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APPLIED ELECTROMAGNETICS 

Wireless solution for traffic monitoring 

Elena Chervakova, Marco Goetze, Tino Hutschenreuther, 
Hannes Toepfer, Bojana Nikolić, Bojan Dimitrijević 

 

This work describes research aspects of the development of a sensor system to register traffic-related 
data, such as the number, type, and speed of vehicles on a “tactile road”. This system aims to provide a cost-
effective means of expanding upon existing traffic detection infrastructure in order to enable more accurate 
modeling and predictions and in turn contribute to the growth of electromobility by providing a basis for ded-
icated navigation solutions as well as for traffic control. Firstly, the overall system made up of several com-
ponents will be described and aspects of the development of the embedded systems involved will be discussed. 
Secondly, the fact that the traffic sensors were to be realized as in-ground detectors brings about challenges 
concerning wireless communications considering the placement of sensors and the urban environment. Con-
sequently, antenna configurations play a crucial role and have been both tested extensively and modeled the-
oretically. These research issues are described, results are explained and illustrated. 

 

Introduction 

Traffic monitoring is considered an essential 
means in realizing concepts of electromobility. Espe-
cially for electric vehicles with their shorter range 
compared to conventional vehicles, optimum naviga-
tion with respect to trip time and distance travelled is 
strongly dependent on up-to-date local information, 
such as link travel times or details on traffic conges-
tions. This stimulates research towards solutions 
aimed at offering an adequate data basis for facilitat-
ing the growth of electromobility. 

Application background 

To support acquisition of data on road users, re-
search activities are devoted to wireless sensor solu-
tions that can be installed very easily at lower cost 
than the cable systems currently in widespread use for 
traffic detection. To this end, a sensor unit installed in 
the ground utilizes a magnetic field sensor. Passing 
vehicles cause a local change in the earth’s magnetic 
field, enabling their detection. Furthermore, the vehi-
cle’s type can be classified, and using a pair of con-
secutive detectors, its speed can be determined. 

In order to avoid having to wire detectors, these 
need not only be battery-powered but also communi-
cate wirelessly. As the range of low-power wireless 
communications is limited, detectors at a given loca-
tion (typically, an intersection or a cross-section of a 
road) communicate locally with a gateway. Gateways 
in turn employ mobile communications to deliver ag-

gregated data to a central data concentrator which in-
terfaces with a traffic computer system. 

This way, a “tactile road” is formed which enables 
measuring the traffic flow. Fig. 1 shows the compo-
nents resulting from the R&D discussed in this paper 
in context. 

 

 
Fig. 1. Actual installation of a detector (electronics and 

housing shown separately) at an intersection in Erfurt. The 
position of the detector in the road can be recognized by 
the dark patch on the street. The gateway is attached to a 

traffic lights post at a height of 4 m. 

In the project, the results were to be evaluated in 
the model city of Erfurt in central Germany. There, 
the new wireless sensor networks were to complement 
the detection solutions already in place, allowing traf-
fic for data to be registered in finer detail than before. 
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Only on this foundation is it possible to create more 
comprehensive and accurate traffic models, which can 
be used for both navigation and traffic control. 

System design aspects 

Challenges 

Whereas the gateways and data concentrator as 
higher-level components in the overall system were 
custom embedded and COTS systems, respectively, 
that involved little or no research, the R&D focus of the 
project consisted in the development of the traffic de-
tectors as wireless sensor network (WSN) nodes. Due 
to the in-ground installation, besides physical require-
ments such as ruggedness and weatherproofing, wireless 
communications and battery life represented challenges. 

 
Fig. 2. Signal quality in terms of losses LQI, RSSI, meas-
ured over a range up to 90 meters compared for various 

antennae structures: helix, chip, planar antenna.  

The core of a WSN node is a microcontroller [1], 
in the given case an Atmel ATmega128RFA1 system-
on-chip (SoC), which combines an industry-standard 
microcontroller, programmable flash memory, RAM, 
and a 2.4 GHz transceiver. Approaching the applica-
tion specific design of traffic detectors as WSN nodes, 
there are a number of variables affecting a node’s 
wireless performance: the transceiver used, the fre-
quency band, output power, antenna structures, and 
protocol aspects. 

Experimental examinations 

In a first step, commercially available components 
(transceivers, antennae) were investigated in conjunc-
tion with WSN hardware artifacts from previous pro-
jects to consecutively decide upon a frequency band 
(2,4 GHz), specific transceiver (Atmel ATmega128-
RFA1), and an optimal antenna structure (planar anten-
na). Fig. 2 exemplarily shows some results of this char-
acterization, plotting phenomenological parameters 
packet loss, received signal strength RSSI (i.e., the elec-
trical field strength), and the link quality index LQI ver-
sus the distance for a helical antenna, an integrated on-
chip-antenna, and a planar antenna. Additional experi-
mental examinations focused on the influence on envi-
ronmental conditions such as moisture in the air and on 
the ground. 

Theoretical considerations 

For a more fundamental study of the wireless trans-
mission conditions, the consequences of the planned 
installation have been investigated by means of numeri-
cal electromagnetic simulations. A special focus has 
been put on the influence of the surrounding material 
(asphalt, soil, pavement) on the radiation pattern. These 
analyses have been carried out numerically by means of 
a finite-difference time-domain method (FDTD) [2] 
which allows for a three-dimensional full-wave solving 
of Maxwell’s equations. The results of a parameter 
study of the effect of the subsurface depth and position 
of the antenna on the possible distance between sensor 
network node and the gateway have been reported pre-
viously [3], [4]. 

Another topic consisted in an assessment of the 
reachability of the gateway under different assumptions 
on humidity. As the WSN node together with the an-
tenna is placed in the ground, the radiation pattern in 
this situation will be altered with respect to the specifi-
cation in the datasheet. The electric properties of the 
surrounding asphalt are initially given through its rela-
tive permittivity εr and specific electric conductivity σ: 
εr = 5, σ = 0 S/m. The electric properties of the plastic 
tube and its lid, both buried in the street, are assumed to 
be: εr = 4, σ = 0 S/m. For emulating increased humidity 
of the environment, changes in the real and imaginary 
part of the permittivity, i.e., the values of εr and σ, re-
spectively, have been studied. It turned out that there 
was no significant influence on the resonant frequency. 
However, the magnitude of the scattering parameter 
S11 as a measure for the matching properties, was 
slightly influenced. Fig. 3 shows the normalized radia-
tion patterns for two cases: εr = 5, σ = 0.001 and 
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εr = 25, σ = 0.1, respectively. In both cases, there are 
dominant main lobes with similar shape. The radiated 
power in desirable direction (maximal power) differs by 
only 0.3 dB. 

 
Fig. 3. Normalized radiation pattern of the antenna placed 

in the ground for the parameters εr = 5, σ = 0.001 (top) 
and εr = 25, σ = 0.1 (bottom) with red line: elevation plot, 

blue line: azimuth plot. One can see that in both cases main 
lobes are dominant and with similar shape. Because of 

orientation in simulation space, the desirable direction of 
radiation is 0o in azimuth and 270o in elevation. As a result 

of the numerical case study, it can be concluded that the 
design approach leads to a robust solution also with re-
spect to parameter changes caused by, e.g., the weather 
(enhanced conductivity or permittivity due to moisture). 

Based on the experimental and theoretical results, a 
planar antenna (Taoglas SWLP.12) has been incorpo-
rated into the detector design. Using this, a maximum 
communication range of 75 m (line-of-sight) with a 
gateway installed at a height of 4 m has been achieved. 

Protocol design 

As it is the nature of the urban environment that 
conditions vary ― due to traffic and other temporary 
obstructions as well as in the course of seasons and 
due to the weather ― the system had to be designed in 
such a way that it adapts itself to varying conditions 
and continues to operate as well as possible even in 
the event of temporary degradations in communica-
tions. This has been achieved by designing an applica-
tion protocol incorporating both different modes of 
operation (such as raw data, live, or aggregated trans-
mission) and compensation mechanisms. 

Counters are used to compensate for unavoidable 
message loss beyond the basic acknowledgement and 
retry approach. Furthermore, values for, e.g., occu-
pancy (the percentage of time in an interval the sensor 
has been “occupied” by a car) are scaled if individual 
measurements get lost but the vast majority of values 
in an interval have been received. In other cases, the 
system fails gracefully by, e.g., stopping to provide 
speed averages if too few vehicles in an interval could 
successfully be measured for speed, falling back to 
providing only but continuing to provide, traffic vol-
ume as the most basic of data as long as there is any 
communication with detectors at all. 

Energy management 

The wireless detector is powered by a 3.6 V, 
8.500 mAh battery, which was selected in conjunc-
tion with the design of the housing (made by a part-
ner in the project). The most energy-consuming op-
erations of the detector nodes consist in the 128 Hz 
magnetic field sensor measurement cycle and wire-
less communications. Maximizing battery life re-
quires elaborate energy management in the TinyOS 
[6] application. 

While the energy consumption for the actual sen-
sor readout can hardly be reduced, the sensor is put 
into the most energy-conserving state in between the 
sampling operations, consuming as little as 47 µA. 

Depending on the mode of operation, the detector 
transmits data either on detection or periodically, with 
the former of course incurring a higher energy con-
sumption. Retransmissions are limited in number, and 
the transceiver is kept in receive mode only very 
briefly after status messages in order to potentially 
receive commands, and for purposes of the time syn-
chronization required for speed measurements. 

Further details on the overall system and software 
aspects are given in [4]. 
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Summary 

The developed detection system is currently being 
tested in a field trial in Erfurt, capital of Thuringia, 
where 172 traffic detectors have been deployed at 17 
locations (mostly intersections). The data being ac-
quired by the detectors are transmitted via gateways and 
the central data concentrator on to the city’s traffic 
computer system. There, they serve to improve the data 
basis of a traffic modeling and prediction system. The 
resulting predictions are in turn used to provide infor-
mation in real-time to a navigation solution meant to 
facilitate electromobility by providing range-optimized 
routing. 

The detection system has also been demonstrated at 
the DASIP 2015 [5] demo night and won the “Best 
Demo Night” award. 

