

Let us consider a single server queue 

M(g)/M(g)/1/k with a state dependent generalized 

Poisson arrival process M(g), state dependent expo-

nentially distributed service time M(g) and limited 

waiting rooms k. This generalized queueing system 

has the nonlinear state dependence birth and death 

coefficients as follows 
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where  p is the arrival peakedness factor; 

            q is the departure peakedness factor. 

With this two peakedness factors we define the 

state-dependent arrival and service rate and general-

ised the arrival and service processes. The generalized 

Poisson arrival processes are said to be peaked, regu-

lar or smooth according to whether p >1, p =1 or  

p <1, respectively. The generalized Bernoulli 

departure processes are said to be peaked, regular or 

smooth according to whether q >1, q =1 or q <1, 

respectively. 

The finite state-transition diagram of the investi-

gated single server queue with state-dependant arrival 

end service rates is shown in Fig.1. 

Applying the birth and death coefficients to the 

general solution of the birth and death process and 

using traffic intensity when the system is empty a = 

λ/µ we obtain the steady state probabilities 
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Fig.1. A state-transition diagram – M(g)/M(g)/1/k queue. 
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The offered traffic is calculated by means of the 

average arrival rate and the mean holding time 

(5)         µλτλ ==A . 

The carried traffic is equivalent to the probability 

that the system is busy 

(6)      0o P1A −= . 

3. Performance measures 

Blocking probability. The time congestion proba-

bility B describes the fraction of time that all waiting 

rooms are busy 

(7)            1kPB += . 

Mean number of calls. The mean number of calls 

present in the system in steady state by definition is 

(8)           +
=

=
1k

1j
jPjL . 

Mean system time. From the Little formula, we 

have the mean system time 

(9)           λLW = . 

4. Numerical results  

In this section, we give numerical results obtained 

by a Pascal program on a personal computer. The 

described methods were tested on a computer over a 

wide range of arguments. 

Figure 2 shows the stationary probability distribu-

tion in a single server queue Mg/M(g)/1/k with a state 

dependent arrival and service rates, 40 waiting posi-

tions, 0.8 Erl traffic intensity when the system is emp-

ty and different value of the arrival and departure 

peakedness factors p and q. We can see that when the 

both peakedness factors is bigger than one the proba-

bilities can increase when the number of the calls in 

the system increase.  

Figure 3 shows the time congestion probability in a 

single delay system Mg/M(g)/1/k as function of the 

buffer size with the traffic intensity 0.8 Erl when the 

system is empty and different value of the arrival and 

departure peakedness factors p and q. . When the both 

peakedness factor is bigger then 1 the influence of the 

buffer size on the time congestion probability is negli-

gible. In some cases the time congestion probability 

can increase when the buffer size increase. 

Figure 4 illustrates the dependence of the arrival 

intensity from the number of calls in the system and 

different arrival peakedness factor q from 0.8 to 1.06. 

We can see that when the arrival peakedness factor is 

smaller or bigger than one the arrival intensity de-

crease or increase respectively when the number of 

the calls in the system increase. 

Figure 5 illustrates the dependence of the mean 

service time from the number of calls in the system 

and different departure peakedness factor p from 0.8 

to 1.06. We can see that when the departure 

peakedness factor is smaller or bigger than one the 

mean service time decrease or increase respectively 

when the number of the calls in the system increase.  

Figure 6 presents the normalized mean system time 

(W' = W/τ) as function of the traffic intensity when 

the system is empty with arrival and departure 

peakedness factor equal to 1.02 and different waiting 

positions. 

The presented figures show that the influence of 

the peakedness factors over the performance measures 

is significantly. 

5. Conclusion 

In this paper, a generalized Poisson arrival and 

Bernoulli departure processes as a result of state de-

pendent arrival and service rates are introduced. A 

basic model for a single server delay queue 

M(g)/M(g)/1/k is examined in detail. The proposed 

model provides a unified framework to model peaked, 

regular and smooth behaviour of the teletraffic sys-

tems. 

The single server delay system with state depend-

ent arrival and service rates can be used as a means for 

controlling and smoothing the data flow into the tele-

communications networks. This system can be used to 

explain the behaviour of real traffic regulator as 

“leaky bucket” and “congestion window”. 

The importance of the teletraffic systems in a case 

of state dependent arrival and service rates comes 

from its ability to describe behaviour that is to be 

found in up-to-day networks. It is the case in a general 

teletraffic system, which is an important feature in 

designing telecommunications networks. 

In conclusion, we believe that the presented gener-

alized a single server delay queueing system will be 

useful in practice. 
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Fig.2. M(g)/M(g)/1/k queue - Stationary probability distribution. 
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Fig.3. M(g)/M(g)/1/k queue - Time congestion probability. 
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Fig.4. Dependence of the arrival rate from the state of the system at different arrival peakedness factor. 
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Fig.5. Dependence of the mean service time from the state of the system at different service peakedness factor. 
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Fig.6. M(g)/M(g)/1/k normalized mean system time when the arrival and service processes are peaked. 
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