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In the paper the low-frequency eddy currents into solid conductors embedded in a slot are 

theoretically analyzed. The electromagnetic field in conductors has been calculated using numerical 
method with a program based on finite element method (FEM) in order to compute the eddy factors in 
some practical cases. One estimates the critical height of a single layer solid conductor embedded in a 
slot at different current frequency. Also, for multi-layer cases with solid conductors on top of the other 
or side by side one calculate the eddy factors using FEM. Because one found considerable differences 
between numerical results and similar analytical results obtained through classical approach it is 
evident that some coefficients and curves used in classical design stage must be reconsidered. For 
these purpose modern techniques like numerical computation of the electromagnetic field with FEM in 
order to assess accurately the copper losses of electrical machines. 

 

The time-varying magnetic field within a 
conducting material causes eddy currents that flow 
within the conductor in addition to the main current 
and causes additional and unwanted losses. This 
phenomenon leads to an uneven distribution of current 
density in the cross section area of the conductor and 
it is known as the skin effect, [1]-[4], or current 
displacement effect. 

The skin effect increases the effective resistance of 
the conductors and thus also can produce significant 
losses in the conductors, and is, therefore, of interest 
in electrical equipment and especially in electric 
machines. In most of cases, this is an undesired 
phenomenon. 

The present paper analysis the current density 
distribution within solid conductor and present some 
numerical results for conductors of rectangular shape 
embedded in a slot. Both, the magnetic field and 
current density distributions, on the cross section of 
the conductor are computed using the FEM.  

Conventional approach 
The variable magnetic field induces eddy currents 

causing a non-uniform distribution of current density 
on the cross section of a solid conductor. This effect 
results in an increase of the resistive losses as 
compared with the direct current (DC) resistive losses. 
The AC to DC resistance ratio (or AC to DC resistive 
losses ratio) is defined as “eddy factor”: 
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The method for the eddy factor calculus has been 
proposed for the first time by the A.B.Field [5]. 
Further research on the skin effect in the slot has been 
developed by Emde, the research results being 
published between 1908-1922. According with this 
research, the eddy factor for the layer “p” of a solid 
conductor (Fig. 1) of rectangular shape embedded in a 
slot (open-slot, or semi-closed slot) could be 
calculated with [6]-[8]: 
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where, krp is the eddy factor of the conductor in the 
layer “p”, Ip is the current through the conductor in 
layer “p” and Iu is the total current of the conductors 
placed under the layer “p”, i.e.: 
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The auxiliary functions used in (2) are defined as: 

(4)    ( )
ξ−ξ

ξ+ξ
⋅ξ=ξϕ

2cos2

2sin2

ch

sh
;   ( )

ξ+ξ

ξ−ξ
⋅ξ=ξψ

cos

sin
2

ch

sh
, 

with the dimensionless variable: 
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The eddy factor depends on the conductor height h, 
on the frequency f of the flowing current and on the 
resistivity of the conductor ρ. 
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Fig. 1. Solid conductor on top of the other. 

Finite element formulation 
If a conductor with a cross-section area large 

enough carries an alternating current, according to the 
Faraday’s induction law, an electric field strength 

( Erot ) is induced in the internal path of the conductor: 
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which in turns creates an eddy current density: 

(7) EJ σ= . 

The finite element method (FEM) allows 
calculating the skin effect with very high accuracy. 
The numerical evaluation of the skin effect allows 
improving some relations and curves used in the 
classical design. 

In the conductor domain, the magnetic potential 
vector satisfied the relation: 
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in which J0 is the known current density (field source) 

and 
t∂

∂
σ

A
 is the induced current density in conductor. 

Outside the conductor, a Laplace equation is 
satisfied: 

(9) 0A2 =∇ . 

The boundary of the analyzed models, of 
conductors placed in a slot was set as a field line far 
enough of the conductor. 

In order to reach an analytical solution, the 
problem must be simplified considerably and thus 
approximate relations are obtained. Such relations 

introduce in consequence some errors in the 
evaluation of the skin effect in most of the cases, but 
such approximate relations are very useful in technical 
design area. 