While the system is still being evaluated and thus no 
final assessment of its performance can yet be made, 
ongoing work is aimed at improving the detectors both 
in terms of features (such as vehicle classification and 
utilization for other application scenarios) and battery 
life. 
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Analysis of transient plane wave coupling to  
horizontal conductor in homogeneous lossy soil 

Vesna Arnautovski-Toševa, Leonid Grčev, Marija Kacarska  

 
Modeling of transient behavior of wire conductors in presence of lossy soil has been a subject of 

great amount of research. This problem has been dealt with in different ways, from application of 
rigorous full-wave approaches based on Sommerfeld formulation to simplified models more suitable 
for practical engineering studies. This paper presents comparison of two distinct approximate models 
for analysis of transient plane wave coupling to horizontal wire conductor buried in homogeneous 
lossy soil. The first approach uses quasi-static approximation of corresponding Green’s functions that 
arise in rigorous Sommerfeld integral based on image and complex image theory. The second 
approach uses transmission line theory where two formulations are compared. The first one is based 
on Sunde’s integral whereas the second is based on simplified logarithmic expression for per unit 
length impedance. The authors compare the range of applicability of the two forms of image models 
and the two forms of transmission line models in practical EMC studies. The results are verified by 
comparison with Sommerfeld model on the basis of rms error of the current distribution with respect 
to frequency range from 10 kHz to 10 MHz. 

 

Introduction 

The electromagnetic field coupling to buried wires 
has been analyzed in many electromagnetic 
compatibility (EMC) studies [1]–[2] due to great 
practical interest. The analysis is often done by using 
approximate transmission line (TL) modeling due to 
the simplicity in implementation and use in existing 
software for high frequency analysis. However, this 
approach does not represent complete solution for the 
given problem since it doesn’t include the radiation 
effects. On the other hand, the antenna theory 
approach based on rigorous electromagnetic theory [3] 
with at least approximations is often computationally 
inefficient. For that reason approximate methods 
within antenna theory models have been studied 
intensively [4]–[5], which are based on quasi-static 
image approximation. The results given in [6] show 
that significant differences between different models 
arise especially when analyzing buried wire 
conductors. 

In this paper we compare the accuracy of two 
approximate approaches. The first approach is based 
on quasi-static (QS) image theory, and the second one 
is based on transmission line (TL) theory. Next, a 
comparison with respect to exact full-wave model will 
be done on the basis of by rms error of the current 
distribution with respect to frequency range from 10 
kHz to 10 MHz. The main objective is to analyze the 

applicability domain of the analyzed models in 
practical EMC studies. The results are also compared 
by Numerical Electromagnetic Code (NEC) reflection 
coefficient solution. 

Mathematical model 

Consider a single x–directed horizontal conductor 
of radius a, and length L buried at depth d in finite 
conductive homogeneous soil, shown in Fig. 1. Here 
we assume uniform plane wave of normal 

incidence ( )zjkEix
i

00 expˆ=E . The homogeneous 

lossy soil is characterized by permittivity ε = ε0εr, 
permeability μ0 and conductivity σ. 

 

Fig.1.  Horizontal wire conductor in lossy soil illuminated 
by a uniform plane wave of normal incidence. 

To solve induced currents for a given problem we 
use moment method where the wire conductor is 
segmented in fictitious segments and the current 
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distribution is approximated by overlapped triangular 
expansion functions. The current distribution is 
obtained by solving matrix equation 1[ ] [ ] [ ]I Z U−= ⋅ , 
where [Z] is generalized impedance matrix, and [U] is 
excitation matrix.  

The elements of [U] are determined by 

(1) 

( )djkTEE

dlEU

t

l

n
t

n

n

1
01

0
01

01

exp −=

= 
 

where Et01 is the electric field transmitted in lossy soil 
tangential to the wire conductor.  

The elements of matrix [Z] are defined as mutual 
impedances between observation wire segment m due 
to filaments of current In and charge qn induced along 
the axis of the source segment n 

(2) m
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1 ω  

where xx
AG  is x–component of the dyadic Green's 

function for the magnetic vector potential, and GV is 
scalar potential Green's function for a horizontal 
electric dipole HED in homogeneous lossy half-space. 

Sommerfeld formulation 

The Sommerfeld formulation represents most 
rigorous solution for the Green’s functions for the 
given problem [7] where (z = z′ = d) 
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here ( )
dir

dir
dir R

Rjk
G 1exp −

=  and ( )
img

img
img R

Rjk
G 1exp −

=  are 

direct and image terms that represent respectively a 
spherical wave that arises in the case when the HED 
source and its image are in infinite homogeneous 
medium with characteristics of the soil with 
propagation constant k1, and Rdir and Rimg are distances 
between the source HED and its image to the 

observation point. Terms {} {} ( ) λλλρ
π

dJS 
∞

⋅=⋅
0

00 2

1  

represent Sommerfeld integrals which are solved by 
direct numerical integration.  

Quasi-static formulations 

The quasi-static (QS) image models are based on 
approximation of the kernel in Sommerfeld integrals 
that arise in exact formulation of the problem [4].  

The first model (denoted as “QS-img”) is based on 
approximation of kernels in I1 and I3 by using the 
following approximation of the reflection coefficients, 

RTE → 0 and K
kk

kk
RTM −=

+
−→ 2

1
2
0

2
1

2
0 , where u1 ~ u0 due 

to 22
ik>>λ  for i = 0, 1 as ω → 0 and 2

0 0k → .    

KRTM −→  is a key simplification because K is a 
constant in the spectral domain and can be extracted 
from the integrals, which enables the derivation of 
closed-form solutions of the integrals.  

This leads to approximate formulations of the 
Green’s functions 

(5) 
[ ]imgdirV

dir
xx
A

KGGG

GG

+≈

≈

ε

μ

2

1
2

0

. 

The second approach (denoted as  
“QS-cmplx.img”) uses Wait-Spies [9] and Bannister’s 
extended image approximation [10] in order to 
simplify kernels in I2 and I4 [5].  

This approximation is based on assumption u0 ~ λ 
and u1 ≠ u0 as ω → 0 that leads to the following 

approximation ( )Cd
u

λ
λ

λ −−≈
+

exp1
2

1

 where 

12 jkdC =  is complex depth [10].  
In order to obtain closed form solution of 

approximate integrals we use approximation [10] 
( ) ( ) ( )zzBzzAjkzzu ′+−′+−=′+− λexpexpexp 11  

where A and B are constants [10].  
Thus, we obtain a second set of approximate 

Green’s functions as follows 
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where  

( )22
1 zzBR ′++= ρ     ( )22

2 zzBdR C ′+++= ρ . 

Transmission line formulations 

The transmission line (TL) equations for a buried 
horizontal wire conductor are expressed in terms of 
voltage V(x) and current I(x) induced along the 
conductor 

(7) 

( ) ( ) ( )
( ) ( ) 0

,01

=+
∂

∂

−=+
∂

∂

xYV
x

xI

dxExZI
x

xV t

, 

where Z and Y are respectively per unit length soil 
impedance and soil admittance.  

The current distribution is obtained by 

(8)   

( )( ) ( )
( ) ( )( )

( )( ) ( )
( ) ( )( )

01
1 1

0 1 1

01 01
1 1

0 01 1

1 exp exp
( )

exp exp

1 exp exp

exp exp

t

t t

L xE
I x

Z L L

L xE E

Z ZL L

γ γ
γ γ

γ γ
γ γ

− −
=

− −

− −−+ +
− −

 

where YZZ =0  is the characteristic impedance. 

Here we compare two TL models to calculate the 
induced currents.  

The first model is based on Pollaczek formulation 
for per unit length impedance Z and admittance Y in 
integral form (denoted by “TL-int”) 

(9)      

( )
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 +−=
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2
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1010
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whereas the second model uses logarithmic simplified 
formulation [8] (denoted by “TL-log”) 

(10) 






 +≈
a

aj
Z

1

10 1
ln

2 γ
γ

π
ωμ

. 

In both cases the soil admittance is calculated by 

(11) 
Z

Y
2
1γ=  . 

Numerical results 

In this paper we compare the currents induced 
along the buried conductors due to illumination by 
transmitted electric field. The currents are calculated 
by using the approach based on Sommerfeld 
formulation, the two QS approximate formulations, 
and the two TL formulations. The results are 
compared also with those obtained by using the 
Numerical Electromagnetic Code (NEC) reflection 
coefficient approximation. 

The studied cases are: L = 20-m (short conductor) 
and L = 100-m (long conductor), with radius 
a = 0.007 m at depth d = 1 m and d = 0.5 m. We use 
two values for the soil conductivity σ = 0.01 S/m 
(medium) and σ = 0.1 S/m (high). The relative 
permittivity of the ground is fixed at εr = 10. The 
electric field in the air is assumed E0 = 1 V/m in 
frequency range from 10 kHz to 10 MHz. 

The accuracy of the proposed approximate models 
is analyzed in frequency domain by comparing the 
induced currents along the conductor with respect to 
the results obtained by using rigorous Sommerfeld 
formulation. We calculate the following normalized 
RMS error 

(12) 

2

1

1

2

1

2


















−

=





=

=
N

i
approxi

N

i
approxiEi

rms

I

II

ε  

where  IEi and Iapproxi are phasors of the current 
samples along the wire computed by the Sommerfeld 
formulation and the approximate QS-img, QS 
cmplx.img., TL-int and TL-log models respectively, 
and N is number of samples. 

Short 20-m conductor 

Fig. 2 shows the current magnitude induced along 
a 20-m horizontal conductor buried at 1 m in 
homogeneous lossy soil (εr = 10; σ = 0.01 S/m) at 
1 MHz and 10 MHz. The corresponding εrms error is 
shown in Fig. 3. In Fig. 4 it may be observed the εrms 
error calculated for high soil conductivity 
(σ = 0.1 S/m), whereas in Fig. 5 it may be observed 
the influence of the conductor depth on the εrms error 
(here d = 0.5 m).  
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Fig.2. Current induced along 20-m conductor in lossy soil 
due to electric field. 

 

Fig.3. εrms error of the current along 20-m conductor  
(d = 1 m; εr = 10; σ = 0.01 S/m). 

 

Fig.4. εrms error of the current along 20-m conductor  
(d = 1 m; εr = 10; σ = 0.1 S/m). 

