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EBW process control on the basis of solving the inverse problem 
of the keyhole form reconstruction 

Dmitriy Trushnikov, Elena Krotova, Nikolay Musikhin 

 
The direct and inverse problems of keyhole shape reconstruction through the accompanying X-

ray bremsstrahlung were formulated. It was shown that the inverse problem of reconstruction of 
channel penetration is reduced to the solution of the integral equation of convolution type. In the 
general case, the problem is corrected by Hadamard in the whole range of modes of electron beam 
welding. Reconstruction of the shape of channel penetration is carried out on the basis of the well-
known theorem of Fourier - image convolution 

Управление на процеса електроннолъчево заваряване на основата на решаването на 
обратния проблем на реконструкцията на формата на кратера (Дмитрий Трушников, 
Елена Кротова, Николай Мюзихин). Формулирани са преките и обратни проблеми на  
реконструкцията на формата на кратера на база на   рентгеновото лъчение. Показано е, че 
обратният проблем на реконструкция на проникване на канала се свежда до решаването на 
интегралното уравнение от тип конволюция. В общия случай, проблемът е коригиран с 
Hadamard в целия диапазон на режими на заваряване с електронен лъч. Реконструкцията на 
формата на канала на проникване  се извършва на базата на добре известната теорема на 
Фурие – конволюция на образа. 

 

Introduction 
An important problem in the development of 

defect-free electron beam welding technologies is to 
ensure the reproducibility of the welded joint quality 
[1]. The automation of the process using the 
secondary signal parameters has been implementing 
with varied success for a long time [2-4]. However, 
this problem still cannot be considered solved. Up to 
date a universal, reliable, high-speed control system of 
a joint weld formation process at electron beam 
welding has not been developed yet.  

Principle of electron beam welding is relatively 
simple: electron beam formed by the electron gun in a 
vacuum is directed to the junction of the two parts to 
be joined, where the kinetic energy of the electron 
beam is almost completely transformed into thermal 
energy. Thus, the beam of accelerated electrons acts 
as a heat source, which leads to local melting of the 
parts edges and the formation of the weld. The metal 
melting are strongly localized in the heating zone of 
connected components, and the weld becomes narrow 
and deep in case of the appropriate choice of beam 
energy density by means of change of focusing and a 
beam current. (Fig.1).  

 

 
        a)                b)                   c)                    d)  

Fig.1. The weld obtaining scheme in electron beam 
welding: a) the electron beam falls on a metal surface; b) 
the formation of the weld pool and the penetration channel 
begins in the metal; c) channel penetrates the entire 
thickness of the welded parts; d) weld is formed after 
crystallization of the liquid metal of the weld pool 

The conventional explanation of the deep 
penetration of intense electron beam into the metal is 
bound to the formation of a narrow and deep 
penetration channel in the liquid metal of the weld 
pool  (vapor-gas channel) [5]. The penetration channel 
has a variable shape in time. It is filled with metal 
vapors and plasma through which beam energy 
penetrates into the welded metal. Visual observation 
of the penetration channel, which is formed during 
electron beam welding, can become an additional tool 
for researches of the physical processes happening in 
penetration channel and for monitoring of a joint weld 
formation when welding. 
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Methods of observation based on the recording of 
the accompanying X-rays are considered in [6, 7]. Let 
us consider the method based on the use of a pinhole 
camera for the formation of the projection X-ray 
image of the weld pool on the tube target of 
camcorder by scintillation flashes of X-ray sensor. 
The need to account for changes of the X-rays 
attenuation coming from different points of the 
channel along its depth, requires special equalizing 
filter, which leads to the need for accurate positioning 
of the system relative to the field of welding.  

The way [6] based on scanning beam has apparent 
advantages to the purposes of the technical 
application. In this case, welding is carried out by an 
oscillating beam. The penetration channel has electron 
beam interaction zone with the metal. The penetration 
channel has a zone of the electron beam-metal 
interaction which moves along the walls of the 
penetration channel when using beam oscillation. It is 
reasonable to put a penetrating X-ray sensor on the 
reverse side of the beam input and to apply the 
method of simultaneous accumulation in order to 
increase accuracy [8,9]. As a result, an average value 
of the secondary X-ray signal )(τS   depending on the 
beam deflection  τ  is registered.   