Some examples of the low-frequency skin effect in 
solid conductors embedded in a slot are developed in 
present paper, using the Opera software (of Vector 
Fields) based on the finite element method, in order to 
compare the numerical results with the analytical 
estimations. 

Critical height of a solid conductor embedded in 
a slot 

Let consider a copper solid conductor of 
rectangular shape and height h, embedded in a slot of 
bc=10 mm width. The case can be found in stator slots 
of large asynchronous or synchronous machines. The 
magnetic curve B=f(H) of the ferromagnetic material 
will be taken into account. The copper conductivity is 
assumed to be constant, mSCu /1050 6⋅=σ . The current 
distribution on the cross-section of the conductor is 
investigated at 50 Hz for different conductor heights 
(h). The analysis has been simplified by assuming that 
the thickness of insulation on the conductor is 
negligible. The slot height is according with the 
conductor height. The current density distribution 
versus the height of the slot, considering a current 
flow of I=1800 A, f=50 Hz and h=60 mm, is presented 
in Fig. 2. A rise of the current density in the upper part 
of the slot is pointed out in Fig. 2, justifying the name 
of the “current displacement effect”. 

 
Fig. 2. Current density distribution  
in a slot embedded solid conductor. 
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The part of the conductor lying at the bottom of the 
slot is linked with a greater leakage flux than the 
upper part of the conductor. Because of this, the 
increased reactance of the lower portion of the 
conductor causes a displacement of the current into 
the upper part of the bar cross-section. In 
consequence, the a.c. resistance of the conductor 
increase. 

The d.c. resistance of the conductor (Rdc) is inverse 
proportional with the height (h), as shown in Fig. 3. 
The actual resistance of the conductor, (Rac=kr·Rdc), is 
proportional with the eddy factor (kr) and more, 
inverse proportional with the height h. Hence, there is 
a height of the conductor, so called the critical height 
(hcr), for which the a.c. winding has the smallest 
electrical resistance and as a consequence the smallest 
losses. 

 
Fig. 3. Critical height of a single layer solid conductor 

embedded in a slot: f=50 Hz; 
 kr – eddy factor (FEM results); kr·Rdc – effective resistance. 

For the analyzed case, the critical height obtained 
by FEM simulation is hcr=1.5 cm, as could be seen in 
Fig. 3.  

This result is in very good agreement with the 
similar one calculated analytically in classical books 
[6, pag.246] and [9, pag.421]. 

Of course, the critical height is depending of the 
frequency value of the current that flow within the 
conductor. If the frequency is greater than 50 Hz the 
current displacement phenomena is more powerful 
and, in consequence, there is another curve of kr, 
different from that presented in Fig. 3.  

For instance, in the following figures are presented 
the cases of f=100 Hz (Fig. 4) and f=500 Hz (Fig. 5), 
with the corresponding critical heights. 

 

Fig. 4. Critical height of a single layer solid conductor embedded 
in a slot: f=100 Hz; hcr =1.04 cm 

 
Fig. 5. Critical height of a single layer solid conductor 

embedded in a slot: f=500 Hz; hcr =0.78 cm. 

Multi-layer cases 
In the most used practical cases in the high power, 

electrical machines in the slots are placed solid 
conductors in different multi-layer structures. In that 
follows we analyze two such cases, comparing the 
eddy factor kr calculated by using the FEM with the 
values from classical literature. 

Solid conductors on top of the other 

The outline of such a slot is drawn in Fig. 1. In 
each of the m-cooper conductors flows the same a.c. 
current of frequency f=50 Hz. However, the skin 
effect behaves different for each conductor. In Fig. 6 
is drawn the current density distribution calculated by 
using FEM considering m=4, h=15 mm and b=10 mm. 
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Fig. 6. Current density distribution in to 4 isolated solid 
conductors on top of the other. 

In the same way, by using the FEM, has been 
analyzed the cases with m=2, m=3, m=4 and m=6 
cooper conductors in order to compute the eddy 
factors. The numerical results are presented in 
Table 1, in which p is the layer number, Pdc-the d.c. 
losses, Pac-the a.c. losses, krp-the eddy factor 
corresponding to the layer p and kr-the medium value 
of the eddy factor. 