As may be observed, both TL-int and TL-models 
introduce significant εrms error (> 10%) in the lower 
frequency range whereas for frequencies above 
1 MHz this error is about 5%. On the other hand, QS-
img and QS-cmplx.img models show very good 
agreement with the results obtained by Sommerfeld 
formulation. The εrms error introduced when using 
NEC reflection coefficient method is larger. Also, the 
results show that better agreement is obtained when 
the soil conductivity is high. Fig. 5 shows that when 
the conductor depth decreases the accuracy of TL 
models increases, whereas the QS image models show 
slightly worse results. 

 

Fig.5. εrms error of the current along 20-m conductor  
(d = 0.5 m; εr = 10; σ = 0.01 S/m). 

Long 100-m conductor 

Similarly as previously, Fig. 6 represents the 
induced current along a 100-m horizontal conductor at 
1 m in homogeneous lossy soil (εr = 10; σ = 0.01 S/m) 
at 1 MHz and 10 MHz. The corresponding εrms error is 
shown in Fig. 7. As may be observed, the two TL 
models show better agreement when applied for long 
conductors. However, higher εrms error (> 5 %) is still 
observed at low frequencies. The results obtained by 
QS-img and QS-cmplx.img models are also in good 
agreement with respect to Sommerfeld formulation 
model, it may be observed that the max εrms error is 
about 5% in all frequency range. In Fig. 8 it may be 
observed the εrms error in case when the soil 
conductivity is high (σ = 0.1 S/m). As may be 
observed, when the soil conductivity increases the 
accuracy of all approximate models is improved, i.e. 
εrms error decreases. Finally, in Fig. 9 it may be 
observed the influence of the smaller conductor depth 
(d = 0.5 m) on the εrms error. 
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Fig.6. Current induced along 100-m conductor in lossy soil 
due to electric field. 

 

Fig.7. εrms error of the current along 100-m conductor  
(d = 1 m; εr = 10; σ = 0.01 S/m). 

 

Fig.8. εrms error of the current along 100-m conductor  
(d = 1 m; εr = 10; σ = 0.1 S/m). 

 

Fig.9.  εrms error of the current along 100-m conductor  
(d = 0.5 m; εr = 10; σ = 0.01 S/m). 

Conclusion 

In the paper, the authors analyze two distinct 
approximate formulations (image theory and 
transmission line theory) in modeling transient 
coupling to horizontal wire conductor buried in 
homogeneous lossy soil. The simulation results of the 
induced currents along a 20-m and a 100-m wire 
conductor may be summarized in: 

The QS image/complex image models are very 
accurate and lead to generally small εrms error 
practically in all studied frequency range. However, 
the εrms error increases when the soil conductivity 
decreases. The results show that QS complex image 
approximation represents best approximation with 
about 5% εrms error in all studied cases. Only 
exception is in case of small value of soil conductivity 
and frequencies above 1 MHz when it may be 
observed εrms error errors higher than 5%.   

The TL integral/log models show good agreement 
of the currents in case when the conductors are long 
and the ground conductivity is high. However, the 
analyzed TL integral/log models introduce significant 
εrms error (> 10%) in the lower frequency range. 

 
This paper is an extension of work originally 

reported in Proceedings of the International 
Conference on Applied Electromagnetics, Niš, Serbia, 
2015. 
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FEM – analysis of current displacement phenomena 
in slot embedded solid conductor 

Marian Greconici, Gheorghe Madescu, Marius Biriescu, Martian Mot 

 
In the paper the low-frequency eddy currents into solid conductors embedded in a slot are 

theoretically analyzed. The electromagnetic field in conductors has been calculated using numerical 
method with a program based on finite element method (FEM) in order to compute the eddy factors in 
some practical cases. One estimates the critical height of a single layer solid conductor embedded in a 
slot at different current frequency. Also, for multi-layer cases with solid conductors on top of the other 
or side by side one calculate the eddy factors using FEM. Because one found considerable differences 
between numerical results and similar analytical results obtained through classical approach it is 
evident that some coefficients and curves used in classical design stage must be reconsidered. For 
these purpose modern techniques like numerical computation of the electromagnetic field with FEM in 
order to assess accurately the copper losses of electrical machines. 

 

The time-varying magnetic field within a 
conducting material causes eddy currents that flow 
within the conductor in addition to the main current 
and causes additional and unwanted losses. This 
phenomenon leads to an uneven distribution of current 
density in the cross section area of the conductor and 
it is known as the skin effect, [1]-[4], or current 
displacement effect. 

The skin effect increases the effective resistance of 
the conductors and thus also can produce significant 
losses in the conductors, and is, therefore, of interest 
in electrical equipment and especially in electric 
machines. In most of cases, this is an undesired 
phenomenon. 

The present paper analysis the current density 
distribution within solid conductor and present some 
numerical results for conductors of rectangular shape 
embedded in a slot. Both, the magnetic field and 
current density distributions, on the cross section of 
the conductor are computed using the FEM.  

Conventional approach 

The variable magnetic field induces eddy currents 
causing a non-uniform distribution of current density 
on the cross section of a solid conductor. This effect 
results in an increase of the resistive losses as 
compared with the direct current (DC) resistive losses. 
The AC to DC resistance ratio (or AC to DC resistive 
losses ratio) is defined as “eddy factor”: 

(1) 
]Ohm[

]Ohm[

]W[

]W[

dc

ac

dc

ac
r R

R

P

P
k == . 

The method for the eddy factor calculus has been 
proposed for the first time by the A.B.Field [5]. 
Further research on the skin effect in the slot has been 
developed by Emde, the research results being 
published between 1908-1922. According with this 
research, the eddy factor for the layer “p” of a solid 
conductor (Fig. 1) of rectangular shape embedded in a 
slot (open-slot, or semi-closed slot) could be 
calculated with [6]-[8]: 

(2) ( ) ( ) ( )ξψ⋅
+

+ξϕ=
2
p

puu
rp

I

III
k   

where, krp is the eddy factor of the conductor in the 
layer “p”, Ip is the current through the conductor in 
layer “p” and Iu is the total current of the conductors 
placed under the layer “p”, i.e.: 

(3) 
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=
=
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1

p

k
ku II .  

The auxiliary functions used in (2) are defined as: 

(4)    ( )
ξ−ξ
ξ+ξ⋅ξ=ξϕ
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sh
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with the dimensionless variable: 

(5) 
ρ

πμ⋅=ξ f

b

b
h

c

0 . 

The eddy factor depends on the conductor height h, 
on the frequency f of the flowing current and on the 
resistivity of the conductor ρ. 
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Fig. 1. Solid conductor on top of the other. 

Finite element formulation 

If a conductor with a cross-section area large 
enough carries an alternating current, according to the 
Faraday’s induction law, an electric field strength 

( Erot ) is induced in the internal path of the conductor: 

(6) 
t∂

∂= B
-Erot ,  

which in turns creates an eddy current density: 

(7) EJ σ= . 

The finite element method (FEM) allows 
calculating the skin effect with very high accuracy. 
The numerical evaluation of the skin effect allows 
improving some relations and curves used in the 
classical design. 

In the conductor domain, the magnetic potential 
vector satisfied the relation: 

(8) 
t∂

∂σ+=







×∇

μ
×∇ A

JA
1

0 ,  

in which J0 is the known current density (field source) 

and 
t∂

∂σ A
 is the induced current density in conductor. 

Outside the conductor, a Laplace equation is 
satisfied: 

(9) 0A2 =∇ . 

The boundary of the analyzed models, of 
conductors placed in a slot was set as a field line far 
enough of the conductor. 

In order to reach an analytical solution, the 
problem must be simplified considerably and thus 
approximate relations are obtained. Such relations 

introduce in consequence some errors in the 
evaluation of the skin effect in most of the cases, but 
such approximate relations are very useful in technical 
design area. 

Some examples of the low-frequency skin effect in 
solid conductors embedded in a slot are developed in 
present paper, using the Opera software (of Vector 
Fields) based on the finite element method, in order to 
compare the numerical results with the analytical 
estimations. 

Critical height of a solid conductor embedded in 
a slot 

Let consider a copper solid conductor of 
rectangular shape and height h, embedded in a slot of 
bc=10 mm width. The case can be found in stator slots 
of large asynchronous or synchronous machines. The 
magnetic curve B=f(H) of the ferromagnetic material 
will be taken into account. The copper conductivity is 
assumed to be constant, mSCu /1050 6⋅=σ . The current 
distribution on the cross-section of the conductor is 
investigated at 50 Hz for different conductor heights 
(h). The analysis has been simplified by assuming that 
the thickness of insulation on the conductor is 
negligible. The slot height is according with the 
conductor height. The current density distribution 
versus the height of the slot, considering a current 
flow of I=1800 A, f=50 Hz and h=60 mm, is presented 
in Fig. 2. A rise of the current density in the upper part 
of the slot is pointed out in Fig. 2, justifying the name 
of the “current displacement effect”. 

 
Fig. 2. Current density distribution  
in a slot embedded solid conductor. 
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The part of the conductor lying at the bottom of the 
slot is linked with a greater leakage flux than the 
upper part of the conductor. Because of this, the 
increased reactance of the lower portion of the 
conductor causes a displacement of the current into 
the upper part of the bar cross-section. In 
consequence, the a.c. resistance of the conductor 
increase. 

The d.c. resistance of the conductor (Rdc) is inverse 
proportional with the height (h), as shown in Fig. 3. 
The actual resistance of the conductor, (Rac=kr·Rdc), is 
proportional with the eddy factor (kr) and more, 
inverse proportional with the height h. Hence, there is 
a height of the conductor, so called the critical height 
(hcr), for which the a.c. winding has the smallest 
electrical resistance and as a consequence the smallest 
losses. 

 
Fig. 3. Critical height of a single layer solid conductor 

embedded in a slot: f=50 Hz; 
 kr – eddy factor (FEM results); kr·Rdc – effective resistance. 

For the analyzed case, the critical height obtained 
by FEM simulation is hcr=1.5 cm, as could be seen in 
Fig. 3.  

This result is in very good agreement with the 
similar one calculated analytically in classical books 
[6, pag.246] and [9, pag.421]. 

Of course, the critical height is depending of the 
frequency value of the current that flow within the 
conductor. If the frequency is greater than 50 Hz the 
current displacement phenomena is more powerful 
and, in consequence, there is another curve of kr, 
different from that presented in Fig. 3.  