Reconstruction of the penetration channel shape by 
the parameters of the secondary signal is the inverse 
problem. The solution of this problem requires 
research area conditional correctness [14]. It should be 
noted that, despite rather large number of the works 
devoted to development of observation methods of the 
penetration channel with use of scanning of a beam 
(see in [8,9] and references in them), researches of 
area conditional correctness are absent.  In fact, the 
most of works is neglected "distribution" X-ray source 
in the penetration channel and as a penetration 
channel shape is taken resulting shape of the curve 

)(τS . Or penetration channel shape is approximated 
by the given function in advance. So the channel 
shape is approximated by a Gaussian function in the 
[9] and by rectangular shape in [10].   

In this work is carried out formulation of the 
inverse problem of the penetration channel shape 
reconstruction by the parameters of penetrating X-rays 
registered from reverse side of the beam input. 
Requirements of its conditional correctness are 
formulated. The version of algorithm of penetration 
channel shape reconstruction is given. 

1. Direct problem formulation  

When a high-energy electron beam hits the surface 
of details (target), two types of X-rays such as brake 
and characteristic having a different mechanism of 

emergence arise simultaneously. About 1 % of the 
input energy is spent on the X-ray formation in the 
EBW process.  

It is experimentally established [11], that the 
energy flow of the brake X-rays is directly 
proportional to the electron current I , the atomic 
number of a target material Z  and the square of the 
accelerating voltage U :  

 (1)   2CIZUe =Φ  

where  C  is the constant of proportionality. 
The more the distance from the radiation source is, 

the less the radiation intensity is. When recording 
radiation from the penetration channel, the X-ray 
beam intensity is reduced by the material of the 
welding parts in accordance with the law 

(2)   )exp(0 lJJd µ−=  

where 0J  is the intensity of falling beams, dJ   is the 

intensity of the beams which passed the layer l , µ   is 
the linear attenuation factor. 

The linear attenuation factor µ  depends on the 
material and the accelerating voltage. In the paper [12] 
it is offered to use some particular experimentally 
"integral" factor  µ  for these conditions. 

 

  
Fig. 2. To determination of dependence )(θfJ = [7] 

The dependence of the penetrating X-ray intensity 
on the direction of its distribution (Fig. 2) is obtained 
from the formula (2) analytically. The welding details 
can be considered as large targets, and the X-rays 
from the elemental area of the penetration channel has 
close to spherical distribution. At the change of an 
observation angle θ , the layer thickness of metal, 
through which the recorded X-rays pass, changes 
according to the law 
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(3)   
θcos

l
L =  

where l  is the minimum thickness at 0=θ  (Fig. 2). 
In this regard the intensity of the penetrating X-rays 
changes: 

 (4)   )
cos

exp(0 θ
µl

JJ −=  

Therefore, the nature of X-rays intensity 
dependence on the beam incident angle onto the 
welding surfaces is of practical interest.  

The diagram of the X-rays energy flow relative 
values dependent on the angle between the electron 
beam and the normal to the surface of the welding 
parts, which were obtained experimentally, is given in 
Figure 3 [9]. The relative values were determined 
dividing the radiation intensities, which corresponded 
to the current angle ψ, by the maximal intensity 
measured at °= 0ψ . The authors [12] approximated 
the received dependence obtained by the expression 
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at the change of ψ from °0  to °± 90 . 
 

 
Let electron beam welding be carried out with 

beam oscillation of a small amplitude for any 
deviation from the path and up and down the joint. 
Then, yx,  are horizontal coordinates, the shape of the 
penetration channel in the direction of oscillation is 
described by the function ),( yxz , yx ττ ,  are the 

electron beam displacements from its equilibrium 
position in the penetration channel, and ),( yxj  is the 
current density distribution of the electron beam.  