Table 1 
FEM results 

m Pdc[W/m] p Pac[W/m] krp kr 

2 54 
1 160.37 2.97 

9.41 
2 856.12 15.85 

3 36 
1 67.7 1.87 

10.64 2 294.82 9.18 
3 751.75 20.88 

4 27 

1 36.7 1.36 

8.14 
2 109.66 4.06 
3 256.14 9.49 
4 476.32 17.64 

6 18 

1 19.44 1.08 

4.67 

2 30.45 1.69 
3 52.61 2.92 
4 85.91 4.77 
5 130.4 7.24 
6 186.1 10.34 

 
The results from Table 1, calculated by using FEM 

have been compared in Fig. 7 with the similar results 
estimated by using classical (analytical) method. 

In Fig. 7 the solid curves had been obtained by 
using the FEM while the dashed curves are based on 
the classical method, [6, pag.242, Fig. 222]. The 
curves denoted with 1 correspond to the upper layer 

(p=m); the curves denoted with 3 correspond to the 
first layer (p=1); the curves denoted with 2 represents 
the average values of the kr for the m solid conductors 
embedded in a slot. 

We consider more accurate the results obtained by 
using FEM, since the FEM takes into account the 
actual distribution of the current into conductors. The 
classical method based on the analytical calculus 
considers some initial approximation. 

 

Fig. 7. Eddy factor kr for multi-layer solid conductor: 1-
top layer; 2-average eddy factor; 3-bottom layer. 

Solid conductors side by side 

The conductor arrangement in the slot 
corresponding to this case is drawn in Fig. 8. Each 
conductor is crossed by the same current of frequency 
f=90 Hz. Conductors are made from cooper with the 
resistivity ρCu=0.023·10-6 Ωm. 

Fig. 8. Solid conductors side by side. 
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The FEM analysis proves that the three conductors 
from the lower layer (conductor 1, 2, 3) have the same 
eddy factor, kr1=kr2=kr3. Also for the three conductors 
in the upper layer the skin effect is identical, 
kr4=kr5=kr6. 

In Fig. 9 is drawn the current density distribution 
into the two layers calculated by using FEM. The 
conductors height has been considered h1=10 mm and 
h2=20 mm. 

Fig. 9. Current density distribution on the two layers and 
three solid conductors side by side (FEM results).  

The skin effect for the configuration drawn in Fig. 
8 was analyzed for different heights of the conductors. 
In Table 2 the eddy factor calculating by using FEM 
has been compared with the results obtained by 
analytical approach in [10]. We can see an 
underestimated eddy factors calculated in [10], 
comparing with the values calculated by using FEM. 

Table 2 
Eddy factors comparison: FEM results versus 

the results presented in [10, pag. 254] 

h1[mm] 
h2[mm] 

kr1=kr2=kr3 kr4=kr5=kr6 

 FEM [10], pg.254 FEM [10], pg.254 
h1=13; 
h2=16 

2.04 1.58 7.58 3.68 

h1=10; 
h2=19 

2.49 1.90 6.34 2.25 

h1=10; 
h2=16 

1.04 1.58 5.09 2.25 

 
For equal heights, in Fig. 10 are represented the 

eddy factor (kr) as functions of conductor heights 
(h1=h2). This figure highlight a considerable 
difference between FEM results and the results 
presented in [10, pag. 254]. 

Fig. 10. Eddy factor kr for multi-layer solid conductor 
side by side . 

Conclusion 
This paper presents the low-frequency skin effect 

analysis into some embedded solid conductor of bares 
windings of high power electrical machines. 

The numerical results show that the ac-resistance 
of a solid conductor embedded in a slot estimated with 
FEM is higher than ac-resistance calculated with 
classical approach proposed in practical design based 
on approximate calculation. In consequence, the 
additional copper losses are larger and the efficiency 
of the actual electrical machine becomes lower than 
the estimated one. 

The general aim of the present paper is to show 
that some coefficients and curves used in classical 
design stage must be reconsidered, using modern 
techniques like numerical computation of the 
electromagnetic field with finite element method 
(FEM) in order to assess accurately copper losses of 
electrical machines. 

 

This paper was originally published in the 12th In-
ternational Conference on Applied Electromagnetics, 
Niš, Serbia, 2015. 
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