For instance, in the following figures are presented 
the cases of f=100 Hz (Fig. 4) and f=500 Hz (Fig. 5), 
with the corresponding critical heights. 

 

Fig. 4. Critical height of a single layer solid conductor embedded 
in a slot: f=100 Hz; hcr =1.04 cm 

 
Fig. 5. Critical height of a single layer solid conductor 

embedded in a slot: f=500 Hz; hcr =0.78 cm. 

Multi-layer cases 

In the most used practical cases in the high power, 
electrical machines in the slots are placed solid 
conductors in different multi-layer structures. In that 
follows we analyze two such cases, comparing the 
eddy factor kr calculated by using the FEM with the 
values from classical literature. 

Solid conductors on top of the other 

The outline of such a slot is drawn in Fig. 1. In 
each of the m-cooper conductors flows the same a.c. 
current of frequency f=50 Hz. However, the skin 
effect behaves different for each conductor. In Fig. 6 
is drawn the current density distribution calculated by 
using FEM considering m=4, h=15 mm and b=10 mm. 
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Fig. 6. Current density distribution in to 4 isolated solid 
conductors on top of the other. 

In the same way, by using the FEM, has been 
analyzed the cases with m=2, m=3, m=4 and m=6 
cooper conductors in order to compute the eddy 
factors. The numerical results are presented in 
Table 1, in which p is the layer number, Pdc-the d.c. 
losses, Pac-the a.c. losses, krp-the eddy factor 
corresponding to the layer p and kr-the medium value 
of the eddy factor. 

Table 1 
FEM results 

m Pdc[W/m] p Pac[W/m] krp kr 

2 54 
1 160.37 2.97 

9.41 
2 856.12 15.85 

3 36 
1 67.7 1.87 

10.64 2 294.82 9.18 
3 751.75 20.88 

4 27 

1 36.7 1.36 

8.14 
2 109.66 4.06 
3 256.14 9.49 
4 476.32 17.64 

6 18 

1 19.44 1.08 

4.67 

2 30.45 1.69 
3 52.61 2.92 
4 85.91 4.77 
5 130.4 7.24 
6 186.1 10.34 

 
The results from Table 1, calculated by using FEM 

have been compared in Fig. 7 with the similar results 
estimated by using classical (analytical) method. 

In Fig. 7 the solid curves had been obtained by 
using the FEM while the dashed curves are based on 
the classical method, [6, pag.242, Fig. 222]. The 
curves denoted with 1 correspond to the upper layer 

(p=m); the curves denoted with 3 correspond to the 
first layer (p=1); the curves denoted with 2 represents 
the average values of the kr for the m solid conductors 
embedded in a slot. 

We consider more accurate the results obtained by 
using FEM, since the FEM takes into account the 
actual distribution of the current into conductors. The 
classical method based on the analytical calculus 
considers some initial approximation. 

 

Fig. 7. Eddy factor kr for multi-layer solid conductor: 1-
top layer; 2-average eddy factor; 3-bottom layer. 

Solid conductors side by side 

The conductor arrangement in the slot 
corresponding to this case is drawn in Fig. 8. Each 
conductor is crossed by the same current of frequency 
f=90 Hz. Conductors are made from cooper with the 
resistivity ρCu=0.023·10-6 Ωm. 

Fig. 8. Solid conductors side by side. 
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The FEM analysis proves that the three conductors 
from the lower layer (conductor 1, 2, 3) have the same 
eddy factor, kr1=kr2=kr3. Also for the three conductors 
in the upper layer the skin effect is identical, 
kr4=kr5=kr6. 

In Fig. 9 is drawn the current density distribution 
into the two layers calculated by using FEM. The 
conductors height has been considered h1=10 mm and 
h2=20 mm. 

Fig. 9. Current density distribution on the two layers and 
three solid conductors side by side (FEM results).  

The skin effect for the configuration drawn in Fig. 
8 was analyzed for different heights of the conductors. 
In Table 2 the eddy factor calculating by using FEM 
has been compared with the results obtained by 
analytical approach in [10]. We can see an 
underestimated eddy factors calculated in [10], 
comparing with the values calculated by using FEM. 

Table 2 
Eddy factors comparison: FEM results versus 

the results presented in [10, pag. 254] 

h1[mm] 
h2[mm] 

kr1=kr2=kr3 kr4=kr5=kr6 

 FEM [10], pg.254 FEM [10], pg.254 
h1=13; 
h2=16 

2.04 1.58 7.58 3.68 

h1=10; 
h2=19 

2.49 1.90 6.34 2.25 

h1=10; 
h2=16 

1.04 1.58 5.09 2.25 

 
For equal heights, in Fig. 10 are represented the 

eddy factor (kr) as functions of conductor heights 
(h1=h2). This figure highlight a considerable 
difference between FEM results and the results 
presented in [10, pag. 254]. 

Fig. 10. Eddy factor kr for multi-layer solid conductor 
side by side . 

Conclusion 

This paper presents the low-frequency skin effect 
analysis into some embedded solid conductor of bares 
windings of high power electrical machines. 

The numerical results show that the ac-resistance 
of a solid conductor embedded in a slot estimated with 
FEM is higher than ac-resistance calculated with 
classical approach proposed in practical design based 
on approximate calculation. In consequence, the 
additional copper losses are larger and the efficiency 
of the actual electrical machine becomes lower than 
the estimated one. 

The general aim of the present paper is to show 
that some coefficients and curves used in classical 
design stage must be reconsidered, using modern 
techniques like numerical computation of the 
electromagnetic field with finite element method 
(FEM) in order to assess accurately copper losses of 
electrical machines. 

 

This paper was originally published in the 12th In-
ternational Conference on Applied Electromagnetics, 
Niš, Serbia, 2015. 
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Magnetoelectric energy source 

Mirza I. Bichurin, Nikolay A. Kolesnikov,  
Roman V. Petrov, Slavoljub Aleksić  

 
This article is devoted to the study of the magnetoelectric element based on magnetostrictive-

piezoelectric laminate for use in energy harvesting devices. Magnetoelectric element works on the 
magnetoelectric effect which exhibits itself as inducing the electric field across the structure in an ap-
plied ac magnetic field and arises as a product property of magnetostriction in magnetic layer and pi-
ezoelectricity in piezoelectric layer. Possible applications of energy harvesting devices are in monitor-
ing the human security, wireless sensor networks, telemetry, and others. Obtained results showed that 
one ME element can be used as an energy source.The layered ME structure based on the PZT plate 
had dimensions of 40x10x0.38 mm, and double-sided electrodes, which were fabricated from three 
layers Metglas and corresponded in size PZT plate. It was investigated element with dimensions 
40x10x0.5mm, and the composition of the PZT-Metglas. Low frequency magnetoelectric coefficient 
was 1,24 V/(cm⋅Oe) at an output current of 2.6 microamp, on the resonant frequency of 41 kHz mag-
netoelectric coefficient was 1,32 V/(cm⋅Oe) at an output current 205 microamps.  

 

Introduction 
The rapid development of modern civilization ac-

celerates the process of mastering the new not covered 
by the technical progress of spaces. Development of 
electric networks such the already familiar for us 
would not be well-founded for any place. In some 
places there is the inaccessibility of the energy system, 
in others there is the need for an independent power 
supply for devices, thirdly this is a definite economic 
benefit from application of energy harvesting system. 
On practice a variety of devices converting the energy 
of vibrations, wind, light, temperature gradient and 
heat into electrical one are used as independent power 
supply devices or devices collecting the energy. Con-
struction of such devices can use piezoelectric, induc-
tive, photovoltaic, thermoelectric, electrostatic, dielec-
tric, and other elements. Possible applications of ener-
gy harvesting ideas are in the field of structural and 
industrial monitoring human health, the cells of wire-
less sensor networks, telemetry, and others. This will 
ensure the new developments in the field of energy 
storage (supercapacitors, batteries, fuel cells, microbi-
al cells, and others.), new technologies in the collec-
tion of energy, energy-efficient electronics for the 
collection and distribution of energy, bioenergetics. 
New development of magnetoelectric (ME) materials 
allows to design the new energy sources, which will 

be effective enough for the energy product [1]. ME 
materials are an effective means to collect energy [2]-
[5]. The layered magnetostrictive-piezoelectric mate-
rials are suitable for installation in a variety system of 
self-contained or mobile destination. Despite the in-
significant level of power generated by one element, 
this may be enough to provide by power supply, for 
example, the sensor circuit or the microprocessor. 

This paper is devoted to the study of the properties 
of one ME element of small size for the better under-
standing of how it can be used in more complex de-
vices such as, for example, generators or energy har-
vesters, each of which can contain up to several thou-
sand of simple ME elements. The study of the energy 
characteristics of ME elements will allow to predict 
the probable level of received energy, to develop the 
design of complex devices for collection of energy, to 
identify the most effective modes and to understand 
the ways of further improvement of ME elements for 
energy harvesting. 

ME element 

ME element can be manufactured for example of 
magnetostrictive and piezoelectric layers [6]. Layered 
structure based on piezoceramic PZT plate in this case 
had 0.38 mm of thickness, 40 mm of length and 10 
mm of wide, Fig 1. Piezoelectric was polarized in the 
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thickness direction. The electrodes are applied on two 
sides of the piezoelectric plate. The electrodes are 
made from three layers of Metglas and correspond in 
size the PZT plate. Thickness of one layer of Metglas 
was of 0.02 mm. Joint of layered design was done by 
gluing. Various types of adhesives including epoxy 
glue can be used. The electrical signal is taken from 
the surface of Metglas plates. In general case, several 
ME elements instead of one can be used to increase 
the output voltage. 

 

 
Fig.1. ME element. 

Measuring stand 

Fig. 2 shows the measuring stand for measuring 
the ME coefficient and AC current. The measuring 
stand included generator HMF2550, oscilloscope 
HMO722, gauss meter DX-180, multimeter HM8112-
3, solenoid, permanent magnet and ME element. 
Measurement of the amplitude-frequency characteris-
tics were carried out by the oscilloscope, the generated 
voltage and current by the multimeter. 