Let us allocate an elemental area dS  on the 
penetration channel surface and take radiation from 
the element dS  as spherical. The value of the X-rays 

energy flow from the element is defined by: 

(6) 
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The energy flow portion of the penetrating X-rays 
recorded by a sensor on the reverse side of the beam 
input is 

(7)  
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where ДS  is the active surface area of the X-ray 

sensor, R is the radiation sensor distance  

( 24 RSД π<< ), 
θcos
),( yxl  is the thickness of the layer 

passed by X-rays from the element l  towards the 
sensor. 

Let the thickness of the product be h . The angle of 
beam incident onto the penetration channel walls ψ  
depends on the position of an element in the 
penetration channel. Then )(ψψJ  is a function of 

coordinates ),( yxJψ . Having replaced 

),(),( yxzhyxl −=  and combined all the constants 

in the common constant 
2

2

4 R

SCZU
K Д

π
= , we will 

receive an equation for radiation from the whole 
surface of the penetration channel: 

∫ ⋅−−⋅−−⋅=
b

a yxyx dxdyyxJ
yxzh

yxjKs ),()
cos

),(
exp(),(),( ψθ

µττττ
,         (8) 

This equation describes the direct problem of the 
secondary X-rays signal formation at electron beam 
welding with oscillation. You should left- and right-
justify your columns. On the last page of your paper, 
try to adjust the lengths of the two columns so that 
they are the same. Use automatic hyphenation, if you 
have it. Don't forget to check spelling. 

2. Inverse problem formulation 

The equation (9) can be represented in the form of 
a Fredholm integral equation of the first kind: 

(9)∫ =⋅
b

a yxyx sdxdyyxfyxK ),(),(),,,( ττττ  

where ),,,( yxyxK ττ  is core of the image formation 

operator (It is determined by independent from x, y 
parameters and by the distribution function of the 

 
 
Fig. 3. Dependence of X-ray energy flow relative values 
on the angle between the electron beam and the normal 

to the welding part surface [12]. 
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electron beam current density ),( yx yxj ττ −− ), 

),( yxf  is function describing weakening of a signal 

and depending on penetration channel shape ),( yxz , 

),( yxs ττ  is an image of function ),( yxf . The 

inverse problem of the penetration channel 
reconstruction is primarily reduced to the solution of 
the integral equation (9), in order to determine 

),( yxf . The problems bound to the solution of 
Fredholm equations of the first sort [14] are known, 
but the prior information on geometry during removal 
from a zone of welding allows to reduce it to the 
equation like convolution 

(10)∫
+∞

∞−
=⋅−− ),(),(),( yxyx sdxdyyxfyxK ττττ  

which is most often applied in a tomography [10].  
Equation (10) is known in the theory of inverse 

problems, and generally describes ill-posed problems 
[14,15].  

Requirements research of the conditional 
correctness of the problem can be carried out on the 
basis of the theorem of convolution Fourier image: If 
we have a convolution of two functions and we can 
introduce Fourier images of each of these functions, 
then Fourier image of convolution is defined by 
multiplication of core Fourier image and required 
function. 

(11) 
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where f,ω are coordinates in the frequency domain. 

The Fourier image ),( fF ω  of required function 

),( yxf  is determined by dividing the Fourier image 

),( fS ω  of the recorded ),( xxs ττ  image on the 

Fourier image ),( fK ωω  of core. Further function 

),( yxf  is obtained by the inverse Fourier 
transformation. 