The gaussmeter allows to measure the values of 
AC and DC magnetic fields. AC is supplied from the 
generator to the solenoid and creates AC magnetic 
field which acts on ME element. Via ME effect the 
alternating electric potential and current in ME ele-
ment were initiated and then it was observed by the 
oscilloscope and multimeter. Bias magnetic field was 
applied to ME element for correct work. 

 

 
 
 
 
 
 
 
 
 
 

Fig.2. Measuring stand. 

ME element’s characteristics 

Fig. 3 shows the characteristics of ME coefficient 
for ME element depending on the frequency at bias 
magnetic field of 50 Oe. The optimum mode of opera-
tion in which ME coefficient reaches a maximum of 
1.24 V/(cm⋅Oe) is of 50 Hz at the low frequency and 
1.84 V/(cm⋅Oe) of 41 kHz at the resonance. 

 
Fig.3. Frequency dependence of ME coefficient. 

Fig. 4 shows the characteristic of the ME element, 
depending on the applied DC magnetic field at a fre-
quency of 50 Hz and amplitude of the AC magnetic 
field of 1 Oe. It should be noted that the ME coeffi-
cient strongly depends on the DC magnetic field and 
at optimal value of 65 Oe the ME coefficient reaches 
of 1.32 V/(cm⋅Oe). 

 
Fig.4. DC magnetic field dependence of ME coefficient. 

Fig. 5 presents the frequency dependence of ME 
element output current in the frequency range up to 
50kHz. When DC magnetic field is of 65 Oe and an 

HMF2550 HMO722 

DX-180 HM8112-3 

H0 

Magnet 
Solenoid

ME element 
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AC magnetic field is of 20 Oe at frequency of 50 Hz 
the current reaches a value of 2.6 microamps, at a 
resonance frequency of 41 kHz it reaches of 205 mi-
croamps. 

 
Fig.5. Frequency dependence of ME element  

output current. 

The output power value is defined as the product 
of voltage and current. Fig. 6 shows the dependence of 
the output power in the resonance region. Maximum 
power for magnetizing field 65 Oe and an alternating 
magnetic field of 20 Oe was at the resonance frequen-
cy of 0.37 mW. At the same time in the low-frequency 
output power was of 0.18 microW. Fig. 7 shows the 
characteristic of ME element output current at the 
resonance frequency of 41 kHz and a magnetizing 
field of 65 Oe in the alternating magnetic field range 
from 0 to 20 Oe. 

 

 
Fig.6. Characteristic of ME element output power  

in the resonance range. 

 
Fig.7. Dependence of ME element output current on AC 

magnetic field. 

Thus, the experiments have conclusively proved 
the possibility of using the ME element as a device for 
collecting energy of non- power-consuming schemes. 
Using a resonant regime the ME element provides big 
output power. 

Theoretical approach 

The calculation of ME coefficient of the proposed 
layered structure can be carried out according to the 
following equation [2]: 
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where E3 and H1 are the intensities of the electric and 
magnetic fields, ps11 and ps12 are the compliance coef-
ficients of the piezoelectric material under constant 
electric field, ms11 and ms12 are  the compliance coeffi-
cients of the magnetic phase with permanent magnet 
field, pε33 is permittivity of piezoelectric material, pd31 
is the piezoelectric coefficient of the piezoelectric 
phase, mq11 and  mq21 are piezomagnetic coefficients of 
the magnetic phase, V is the volume fraction of piezo-
electric material, V=pV/(pV+mV), pV and mV are the 
volumes of piezoelectric and magnetic materials. 

The output voltage for ME element can be calcu-
lated by the known ME voltage coefficient of the ma-
terial, which is determined by experimentally or theo-
retically, if the magnitude of the alternating magnetic 
field is known: 

(2) U=αE,31⋅H1⋅d, 

where d is the thickness of ME element. 
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The power generated by ME element can be calcu-
lated by the formula: 

(3) P=U2/R  

where R is the internal resistance of ME element. 
The equivalent circuit of laminated ME element 

which proposed in this article, in the simplest case 
corresponds to the diagram of the piezoelectric reso-
nator shown in Fig. 8. Here C0 is the static capacitance 
of the ME element, Lr, Cr, Rr are the parameters of the 
equivalent circuit of the serial resonator. 
 
 
 
 
 
 
 

Fig.8. The equivalent circuit of ME element. 

According to the calculation method proposed in 
[7] the impedance, i.e. the active and reactive compo-
nents of the resistance can be written according to the 
equations: 
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where ω is the circular frequency. 

The calculations that were performed by the pre-
sented equations are in good agreement with the ex-
perimental data. 

Conclusion 

The energy harvesting devices remains the popular 
product in the energy market. In the present study the 
data obtained from a single ME element can be used 
as an energy source. 

ME element with dimensions 40x10x0,5 mm in the 
non-resonant mode generated the power of 
0.18 microW, in a resonant mode at a frequency of 
41 kHz output energy was of 0.37 mW. Such elements 
can later serve as a basis for the development of more 
powerful devices. 

Acknowledgements 

The research was supported by the grant #15-19-
10036 of Russian Scientific Fund. 

 

This paper was originally published in the 12th In-
ternational Conference on Applied Electromagnetics, 
Niš, Serbia, 2015. 

REFERENCES 

[1] Bichurin, M.I., V.M. Petrov, S. Dong, X. Cui, J. 
Zhai, J. Li, D. Viehland, S. Priya. Dual Magnetic Field and 
Mechanical Vibrations Energy Harvesting System. Engi-
neered Multiferroics — Magnetoelectric Interactions, Sen-
sors and Devices, (Mater. Res. Soc. Symp. Proc. Volume 
1161E, Warrendale, PA, 2009). 

[2] Bichurin, M.I., V.M. Petrov, S. Priya. Magnetoe-
lectric Multiferroic Composites. In: Ferroelectrics - Physi-
cal Effects/Ed. Mickaël Lallart. - InTech, 2011, p. 277-302. 

[3] Shashank Priya, Jungho Ryu, Chee-Sung Park, Jo-
siah Oliver, Jong-Jin Choi and Dong-Soo Park. Piezoelec-
tric and Magnetoelectric Thick Films for Fabricating Power 
Sources in Wireless Sensor Nodes. Sensors 2009, 9, 6362-
6384; doi:10.3390/s90806362. 

[4] Petrov, R.V., D.N. Ivanov. Energy harvesting sys-
tem with magnetoelectric converter. Vestnik NovSU, S.: 
Tech. science. 2010. №55. p.42-44. (in Russian) 

[5] Bedekar, V., M. Bichurin, I. Solovjev, S. Priya. Mul-
timodal Energy Harvesting System. Proc. SPIE 8035, Ener-
gy Harvesting and Storage: Materials, Devices, and Appli-
cations II, 80350T (May 17, 2011); doi:10.1117/12.884747 

[6] Bichurin, M.I., V.M. Petrov. Modeling of Magne-
toelectric Effects in Composites. Springer Series in Materi-
als Science, Springer, 201, 2014, 108p. 

[7] Zelenka, I. Piezoelectric resonators on bulk and 
surface acoustic waves: materials, technology, design and 
application. Transl. Czech. – M.: Mir, 1990. – 584 p. (in 
Russian). 
 

Prof. Dr. Mirza I. Bichurin Novgorod State University, 
Veliky Novgorod, Russia (173003, Veliky Novgorod, B.St.-
Peterburgskaya str., 41) 

tel.: 88162974267 е-mail:Mirza.Bichurin@novsu.ru 

Eng. Nikolay A. Kolesnikov Novgorod State University, 
Veliky Novgorod, Russia (173003, Veliky Novgorod, B.St.-
Peterburgskaya str., 41) 

tel.: 88162974267 е-mail: Roman.Petrov@novsu.ru 

Assoc. Prof. Dr. Roman V. Petrov Novgorod State Uni-
versity, Veliky Novgorod, Russia (173003, Veliky Novgo-
rod, B.St.-Peterburgskaya str., 41) 

tel.: 88162974267 е-mail:Roman.Petrov@novsu.ru 

Prof. Dr. Slavoljub Aleksić University of Niš, Niš, Ser-
bia (18000, Niš, Aleksandra Medvedeva 14) 

tel.:+38118529430 е-mail: slavoljub.aleksic@elfak.ni.ac.rs 

Received on: 30.10.2015 

Lr Cr Rr 

C0

22 “Е+Е”, 9-10/2015



FDTD simulation in wireless sensor antenna application 

Bojan Dimitrijević, Bojana Nikolić, Slavoljub Aleksić, 
 Nebojša Raičević, Hannes Toepfer, Elena Chervakova, 

 Tino Hutschenreuther  

 
In this paper an own developed FDTD simulation environment is employed for antenna 

analysis in a wireless sensor network for traffic monitoring. The analyzed antenna is part of a WSN 
node that is placed in the street. The node is protected by being placed in a plastic tube with a lid. 
Since this in-road implementation differs from the conventional use, properties of the applied 
commercially available antenna don't match the ones specified by the manufacturer. For this 
reason it is necessary to investigate how much this specific installation influences radiation 
properties of the applied antenna configuration and perform parameter analysis. It is shown that 
the influence of surrounding material and the change of weather conditions (which are represented 
through the change of relative electric permittivity and specific electric conductivity) doesn't affect 
significantly antenna operation in the applied design. Mounting of the antenna on PCB favorably 
affects matching properties of the antenna.  

 

Introduction 

A rapid advancement in computer technology 
today has made the computational electromagnetics 
(CEM) in general a powerful tool for antenna 
analysis and design, radar signature prediction, 
EMC/EMI analysis, design of electrical and medical 
devices and the prediction of radio propagation. One 
of the CEM methods that receive increasing attention 
in the literature is certainly the finite difference time 
domain (FDTD) method [1], [2]. Since this is a time-
domain method, it is possible to obtain the system 
response in large frequency range with only one 
simulation run. It is particularly suitable for 
preliminary tests and parameter analysis in antenna 
design applications. However, one should be aware 
of its limitations. Namely, in the case of highly 
resonant structures the method suffers from lower 
accuracy and has long simulation times and a slow 
decay of the time-dependent electromagnetic (EM) 
fields [3]. Since wireless sensor application requires 
narrow band antenna, the modeling in FDTD was an 
additional challenge. Thus, it requires careful 
selection of parameters and cautious interpretation of 
the obtained results. 

In this paper an own developed FDTD simulation 
environment is employed to analyze antenna and 
propagation properties of a specific wireless sensor 

network (WSN) for traffic monitoring that is 
developed at the Institut für Mikroelektronik- und 
Mechatronik-Systeme gemeinnützige GmbH 
(IMMS), Ilmenau, Germany [4]. In this application 
scenario, detectors utilizing magnetic field sensors 
are placed in the road surface to detect passing 
vehicles. The detectors function as WSN nodes 
communicating with a local gateway pole-mounted 
at a height of 4 metres. Besides line-of-sight 
obstructions due to traffic and the influence of 
seasons and weather, the typically low angle 
resulting from the communication between nodes 
and the gateway at intended distances of up to 100 
metres poses issues which initiated the research 
discussed in this article. Additional details on the 
application context have been given in [5]. 

The commercially available antenna configuration, 
previously proven to be the most suitable solution for 
the particular application, was tested in the FDTD 
simulator and a parameter analysis is performed.  

FDTD formulation 

As a simulation tool, an own developed FDTD 
simulation environment is used. The exact update 
equations for H and E field components can be 
presented as (for the brevity only equations for Hx 
and Ex field components are presented) 
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where Eva , , Evb , , Hva ,  and Hvb ,  ( zyxv ,,= ) - update 

coefficients. Implementation details can be found in 
[6]. 

System and antenna model 

The analyzed antenna is a part of a WSN node that 
also includes an industry-standard microcontroller, a 
programmable flash memory and 2.4 GHz transceiver. 
Based on the signal quality analysis (in terms of 
losses, LQI, RSSI) the commercial antenna that has 
been chosen as the most suitable for this application is 
a patch antenna. The electronic part of the WSN node 
is inserted into a plastic tube and buried in the street. 
Since this antenna installation differs from the 
conventional one (open air), there is a need to 
investigate in which way and to which extent it 
influences the radiation characteristics and the wave 
propagation. In the scenario considered in this paper 
the inner surface of the plastic tube is metalized. The 
simulation model of the antenna mounted on the PCB 
plate is presented in Fig. 1. The simulation model of 
the entire antenna installation is presented in Fig. 2. 

 

 
 Fig.1. Model of antenna on PCB plate.  

 
 Fig.2. Model of the antenna installation in the plastic tube. 

Simulation results  

The results presented here are part of the joint 
work between the Faculty of Electronic Engineering, 
University of Nis, Serbia and the IMMS. Thus, this 
paper is a sequel to the work “Wireless sensor solution 
for traffic monitoring” reported at PES 2015 
conference as well. 

Since the antenna is electrically connected to the 
printed circuit board (PCB), its shape and dimensions 
affect the resonant frequency and the matching 
properties of the antenna. In Fig. 3 |z11| and |s11| 
parameters versus frequency can be observed for the 
antenna operating in the open air and in Fig. 4 for the 
case when it is mounted on PCB. It can be noticed that 
the reduction of PCB surface (in borderline case no 
PCB) causes significant shift of resonant frequency. 
Namely, this frequency shift ranges to approximately 
100 MHz, which is more than the wireless signal 
bandwidth. Also, the magnitude of return losses is 
changed. This implies that an unconventional 
implementation may require some additional 
modifications, such as impedance compensation. 

Normalized radiation patterns for the single 
antenna and the antenna on PCB are presented in 
Fig. 5 and Fig. 6, respectively. It can be noticed that 
the mounting of the antenna on PCB leads to the 
reduction of the radiation in undesirable direction (in 
azimuth plot it is direction of 90° and in elevation plot 
it is direction of 180°). 

Since the WSN node together with antenna is 
placed in the ground, the radiation and matching 
properties of the antenna in such an installation differs 
from the one in open air. The WSN node is placed in 
the plastic tube with the plastic lid and it is buried in 
the street. In installation that is considered here, the 
side walls of the plastic tube are metalized on the 
inner side.  
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Fig.3. z and s parameters of the single antenna in free 
space (red line – |z11|, blue line - |s11|). 

 

 Fig.4. z and s parameters of the antenna on PCB in free 
space (red line – |z11|, blue line - |s11|). 

 
 Fig.5. Normalized radiation pattern of the single antenna 
in free space (blue line – elevation plot, red line – azimuth 

plot).  

In Fig. 7 |z11| and |s11| parameters are presented for 
this specific antenna installation. Electric properties of 
the surrounding asphalt are given through its relative 
electric permittivity and specific electric conductivity: 
εr=5, σ=0.001S/m. Electric properties of the plastic 
tube and the lid are set to be: εr=4, σ=0S/m. The 
thickness of the lid is 1.25mm. Antenna is placed 
0.5mm below the lid. It can be noticed that operation 
of the antenna in this unconventional environment 

causes a shift of the resonant frequency and affects the 
matching properties of the antenna. Namely, this 
frequency shift ranges to approximately 48MHz, 
which is comparable with the wireless signal 
bandwidth. On the other hand, selectivity of the 
antenna is reduced, which allows signal in wider 
frequency range to be transmitted.  

 
 Fig.6. Normalized radiation pattern of the antenna on PCB 
in free space (blue line – elevation plot, red line – azimuth 

plot).  

 
 Fig.7. z and s parameters of the antenna installation in the 

ground (red line – |z11|, blue line - |s11|) for εr=5, 
σ=0.001S/m. 

Influence of different types of the surrounding 
material (soil, asphalt etc.) and the change of weather 
conditions (humidity, temperature, etc.) is modeled 
through the change of parameters εr and σ. In Fig.8 
|z11| and |s11| parameters of the in-road antenna 
installation are presented for εr=5, σ=0.1S/m. 
Comparing the results in Fig.8 with the ones in Fig. 7, 
one can observe the influence of specific electric 
conductivity. 

In Fig.9 |z11| and |s11| parameters of the in-road 
antenna installation are presented for εr=25, 
σ=0.1S/m. Comparing the results in Fig. 9 with the 
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ones in Fig. 8, one can observe the influence of 
relative electric permittivity. It seems that change of εr 
and σ parameters doesn’t affect the position of the 
resonant frequency in this design, but slightly changes 
its matching properties. 

 
 Fig.8. z and s parameters of the antenna installation in the 
ground (red line – |z11|, blue line - |s11|) for εr=5, σ=0.1S/m. 

 
 Fig.9. z and s parameters of the antenna installation in the 

ground (red line – |z11|, blue line - |s11|) for εr=25, 
σ=0.1S/m. 

Conclusion  

In this paper an own developed FDTD simulation 
environment is used to characterize the behavior of 
the chosen antenna configuration under very specific 
installation conditions of wireless sensor nodes for 
traffic monitoring.  

It is shown that the mounting of the antenna on 
PCB causes significant shift in resonant frequency and 
improves matching properties of the antenna.  

In comparison to the operation in the open air, in-
road installation of the antenna affects the resonant 

frequency and the matching properties of the antenna. 
On the other hand, it reduces the selectivity of the 
antenna.  

Influence of the surrounding material and the 
change of weather conditions is modeled through the 
change of parameters εr and σ. It is noticed that the 
analyzed design allows the resonant frequency to stay 
stable when relative electric permittivity and specific 
electric conductivity of the surrounding material 
change.  
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Design of near perfect reconstruction IIR QMF banks 

Nikola V. Stojanović, Dragana U. Živaljević, Negovan M. Stamenković  

 
In this paper, we present a novel approach for the design of near-perfect-reconstruction two-

band IIR quadrature-mirror filter banks. The proposed design method is carried out in the 
polyphase domain, where IIR filters are employed for non-linear phase compensation introduced by 
the allpass filters. In contrast to previous approaches in literature, IIR phase-compensation filters 
can be designed very efficiently using MATLAB software. Furthermore, starting from a generalized 
two-band structure, we introduce three special cases with different properties based on the same 
design principle. In all systems the remaining phase distortions are controllable and can be made 
arbitrarily small at the expense of the additional system delay. Simultaneously, aliasing can be 
minimized or completely canceled if further delay can be tolerated. 

 

Introduction 

Two-channel quadrature mirror filter (QMF) banks 
have received considerable attention and investigated 
for various signal processing applications, [1], [2], 
such as speech coding, communication systems, 
image compression and design of wavelet bases. In 
designing of QMF banks, three types of error that 
have to be eliminated or minimized exist: aliasing 
distortion, magnitude distortion and phase distortion. 
The conventional methods for QMF bank design, 
generally utilize the structure of finite impulse 
response (FIR) or infinite impulse response (IIR) to 
design a prototype low-pass analysis filter satisfying 
perfect or near perfect reconstruction conditions. 
However, the direct optimization of the prototype 
low-pass analysis filter yields both magnitude and 
phase distortions. Besides, the optimization procedure 
is complex and the computational requirements are 
burdensome. 

Recently, the least-squares design of two-channel 
perfect reconstruction QMF banks can be constructed 
using a parallel combination of IIR all-pass filters. 
This approach allows more efficient implementation 
of the QMF bank in comparison to designing by the 
prototype filter. Much effort has been spent on 
designing IIR all-pass filters [3], [4] to simultaneously 
satisfy both magnitude and phase specifications. As 
compared to the prototype design of low-pass analysis 
filter, IIR all-pass-based methods have the advantages 
of focusing on the phase approximation without 
incurring both aliasing and magnitude distortions [3], 

and therefore posses lower computational complexity 
and accurate performance [5]. Therefore, the design of 
IIR all-pass-based QMF banks can be reduced to 
solving the all-pass filter optimization problem. 

A number of IIR filter banks that have no aliasing 
and amplitude distortion have been reported [6]-[8]. 
The phase distortion is minimized by using a separate 
all-pass equalizer filter once the signal is 
reconstructed [9]. Perfect reconstruction two channel 
filter banks are presented in paper [10]. However, 
proposed IIR filter banks are not suitable for other 
applications where the constant group delay property 
of the analysis and synthesis banks are desired. 