Requirements of the conditional correctness follow 
from the presented algorithm. The task becomes well-
posed in the Hadamard sense (i.e. the solution of the 
problem exists, is unique and stable) under the 
following conditions: 

1) functions describing the image ),( xxs ττ , 

geometry ),( yxf , and the distribution of the electron 

beam current density ),( yxj ,  can be represented by 

Fourier series (i.e. there are corresponding Fourier 
images ),( fS ω , ),( fF ω  and ),( fJ ω  for 

functions  ),( xxs ττ , ),( yxf  and ),( yxj );  

2) There is no area in which 0),( =fJ ω  or 

),( fF ω  in this area is also equal to (or assumed to 
be equal) to zero. That is, when the penetration 
channel shape is submitted to Fourier series only those 
components shall be reconstructed that are contained 
in the Fourier representation of the electron beam 
current density distribution. Thus, the recovery 
accuracy is improved by using beams of smaller 
diameters. 

The results are the first step in the problem 
formulation of the penetration channel geometry 
reconstruction in terms of the inverse problem. The 
function ),( yxf  found from the inverse problem 
solution is bound to the penetration channel shape 

),( yxz  by the equation 

(12) ),()
cos

),(
exp(),( yxJ

yxzh
yxf ψθ

µ ⋅−−=  

and after apparent transformations 

(13) ))),(ln(),((ln(
cos

),(),( yxJyxfyxzhyxl ψµ
θ −−=−=  

The second term on the right side of (13) in the 
penetration channel shape reconstruction can be 
neglected only in the areas immediately adjacent to 
the root at angles close to 90°. Thus, given an 
algorithm allows you to directly determine the depth 
of penetration at the point with the minimum non-
welded thickness, minl  )1),(( =yxJψ , which 

corresponds to a maximum of found function ),( yxf  

(14)        
)),(ln(

cos
maxmin yxfl

µ
θ−=

 

Complete reconstruction of the penetration channel 
requires additional operations. We know that final 
function with which we will work has dependence on 
trigonometrical expression. Therefore in order that 
will get rid of simultaneous influence of a corner and 
a trigonometric function we approximated expression 
(5) by a method of least squares through the linear 

combination of trigonometric functions (sin  and cos 

in various exponents 
4
1

,
3
1

,
2
1

,0 ). The item ( 3/1cos ) 

was significant therefore such representation is used 
further. 

Then 
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)))),(ln(cos(3/1),((ln(
cos

),( yxyxfyxzhl ψ
µ

θ −−=−=
, 

or 

(15)
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θ
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Making the change by the tangent 

(16) [ ] 6
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Replacing the tangent of the partial derivatives 
with respect to yx, , as the slope of the tangent at the 
limit is the derivative, we arrive at the differential 
equation 
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The solution of this differential equation for the 
function (generally by numerical methods) will be the 
last step in the inverse problem of penetration channel 
shape reconstruction by the x-ray signal parameters. 
The boundary conditions for regions of the calculated 
area are 0Г =z and 0'Г =z . 

Formulated requirements conditional correctness 
of the inverse problem of determining the function 

),( yxf  are necessary to determine the penetration 

channel shape ),( yxz . Adequacy assessment of these 
requirements will be the subject of subsequent papers. 
Thus, it is possible to claim that the method of 
solution in restrictions of area of the conditional 
correctness allowing to bypass a problem of an initial 
incorrectness of the formulated task is found and 
realized. 

Conclusions 
The direct and inverse problem of penetration 

channel shape reconstruction by parameters of the 
secondary braking penetrating X-rays is formulated. It 
is shown that the inverse problem of the penetration 
channel reconstruction is reduced to the solution of 
integral equations of convolution type. It is shown that 
in the general case, the problem is well-posed in the 
Hadamard sense throughout the range of EBW mode. 
Penetration channel shape reconstruction is carried out 
on the basis of the well-known theorem on the Fourier 
image of the convolution. The Fourier image of 
required function is determined by dividing the 
Fourier image of the recorded image on the Fourier 
image of core. The proposed algorithm allows directly 
to determine the depth of penetration at the point with 

the minimum non-welded thickness.  
Reconstruction of the entire surface of the 

penetration channel requires additional solutions of 
the differential equation The algorithm of the solution, 
the results of penetration channel shape recovery 
modeling, and reconstruction on the basis of real data 
in a limited set of function projections ),( yxs ττ  will 

be given in the subsequent parts of the work.  
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