Several approaches have been developed for 
designing the IIR all-pass filters [11] based on 
reducing computational complexity or improving the 
design performance. In the literature [12], Kidambi 
formulated the IIR all-pass filter design problem as a 
linear phase optimization. The optimal all-pass filter 
coefficients are then obtained by solving a set of linear 
equations which involves a Toeplitz-plus-Hankel 
matrix. Consequently, the Cholesky decomposition or 
split Levinson algorithm can be used to efficiently 
solve the set of linear equations. The method proposed 
by Kidambi [12] is computationally efficient as 
compared to solving the general linear equations by 
directly computing a matrix inversion and 
multiplication. Furthermore, the computation of 
matrix inversion may cause numerical problems when 
the filter order is large. In previous work [13], the 
authors used trigonometric identities [14] and 
frequency sampling method to compute the Toeplitz-
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plus-Hankel matrix by a closed-form formula rather 
than a numerical method. 

One solution for group elay compensation would 
be using anticausal filtering [15] and employing a 
double buffering scheme as in [16], [17] for the 
processing of infinite-length input signals. However, 
this method leads to a computationally costly 
synthesis filter bank, which requires segmentation and 
time-reversal of the subband signals. Therefore, more 
recent publications propose the use of stable mixed 
FIR/IIR-based synthesis filter banks, where in most 
cases the synthesis filters are optimized such that the 
overall system satisfies the near perfect reconstruction 
property. 

In this paper we present a novel near perfect 
reconstruction design technique for IIR allpass-based 
QMF filter banks, which uses IIR filters for group 
delay compensation in the polyphase domain. 

The  QMF bank optimization based on IIR all-pass 
filters is first simplified as the problem of solving a set 
of linear equations. Consequently, the proposed 
approach leads to the same QMF banks as the 
approach of [6] but requires a significantly lower 
complexity for calculating the all-pass filter 
coefficients. 

Description problem 

A basic architecture of two-channel QMF banks 
[4] is depicted in Fig.1. 

 
 Fig.1. General structure of the two-channel QMF bank. 

The analysis filters have lowpass and highpass 
transfer functions )(0 zH  and )(1 zH , with cutoff at 

2/π , and the synthesis filters are represented by 
transfer functions )(0 zF  and )(1 zF . The bank 

satisfies the perfect reconstruction condition if 
)()( knxcny −= , for some real c  and some integer 

k . In other words, )(ny  is a reasonably close replica 

of the input )(nx . More economical solutions with the 

reduced computational complexity can be obtained if 

the filter bank achieves the nearly perfect-
reconstruction property [18] defined by 

)()( knxcny −≈ . 

The input/output relation of the system is 
expressed as 

(1)
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where the second term on the right-hand side 
represents aliasing distortion arising due to the change 
of the sampling rate. Generally, )(0 zH  and )(1 zH  

are designed to be equal to the low-pass and high-pass 
analysis filters, respectively. To eliminate the aliasing 
distortion in QMF banks, the synthesis of the low-pass 
filter )(0 zF  and the high-pass filter )(1 zF  must be 

properly chosen to be equal to the analysis filters 
)(1 zH −  and )(0 zH− , respectively. Therefore, (1) 

becomes an alias-free system 

(2) )()]()()()([
2

1
)( 1100 zXzFzHzFzHzY += . 

Because the symmetry of the mirror image 
between )(0 zH  and )(1 zH  exists at the frequency 

2/π=ω , the relation )()( 10 zHzH −=  holds. 

Consequently, (2) can be further expressed as 

(3) )()(
2

1
)()]()([

2

1
)( 2

0
2
0 zXzMzXzHzHzY =−−= , 

where )(5.0)( zMzT =  is linear and shift-invariant 

transfer function also known as overall distortion 
transfer function for alias free QMF system. 
Obviously, the near perfect reconstruction QMF banks 
can be fulfilled by appropriately designing the 
prototype low-pass analysis filter )(0 zH . To achieve 

this goal, )(zM  must be a pure delay, that is, the 

frequency response satisfies 

(4) ( ) ( ) ( ) 1eee
2)j(

0

2jω
0

j =+= π−ωω HHM , 

for all frequencies. Therefore, amplitude and aliasing 
distortions are eliminated but phase distortion can be 
done using the phase correctors or the group delay 

equalizer. The relation ( ) ( ))j(
0

jω
0 ee π−ω= HH  
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indicates that ( )jω
1 eH  is a mirror image of ( )jω

0 eH  

with respect to 2/π , quadrature frequency. 

Distortion of the transfer function 

Considering pR  and sR  the passband and the 

stopband ripples of  )(0 zH  in dB, the following 

equation holds, 

(5) 11010 10/10/ =+ −− sp RR
. 

If the stopband ripple is known, then the passband 
ripple is 

(6) ( )10/101log10 sR
pR −−−= . 

The low-pass and the high-pass filters of QMF 
banks can be constructed using a parallel 
interconnection of two IIR all-pass filters (polyphase 
form), the transfer functions of which are shown in 
[8], [19], 

(7) 
( ) ( )
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where ( )2
0 zA  and ( )2

1 zA  are causal stable real IIR 

all-pass filters and the order of )(0 zH  and )(1 zH  is 

odd. Based on the all-pass framework, the overall 
distortion transfer function of the alias free QMF bank 
[20] is given by 

(8) )()(5.0)( 2
1

2
0

1 zAzAzzT −= . 

Therefore this filter bank introduces only phase 
distortion which is governed by the nonlinear phase 

responses of )( 2
0 zA  and )( 2

1 zA . 

The main concern of the QMF banks optimization 
lies in solving the IIR all-pass filter coefficients of 

)( 2
0 zA  and )( 2

1 zA  such that the phase response 

)}(arg{ jωeM  approximates the linear phase response 

or the constant group delay. Note that the numerator 
of )(0 zH  and )(1 zH  have zeros on the unit circle, 

such that the group delay is only a function of the 
transfer function poles. Since )(0 zH  and )(1 zH  have 

the same poles on the imaginary axis in the z-plane, 
then both filters have the same group delay equalizer. 

Approximation 

In this section, analytic solution for the design 
problems of Transitional Butterworth-Elliptic filters 
NPR two-channel QMF bank is proposed. The half 
band filters poles are placed on the imaginary axis of 
the complex z-plane, where one of them is placed at 
the origin and the remaining conjugate complex-pole 

pairs are located between 2/jπe and 2/jπ−e . All zeros 
of such filters are located on the unit circle and 

1−=z . 
In general, the squared magnitude characteristic of 

the analogue lowpass prototype in s-plane is expressed 
in form 

(9) 
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1
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where analog filter characteristic function, )(sK N , is 

rational, and the polynomial in numerator contains 
only even or odd power of s, but, the polynomial in 
denominator contains only even power of s. 
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For power symmetric filter design, at the passband 
edge, frequency j±=s , characteristic function is 

equal to unity, so the insertion loss of filter at this 
frequency is 3.0103 dB. In fact, Butterworth and 
Elliptic filters are introduced in this form, and the 
filter properties are governed in a way where )(sK N  

is chosen [12]. 
Here we will convert from continuous-time )(0 sH  

to discrete-time )(0 zH  form using the bilinear 

transform 

(11) 
1

1

+
−=

z

z
s . 

The non-constant group delay characteristic of IIR 
filters can be responsible for the unwanted phase 
distortion. To eliminate this problem we have 
proposed an allpass filter as an group delay equalizer. 
Matlab command iirgrpdelay can be used for group 
delay equalized design. Stable all-pass IIR filters 

)(0 zA  and )(1 zA  which can be used to constructed two 

channel QMF bank as 

(12) 1,0for),()()( 2 == izHzAzA eii . 
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where )(zHe  is group delay equalizer transfer 

function. Thus, the overall distortion of the transfer 
function is 

(13) 1,0for),()()(5.0)( 22
1

2
0

1 == − izHzAzAzzT eap . 

It can be observed that the analysis and the 
synthesis filters have mini-max approximation 
constant group delay both in the passband and the 
stopband. 

Design Examples 

In this section, the Matlab software packages are 
used to design two-channel near perfect reconstruction 
QMF banks based on the IIR all-pass filters. Eight 
degree group delay equalizer is used in all examples. 

Butterworth solution 

The fifth order characteristic function of the 
Butterworth approximation is special case of equation 
(10) for 5=k  and 0=m . Transfer function is 

(14) 
zzz
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Using the pole-interlacing property obtained 
transfer function of two allpass filters is given bellow: 
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Group delay equalizer transfer function is of the 
eight order 

.
027933.0053936.0123159.03163160.

1316316.0123159.0053936.00279330.
)(

2468

2468

0 +−+−
+−+−=

zzzz

zzzz
zH   

Fig. 2 shows lowpass and highpass frequency 
responses (left) and impulse response (right) of the 
fifth degree two channel filter bank and group delay 
response of distortion transfer function (13). 

The eight order group delay equalizer is used 
because it covers the entire Nyquist interval [0 1] 
× π /sample. Fig.2 (left) shows group delay frequency 
responses before (8) and after delay equalization (13) 
of the transfer function. The group delay response has 
reduced ripples of only %572926.2±=τE . Also 

note that there are more ripples in the response, 
indicating that all four all-pass sections of the second 
degree of group delay equalizer are utilized. 
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Fig.2. Frequency responses and impulse response of NPR 
two channel filter bank: Butterworth filter is fifth degree 

and group delay equalizer is eight degree. 

Fig.2 (right) shows impulse responses before (8) 
and after delay equalization (13) transfer function. It is 
shown, that delay equalized transfer function produce 
an output signal that is very similar to a delayed 
replica of the input signal.  

Corresponding pole-zero plot of overall distortion 
transfer function is given in Fig.3. 

−4 −3 −2 −1 0 1 2 3 4

−3

−2

−1

0

1

2

3

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

Real Part

Im
ag

in
ar

y 
P

ar
t

Butterworth

 
Fig.3. Pole-zero plot of NPR two channel filter bank which 

frequency responses are given in Fig. 2. 

Elliptic solution 

The fifth order characteristic function of Elliptic 
approximation is special case of equation (10) for 

1=k  and 2=m . Minimum stopband attenuation is 
40 dB. The transfer function is 
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Eight order group delay equalizer transfer function 
is 

.
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The group delay response has ripples of 
.11.506747%±=τE  Figure 4 shows frequency 

responses of two channel elliptic QMF bank and 
impulse response of corresponding distortion transfer 
function. 

Transitional Butterworth-Elliptic 
 Approximation 

The fifth order characteristic function of 
Transitional Butterworth-Elliptic approximation is the 
special case of equation (10) for 3=k  and 1=m . The 
transfer function is 

zzz
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Eight order group delay equalizer transfer function 
is 
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Fig.4. Frequency response (left) and impulse response 
(right) of NPR two channel filter bank: fifth degree Eliptic 

filter  and eight degree group delay equalizer. 

The group delay response has reduced ripples of 
%200462.6±=τE  This approximation is a good 

compromise between Butterworth and Cauer 
approximation. Figure 5 shows frequency responses of 
two channel transitional Butterworth-Elliptic QMF 
bank and impulse response of corresponding 
distortion transfer function. 
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Fig.5. Frequency response(left) and impulse 

response(right) of NPR two channel filter bank: fifth degree 
Eliptic filter the and eight degree group delay equalizer.  

Conclusion 

A two-channel near perfect reconstruction time-
discrete quadrature mirror filter (QMF) bank, where 
IIR group delay compensation filters are employed in 
the polyphase domain, has been introduced. These 
group delay compensation filters can be easily 
designed via MATLAB function iirgrpdelay. 

Utilizing the theory of two-channel QMF banks 
with two IIR all-pass filters, the design problem is 
appropriately formulated in an appropriate 
Transitional Butterworth- Cauer approximation for the 
desired the magnitude response of the QMF bank and 
the group delay response of the QMF bank is 
compensated by using a group delay compensation 
filter to minimize the phase distortion. 
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Comparison of different models for determining  
the grounding rod resistance  

Nenad N. Cvetković, Dejan B. Jovanović,  Aleksa T. Ristić, 
Miodrag S. Stojanović, Dejan D. Krstić 

 
Calculation methods, simulations and experimental measurement are carried out in the paper. 

The procedures include Method of Moments (MoM), empirical engineering equations for design of 
horizontal and vertical grounding rod electrodes, simulations and experimental validation. 
Calculation of grounding rod electrode resistance was performed with different empirical formulas. 
Obtained results by using these empirical equations that are used to estimate a grounding grid 
resistance in order to obtain required parameters such as touch and step voltage, maximum current, 
minimum conductor size and electrode size and maximum fault current level, are compared with 
simulation and experimental results. 3D simulation was performed in case of rod electrode with actual 
dimension and for this purpose FEM (Finite Element Method) - COMSOL software package is used 
and the potential distribution and resistances have been determined. 

 

Introduction 

The grounding rod electrode is one of the most 
commonly used earthing in the construction of 
grounding systems. As a very important part of each 
grounding system, it has a very wide intention. All 
grounding systems, regardless of the shape and 
design, have the same purpose and that is leading the 
fault current into the surrounding soil, safely and 
without consequences for the working environment. 
Grounding system of every power substation is 
performed by using rod electrodes connected together. 
Number of rod electrodes that constitute the grid, 
depends on the required value of the grounding 
system resistance. Because of that, internal meshes are 
performed in order to decrease grounding resistance. 
Rod electrode is of extremely significance for 
grounding system operation i.e. to provide proper 
function of electrical system, but to ensure the 
protection of people working in the vicinity of 
substation and equipment against danger of electric 
shock during the faults. Because of that it’s very 
important to determine the grounding rod electrode 
resistance. 

Procedure for determination of rod electrode 
resistance based on quasi-stationary approach, 
includes using the Method of Moments (MoM) [1], 
different empirical expressions for evaluation of rod 
electrode resistance, as well as Finite Element Method 
(FEM) based software package, COMSOL [2] and 
experimental validation. 

The results obtained by using different empirical 
formulas are accurate within certain cases. Those for-
mulas have some safety margins, due to usually long 
life time and aging effects.   

Method of Moments 

Applying quasistationary image theory and ap-
proach presented in [3], it is possible to analyze the 
rod ground electrode with length l and radius of cross-
section a , ( la << ), placed in homogenous soil of 
specific conductivity σ , Fig. 1. Specific conductivity 

of the air is labeled with 0σ ( 00 ≅σ ). 

 
 Fig.1. Rod ground electrode. 
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After applying the quasistationary image theory, 
potential in vicinity of electrode is defined with fol-
lowing expression, [3] 
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where 10zR  and 10zT  are coefficients of reflection and 
transmission respectively and their relation is given by 
following equation: 
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Applying partial integration, assuming that the 
wire is enough thin ( la << ) and taking into consider-
ation expressions (2), the expression for the potential 
gets the form: 
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where ')'(- =)(s' leak ssII ∂∂  is longitudinal leakage 
current density.  

If it is assumed that the leakage current from the 
electrode surface is constant lII gleak  =)(s' , 

potential can be obtained from the following equation: 
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In (3)-(4), 1r  and 2r  are distances from the conduc-
tor element, i.e. its image in the flat mirror from the 
point where the potential is determined, respectively, 
Fig. 1. 

Applying Point Matching Method (PMM), the 
potential value is matched at the middle of the rod 
(matching point is defined with field vector 

( )slr ˆ2/ ′= ), the following equation is formed: 

(5) Ur ≅ϕ )(


 
The grounding system resistance can be deter-

mined as: 

(6) .gg IUR =
 

Empirical expressions for calculating rod elec-
trode resistance 

Different empirical equations are used to estimate 
a grounding grid resistance in order to obtain required 
parameters such as touch and step voltage, maximum 

current, minimum conductor size and electrode size 
and maximum fault current level. 

 
 Fig.2. Vertical and horizontal ground rod electrode. 

There are empirical equations based on experi-
mental experience which can be used for checking and 
sizing of the rod electrode from Fig. 2 in the phase of 
its construction and experimental verification of its 
accuracy [4], [5]. 

Resistance of vertically placed electrode can be 
approximately calculated by using expression: 
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The approximate expression for resistance of hori-
zontally placed ground electrode is given as: 
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Experimental results 

For measurement of the resistance of rod electrode 
(Fig. 2) Wenner method has been used. Dimension of 
rod electrode is given in Table 1.   

Table 1 
Dimension of rod electrode 

Length [m] Diameter [m] 
1.6 0.035 
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For resistance measurement of this kind of ground 
electrode, GEOHM C earth tester has been used. 
Measuring was performed in accordance with instruc-
tions described in detail in [6]. Process of measuring 
is illustrated in Figs. 4 a-b. 

Measurement cables must be well insulated in or-
der to avoid shunting. In order to reduce coupling 
influence to a minimum, measurement cables should 
neither cross one another, nor should they run parallel 
to each other over long distances. Experimental meas-
urement of rod electrode resistance is shown in Fig. 8. 
Measuring was performed in accordance with instruc-
tions described in detail in [6].  

 

 
 Fig.3. Rod electrode. 

 
 a) 

 
b) 

 Fig.4. Measuring earthling resistance with a) Three wire 
test setup; b) Four wire test setup. 

  
 Fig.5. Experimental measuring of rod electrode resistance. 

Analysis based on FEM application 

In this chapter, the results obtained using FEM 
base program package COMSOL, are presented. 
COMSOL is a software package for various physics 
and engineering applications, especially coupled phe-
nomena, or multiphysics. For the purpose of compara-
tive analysis, AC/DC module is used with “Electric 
Currents” interface. 

The geometry of the grounding systems is modeled 
according to realistic geometry of previously de-
scribed grounding system (Fig. 3). It should be noted 
that surrounding soil practically has infinite dimen-
sions. Thus, it is modeled with a domain whose di-
mensions are much greater than dimensions of the 
grounding system with boundary conditions set to be 
zero potential. 

Since for realized grounding systems, the soil spe-
cific conductivity varies with season weather changes 
inducing changing of step and touch voltage, simula-
tion and comparative analysis were performed for 
different values of surrounding soil electrical conduc-
tivity [0.001, 0.01, 0.1] S/m. Resistances of the elec-
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trodes versus electrical conductivity of surrounding 
soil are given in Table 2.  

 
Table 2 

Electrode resistance versus the surrounding soil 
conductivity 

C Horizontal position 

σ [S/m] Rg [Ω] σ [S/m] Rg [Ω] 

0.001 440.1 0.001 474.92 

0.01 43.98 0.01 47.52 

0.1 4.4 0.1 4.749 

 
 It is also interesting to observe the current density 

stream lines for rod electrode and the potential 
distribution in vicinity of electrode for vertical and 
horizontal position which are shown on Figs 6 and 7 
respectively.   

 
 Fig.6. Current and potential distribution of vertical rod 

electrode. 

 
 Fig.7 Current and potential distribution of horizontal rod 

electrode. 

The potential distribution above the ground surface 
for both position of rod electrode is shown in Figs 8-9. 

 

 
Fig.8. The potential distribution at the ground surface of 

vertical rod electrode. 

 
Fig.9. The potential distribution at the ground surface of 

horizontal rod electrode, 

Comparison of the results 

The procedure of Method of Moments and the pre-
viously described empirical equations are applied in 
resistance calculation of rod electrode of geometry 
parameters selected according to realistic geometry 
with parameters shown in Table I. The rod electrode is 
placed in homogeneous ground of specific conductivi-
ty. 

The results obtained using Method of Moments, by 
applying empirical equations, FEM software package-
COMSOL and results obtained by experimental 
measurement are compared and shown in Table 3. 

Table 3 
Comparison of the results for Rg [Ω] 

Method Vertical rod Horizontal rod 

MoM 39.98 52.316 

COMSOL 43.98 47.52 

Empirical expression 51.83 44.94 

Experimental results 38.5 50 
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Conclusion 

Analysis of the grounding rod electrode resistance 
for different positions is carried out in this paper. Dif-
ferent methods and empirical formulas and experi-
mental measurement are used in order to obtaining 
and comparing results. 

Results obtained by experimental measuring are 
compared with those ones obtained using MoM, FEM 
software package-COMSOL and empirical engineer-
ing equations used in practice for designing grounding 
systems [4], [5] in order of their validation and possi-
ble improvements.  

Certain expressions that are proposed in this paper 
give slightly higher values of resistance. This is also 
expected, because of certain safety margins, aging 
effects etc. 

The rod electrode resistance calculated using the 
proposed formula is very accurate when compared to 
an experimental measurement. 

The method and empirical equations previously 
described provide exceptional assistance to engineers 
when it is necessary to check the parameters of the 
grounding system and perform evaluation of ground-
ing electrode resistance before implementation of 
grounding system as well as in the later phase of test-
ing its efficiency and safety.  
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